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Supplementary Note 1： General expression of the longitudinal optical force

In the main text, we derived an expression for the longitudinal optical force acting on the particle. This force can be calculated by integrating the Minkowski stress tensor  over a closed surface S that encloses the particle. Specifically, the force can be written as:

                      (S1)



where S is an arbitrary closed surface and  is the outward normal unit vector of S. To simplify the calculations, we choose the closed surface S to be a spherical surface with an infinite radius, as illustrated in Fig. S1. 




In our analysis, we consider the metamaterial to be infinite in the x and y directions, while it extends indefinitely in the negative z direction. The incident surface wave (SW) is launched from the left infinity (). For convenience, we assume the metamaterial to be isotropic, characterized by a relative permittivity  and permeability .

In this system, we have three types of electromagnetic (EM) waves: the incident surface wave (SW), the scattered SWs propagating in all directions on the xoy plane, and the freely propagating waves (FPWs) that propagate in all solid angles both in air and inside the metamaterial. For the incident SW, the electric and magnetic fields can be expressed as:

              (S2)




where  is the propagating wavenumber of the SW, and  and  are functions that depend on z only and vanish at the infinities (). The superscript (i) denotes that these fields are associated with the incident SW. By applying Maxwell's equations, we can obtain the electric and magnetic induction fields of the incident SW:

           (S3)

The scattered SWs are confined to the xoy plane, and in the far field limit (), it is convenient to express their EM fields in cylindrical coordinates as:

         (S4)




Here,  and  are functions that depend on the coordinates , and vanish in the limit . These functions characterize the field amplitudes of the scattered SW. The superscript (s) denotes that these fields are associated with the scattered SW.





In the far field region (), the radiation boundary condition and energy conservation dictate that the functions and  scale as ( according to the radiation boundary condition). This scaling behavior results in the following expressions:

          (S5)

Therefore, we can neglect the partial derivatives above, and the induction fields of the scattered SW in the far field (on the yellow ribbon in Fig. S1, where ) are calculated as

          (S6)

For the FPWs, in the spherical coordinate, the EM fields in the far field are expressed as

            (S7)





where are complex vectors depend on the direction vector ,  is the freely propagating wavenumber which equals  in air and  inside the metamaterial, and the superscript (f) indicates that these quantities correspond to the FPWs. In the far field region, the radiation fields inside the isoptropic medium are transverse fields, satisfying

                (S8)


where in air and  inside the metamaterial.

With the given expressions for the electromagnetic (EM) fields and induction fields, we can derive the expression for the longitudinal optical force. Since the total EM fields comprise three different types of fields, the Minkowski stress tensor can be divided into six components as follows:

             (S9)







which are in terms of the pure incident SW , the pure scattered SW , the pure FPW , the interference of the incident SW and scattered SW , the interference of the incident SW and FPW  , and interference of the scattered SW and FPW , respectively. However, due to the conservation law of linear momentum in the absence of particle, the integral over  is zero.

A. 
Integral of 




As the SW rapidly diminishes as ,  is nonzero only on the yellow ribbon as shown in Fig. S1. As , this yellow ribbon becomes an infinitely long cylindrical surface extending along the z direction. Consequently, the integral of  can be expressed as

                 (S10)
Using the expression of Minkowski stress tensor, one has

      (S11)
Inserting Equations (S4) and (S6) into Equation (S11), one obtains
[image: ]
Fig. S1. The geometry of the integral surface. The yellow ribbon denotesa cylindrical surface with infinite radius and height. The SWs are vanishing except on the yellow ribbon. Therefore, the effective integral region of stress tensors involving the SWs is the yellow ribbon.


   (S12)
Then, 

      (S13)



where we have used that the fields vanish at , is the radial component energy flux density induced by the scattered SW, is the averaged cosin of scattering angle, and  

                  (S14)


is the the rate at which photon energy is scattered in the form of SW. Since the system does not possess any gain, the scattered waves are radiated to infinity. As a result, the radial energy flux density, denoted as , is required to be positive. Similarly, the scattered power, represented by , must also be positive.

B. 
Integral of 


For in terms of the pure FPWs, since the FPWs do not decay away from the interface, the integral should be over the whole spherical surface . Using Equation (S7) and expression of Minkowski stress tensor, one has 

            (S15)
where we have used Equation (S8). Note that 

          (S16)


where in air and inside the metamaterial, and the outward energy flux density of the PFW:

             (S17)
then the integral can be partitioned into two components: one over the upper half-space (air domain) and the other over the lower half-space (metamaterial domain):

     (S18)







where is the phase speed of FPW inside the metamaterial, denote the rates at which photon energy is scattered to FPWs in air and the metamaterial, respectively,  and  correspond to the averaged cosines of the scattered angles, and  represents the scattered angle with respect to the x axis. Since according to Equation (S17), the scattering rates are both positive. 

C. 
Integral of 


Since the SWs vanish at the infinities , the effective integral of is also performed on the yellow ribbon, which is an infinite cylindrical surface:

    (S19)

According to the expressions of the incident and scattered SWs, see Equations (S2)-(S6), can be divided into two components as follows: 

           (S20)



where andare the total amplitudes of terms with phases , respectively. Using the method of stationary phase [56], we obtain 

    (S21)
Therefore, 

     (S22)
Similarly, we easily obtain that 

                  (S23)
Using Equations (S2)-(S6), we obtain 

(S24)
Thus 

    (S25)


Here, leveraging the fact that the fields vanish as, the second and third terms in the middle of Equation (S25) are zero. In the following, we will prove that the term with underline in Equation (S25) is just the extinction rate  of the particle in the system.





The extinction rate  is consist of two parts: involving the incident and scattered SWs and  involving the incident SW and scattered FPWs. For , according to the definition [59], 

                    (S26)


where is the outward (radial) energy flux density by the mixing of incident and scattered SWs. Similary,  can also be devided into two components according to their phases as

           (S27)
where according to Equations (S2)-(S6),

    (S28)

Using the method of stationary phase [56], is calculated as 

  (S29)

Since the extinction rate is independent of R, the last two terms in Equation (S29), which oscillate with R, make no contribution to . Therefore, substituting Equation (S28) into Equation (S29), we obtain

       (S30)


which is just the underlined term in Equation (S25). On the other hand, since , based on the method of stationary phase, it is easy to know that the extinction rate . Therefore,

          (S31)

D. 

Integrals of and 



The effective integrals ofand  are also on the yellow ribbon. We can infer that these two integrals are both zero based upon a simple argument. Note that in the far field region , 

                 (S32)




where . Therefore, the FPWs are infinitesimal compared with the SWs on the effective integral surface. Then, , are also infinitesimal compared with , leading to

          (S33)

E. The total force
To sum up, the longitudinal optical force is given by

      (S34)



Similar to the optical force in air, the first part of , i.e , which is caused by the incident photons, is the incident optical force, and the second and third parts, i.e , which are due to the scattered photons, contribute to the recoil optical force. A more comprehensive and detailed discussion will be provided in the subsequent section.

Supplementary Note 2： The conservation of canonical momentum
In this section, we will establish the relationship between the longitudinal optical force and the canonical momentum of light. In general, the constitutive relations for an anisotropic medium can be expressed as follows:

                        (S35)



where are relative permittivity and permeability tensors. The energy density W and canonical mometum density  in the medium are given by

               (S36)

where  is the canonical momentum operator, and 

                     (S37)
with 

                   (S38)

Therefore, for a wave with a space-dependence  (wave vector is k), the relation between the energy density and canonical momentum density is [54]

                          (S39)
On the other hand, the group speed of an EM wave along the propagating direction is defined as

                           (S40)

where is the energy flux density along the propagating direction. As such, 

                          (S41)
which denotes the canonical momentum flux density along the propagating direction. 

Inserting Equation (S41) into Equation (S31), we obtain 

         (S42)



where  is the group speed of the SW，is the canonical momentum density associate with the mixing fields, which is contributed from the incident SW. The negative sign in Equation (S42) indicates that the canonical momentum is injected into the space. Therefore,  corresponds to the canonical momentum transfer resulting from directly capturing the incident photons, and it can be called the inicident force. 
Inserting Equation (S41) into Equations (S13) and (S18), we obtain 

         (S43)




where are the canonical momentum densities of the scattered SW and FPW along their propagating directions, and are the corresponding projections along the x direction. Thus, and  corresponds to the canonical momentum transfer due to reemitting the captured photons, and they are recoil force. 

Equations (S42) and (S43) establishes a relationship between the longitudinal optical force and the change in the canonical momentum of light throughout space, encompassing both the SWs and the bulk waves (FPWs), per unit time. Hence, it can be concluded that the longitudinal optical force is entirely attributable to the canonical momentum of light.


Supplementary Note 3： A realistic design of the metamaterial supporting the TM polarized OSTB
A. Low Frequency regime



Here, we employ a photonic crystal structure to realize the metamaterials. The photonic crystal consists of air hollow cores arranged periodically in a square lattice, embedded in a high dielectric background medium, as illustrated in the inset of Fig. S2A. The radius of the hollow core is , where a represents the lattice constant. Initially, we assume the background medium is non-dispersive with a relative permittivity of , which is feasible in the low-frequency regime. The band structure of this photonic crystal for TM polarization is depicted in Fig. S2A. Our focus is on the band segment marked in red. Utilizing the boundary effective medium approach [57], we calculate the effective constitutive parameters for this specific band segment and present the outcomes in Fig. S2B. Notably, below the black dashed line, the condition for supporting the TM-polarized OSTB, i.e., , is satisfied.



Furthermore, we performed supercell calculations to determine the surface band dispersion of the photonic crystal. The surface state arises at the interface between the air and the photonic crystal. Using a supercell comprising 30 layers along the y-direction and 1 layer along the x-direction, we obtained the dispersion of the surface state, represented by the red symbol line in Fig. S2C. It is evident that for , the dispersion line exhibits a negative slope, indicating that the surface state possesses a negative group velocity. Consequently, a forward propagating SW corresponds to a negative , precisely representing the OSTB.

B. High frequency regime
In the high frequency regime, the high dielectric host medium can be achieved using a composite metamaterial. The effective permittivity of the composite background medium is determined by the Maxwell-Garnett formula, which is expressed as follows:
[image: ]
Fig. S2. Matematerial design in low frequency regime. A. The band dispersion of the photonic crystal. B. The relative effective constitutive parameters for the band marked red in A. C. The projection of bulk bands (gray) and the surface band (red). The purple dashed line denotes the light line.



                  (S44)



where p represents the filling ratio,  is the relative permittivity of the dielectric host, and  is the relative permittivity of the metallic inclusions. In the lossless limit, the relative permittivity based on the Drude model is given by:

                        (S45)

where is the plasmon resonance frequency. Now the background medium is dispersive. We use the coherent potential approximation method [58] to calculate the effective constitutive parameters. According to Ref. [58], the effective constitutive parameters are obtained by


[image: ]




Fig. S3. Metamaterial design in high frequency regime. A.The supercell of the metamaterial. B. The effective constitutive parameters as functions of the frequency. The relative permittivity of the dielectric is , the filling ratio of the metallic inclusions is , , .



             (S46)




Where ,  is the wavenumber in the composite backgroud medium,  are the first and second kinds of Bessel functions, and  is the Mie coefficient of the air hollow in the backgroud medium given by

            (S47)



where ,, and is the first kind of Hankel function. 





For given values of ,, , and , we calculate the 
[image: ]








Fig. S4. The trajectories of the particles with different relative permittivities. (A) , (B)  and (C) . The radius and mass density of the particles are  and ,  and they are initially located at with zero velocity. The ambient damping constant is used as . The amplitudes of the line sources for the black, red and blue curves are 1V, and 0.01V for the green curve. The coefficient of restitution we used is . The arrows denote the directions of movements. The consumed time form the starting point to the ends of the trajectories are indicated.  




effective constitutive parameters of the metamaterial using Equations (S44)-(S47) and present the results in Fig. S3B. It can be observed that within a specific frequency range (between the two cyan dots), namely , the conditions  are satisfied. This indicates that the TM polarized OSTB can be excited within this frequency range, and the valid frequency range can be adjusted by tuning the lattice constant a. 

[image: ]


Fig. S5. In case of lossy metamaterial. The metamaterial is lossy with ,. (A) The electric field. The longitudinal optical force as functions of (B) the relative permittivity of the particle and (C) the radius of the particle at different locations.


Supplementary Note 4： Trajectory of the particle near the substrate




For the dielectric constant of the particle, namely  and , the lack of equilibrium along the y direction, as indicated by the black and blue lines in Fig. 3C of the main text, causes the particles to ultimately come into contact with the surface of the metamaterial, as shown in Figs. S4A and S4C. In contrast, for , the particle oscillates around the equilibrium position along the y direction. Due to the negligible ambient damping force compared to the optical force, the particle can rapidly move far along the negative-x direction within a short time period. However, when we reduce the amplitude of the light source by two orders (resulting in a four-order reduction in the optical force), the ambient damping force becomes significant. As depicted by the green dashed line in Fig. S4B, under the reduced light source, the particle moves much slower along the x direction, and eventually becomes confined to approximately .

Supplementary Note 5： The effect of loss from the metamaterial


Now let's consider the case where the metamaterial exhibits loss. For a typical scenario, we assume the constitutive parameters of the metamaterial to be  and . Although the OSTB is still supported, its amplitude rapidly decreases as it propagates along the x direction, as illustrated in Fig. S5A. The reduction in field amplitude results in a weakening of the optical force strength. However, it is important to note that the optical pulling effect remains valid for any passive particles. As depicted in Figs. S5B and S5C, the longitudinal optical force is negative regardless of the dielectric constant, radius, and x coordinate of the particle, albeit the strength of the optical pulling force significantly diminishes when the particle is located further away from the light source.
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