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This supplementary material provides further information of fractional quantum ferroelectricity (FQFE).
[bookmark: _Toc144495055]1. GF-PL Pairs of FQFE
A structure L1 (belong to space group GL) that has FQFE can be divided into two parts, i.e. F and M. The space group of F, GF, is the supergroup of GL. The Wyckoff position of each atom Mi in GF should be one listed in Tab. S1.


Table. S1. All the possible GF-PL pairs that may exhibit FQFE with one mobile M atom. The site symmetry group of the Wyckoff position (letter) in GF is PL, the point group of the low symmetry phase.  is the denominator of the fraction in .  should be one of  in the conventional cell.
	The Index of Space Group GF
	Wyckoff Position
(Letter)
	Point Group PL
	 of 

	1
	\
	\
	\

	2
	\
	\
	\

	3
	\
	\
	\

	4
	\
	\
	\

	5
	\
	\
	\

	6
	\
	\
	\

	7
	\
	\
	\

	8
	\
	\
	\

	9
	\
	\
	\

	10
	\
	\
	\

	11
	abcd
	Ci
	2

	11
	e
	Cs
	2

	12
	ef
	Ci
	2

	13
	abcd
	Ci
	2

	13
	ef
	C2
	2

	14
	abcd
	Ci
	2

	15
	abcd
	Ci
	2

	15
	e
	C2
	2

	16
	\
	\
	\

	17
	abcd
	C2
	2

	18
	ab
	C2
	2

	19
	\
	\
	\

	20
	ab
	C2
	2

	21
	k
	C2
	2

	22
	hij
	C2
	2

	23
	\
	\
	\

	24
	abcd
	C2
	2

	25
	\
	\
	\

	26
	\
	\
	\

	27
	\
	\
	\

	28
	ab
	C2
	2

	28
	c
	Cs
	2

	29
	\
	\
	\

	30
	ab
	C2
	2

	31
	a
	Cs
	2

	32
	ab
	C2
	2

	33
	\
	\
	\

	34
	ab
	C2
	2

	35
	c
	C2
	2

	36
	\
	\
	\

	37
	c
	C2
	2

	38
	\
	\
	\

	39
	ab
	C2
	2

	39
	c
	Cs
	2

	40
	a
	C2
	2

	40
	b
	Cs
	2

	41
	a
	C2
	2

	42
	b
	C2
	2

	43
	a
	C2
	4

	44
	\
	\
	\

	45
	ab
	C2
	2

	46
	a
	C2
	2

	46
	b
	Cs
	2

	47
	\
	\
	\

	48
	abcd
	D2
	2

	48
	ef
	Ci
	2

	48
	ghijkl
	C2
	2

	49
	abcd
	C2h
	2

	49
	efgh
	D2
	2

	49
	ijkl
	C2
	2

	49
	q
	Cs
	2

	50
	abcd
	D2
	2

	50
	ef
	Ci
	2

	50
	ghijkl
	C2
	2

	51
	abcd
	C2h
	2

	51
	ef
	C2v
	2

	51
	gh
	C2
	2

	51
	k
	Cs
	2

	52
	ab
	Ci
	2

	52
	cd
	C2
	2

	53
	abcd
	C2h
	2

	53
	efg
	C2
	2

	53
	h
	Cs
	2

	54
	ab
	Ci
	2

	54
	cde
	C2
	2

	55
	abcd
	C2h
	2

	55
	ef
	C2
	2

	56
	ab
	Ci
	2

	56
	cd
	C2
	2

	57
	ab
	Ci
	2

	57
	c
	C2
	2

	57
	d
	Cs
	2

	58
	abcd
	C2h
	2

	58
	ef
	C2
	2

	58
	g
	Cs
	2

	59
	ab
	C2v
	2

	59
	cd
	Ci
	2

	59
	ef
	Cs
	2

	60
	ab
	Ci
	2

	60
	c
	C2
	2

	61
	ab
	Ci
	2

	62
	ab
	Ci
	2

	62
	c
	Cs
	2

	63
	ab
	C2h
	2

	63
	c
	C2v
	2

	63
	d
	Ci
	2

	63
	e
	C2
	2

	63
	g
	Cs
	2

	64
	ab
	C2h
	2

	64
	c
	Ci
	2

	64
	de
	C2
	2

	65
	ef
	C2h
	2

	65
	m
	C2
	2

	66
	ab
	D2
	2

	66
	cdef
	C2h
	2

	66
	ghk
	C2
	2

	66
	l
	Cs
	2

	67
	ab
	D2
	2

	67
	cdef
	C2h
	2

	67
	g
	C2v
	2

	67
	hijkl
	C2
	2

	67
	n
	Cs
	2

	68
	ab
	D2
	2

	68
	cd
	Ci
	2

	68
	efgh
	C2
	2

	69
	cde
	C2h
	2

	69
	f
	D2
	2

	69
	jkl
	C2
	2

	70
	ab
	D2
	4

	70
	cd
	Ci
	4

	70
	efg
	C2
	4

	71
	k
	Ci
	2

	72
	ab
	D2
	2

	72
	cd
	C2h
	2

	72
	e
	Ci
	2

	72
	fghi
	C2
	2

	73
	ab
	Ci
	2

	73
	cde
	C2
	2

	74
	abcd
	C2h
	2

	74
	e
	C2v
	2

	74
	fg
	C2
	2

	74
	i
	Cs
	2

	75
	c 
	C2
	2

	76
	\
	\
	\

	77
	c
	C2
	2

	78
	\
	\
	\

	79
	b
	C2
	2

	80
	a
	C2
	2

	81
	g
	C2
	2

	82
	f
	C2
	2

	83
	ef
	C2h
	2

	83
	i
	C2
	2

	84
	abcd
	C2h
	2

	84
	ef
	S4
	2

	84
	i
	C2
	2

	84
	j
	Cs
	2

	85
	ab
	S4
	2

	85
	c
	C4
	2

	85
	de
	Ci
	2

	85
	f
	C2
	2

	86
	ab
	S4
	2

	86
	cd
	Ci
	2

	86
	ef
	C2
	2

	87
	c
	C2h
	2

	87
	d
	S4
	2

	87
	f
	Ci
	2

	87
	g
	C2
	2

	88
	ab
	S4
	4

	88
	cd
	Ci
	2

	88
	e
	C2
	2

	89
	ef
	D2
	2

	89
	i
	C2
	2

	90
	ab
	D2
	2

	90
	c
	C4
	2

	90
	d
	C2
	2

	91
	abc
	C2
	4

	92
	a
	C2
	4

	93
	abcdef
	D2
	2

	93
	ijklmno
	C2
	2

	94
	ab
	D2
	2

	94
	cdef
	C2
	2

	95
	abc
	C2
	4

	96
	a
	C2
	4

	97
	cd
	D2
	2

	97
	f
	C2
	2

	98
	ab
	D2
	4

	98
	c
	C2
	2

	98
	def
	C2
	4

	99
	c
	C2v
	2

	100
	a
	C4
	2

	100
	b
	C2v
	2

	101
	c
	C2
	2

	102
	a
	C2v
	2

	102
	b
	C2
	2

	103
	c
	C2
	2

	104
	a
	C4
	2

	104
	b
	C2
	2

	105
	c
	C2v
	2

	106
	ab
	C2
	2

	107
	b
	C2v
	2

	108
	b
	C2v
	2

	109
	a
	C2v
	2

	109
	b
	Cs
	2

	110
	a
	C2
	2

	111
	ef
	D2
	2

	111
	m
	C2
	2

	112
	abcd
	D2
	2

	112
	ef
	S4
	2

	112
	ghijm
	C2
	2

	113
	ab
	S4
	2

	113
	c
	C2v
	2

	113
	d
	C2
	2

	114
	ab
	S4
	2

	114
	cd
	C2
	2

	115
	g
	C2
	2

	116
	ab
	D2
	2

	116
	cd
	S4
	2

	116
	efi
	C2
	2

	117
	ab
	S4
	2

	117
	cd
	D2
	2

	117
	ef
	C2
	2

	118
	ab
	S4
	2

	118
	cd
	D2
	2

	118
	efgh
	C2
	2

	119
	f
	C2v
	2

	119
	h
	C2
	2

	120
	ad
	D2
	2

	120
	bc
	S4
	2

	120
	eg
	C2
	2

	121
	c
	D2
	2

	121
	d
	S4
	2

	121
	h
	C2
	2

	122
	ab
	S4
	4

	122
	c
	C2
	2

	122
	d
	C2
	4

	123
	ef
	D2h
	2

	123
	i
	C2v
	2

	124
	ac
	D4
	2

	124
	bd
	C4h
	2

	124
	e
	C2h
	2

	124
	f
	D2
	2

	124
	ijkl
	C2
	2

	124
	m
	Cs
	2

	125
	ab
	D2
	2

	125
	cd
	D2d
	2

	125
	ef
	C2h
	2

	125
	g
	C4
	2

	125
	h
	C2v
	2

	125
	kl
	C2
	2

	126
	ab
	D4
	2

	126
	c
	D2
	2

	126
	d
	S4
	2

	126
	e
	C4
	2

	126
	f
	Ci
	2

	126
	ghij
	C2
	2

	127
	ab
	C4h
	2

	127
	cd
	D2h
	2

	127
	e
	C4
	2

	127
	f
	C2v
	2

	128
	ab
	C4h
	2

	128
	c
	C2h
	2

	128
	d
	D2
	2

	128
	e
	C4
	2

	128
	fg
	C2
	2

	128
	h
	Cs
	2

	129
	ab
	D2d
	2

	129
	c
	C4v
	2

	129
	de
	C2h
	2

	129
	f
	C2v
	2

	129
	i
	Cs
	2

	130
	a
	D2
	2

	130
	b
	S4
	2

	130
	c
	C4
	2

	130
	d
	Ci
	2

	130
	ef
	C2
	2

	131
	abcd
	D2h
	2

	131
	ef
	D2d
	2

	131
	ijklm
	C2v
	2

	131
	n
	C2
	2

	131
	q
	Cs
	2

	132
	ac
	D2h
	2

	132
	bd
	D2d
	2

	132
	e
	D2
	2

	132
	f
	C2h
	2

	132
	ij
	C2v
	2

	132
	klm
	C2
	2

	132
	n
	Cs
	2

	133
	abc
	D2
	2

	133
	d
	S4
	2

	133
	e
	Ci
	2

	133
	fghij
	C2
	2

	134
	ab
	D2d
	2

	134
	cd
	D2
	2

	134
	ef
	C2h
	2

	134
	g
	C2v
	2

	134
	hijkl
	C2
	2

	135
	ac
	C2h
	2

	135
	b
	S4
	2

	135
	d
	D2
	2

	135
	efg
	C2
	2

	135
	h
	Cs
	2

	136
	ab
	D2h
	2

	136
	c
	C2h
	2

	136
	d
	S4
	2

	136
	efg
	C2v
	2

	136
	h
	C2
	2

	136
	i
	Cs
	2

	137
	ab
	D2d
	2

	137
	cd
	C2v
	2

	137
	e
	Ci
	2

	137
	f
	C2
	2

	137
	g
	Cs
	2

	138
	a
	D2
	2

	138
	b
	S4
	2

	138
	cd
	C2h
	2

	138
	e
	C2v
	2

	138
	fgh
	C2
	2

	139
	c
	D2h
	2

	139
	d
	D2d
	2

	139
	f
	C2h
	2

	139
	g
	C2v
	2

	139
	k
	C2
	2

	140
	a
	D4
	2

	140
	b
	D2d
	2

	140
	c
	C4h
	2

	140
	d
	D2h
	2

	140
	e
	C2h
	2

	140
	g
	C2v
	2

	140
	ij
	C2
	2

	140
	kl
	Cs
	2

	141
	ab
	D2d
	4

	141
	cd
	C2h
	4

	141
	e
	C2v
	2

	141
	fg
	C2
	4

	141
	h
	Cs
	2

	142
	a
	S4
	4

	142
	b
	D2
	4

	142
	c
	Ci
	4

	142
	d
	C2
	2

	142
	ef
	C2
	4

	143
	\
	\
	\

	144
	\
	\
	\

	145
	\
	\
	\

	146
	\
	\
	\

	147
	d
	C3
	3

	147
	ef
	Ci
	2

	148
	de
	Ci
	2

	149
	\
	\
	\

	150
	d
	C3
	2

	151
	ab
	C2
	3

	152
	ab
	C2
	3

	153
	ab
	C2
	3

	154
	ab
	C2
	3

	155
	\
	\
	\

	156
	\
	\
	\

	157
	b
	C3
	3

	158
	\
	\
	\

	159
	b
	C3
	3

	160
	\
	\
	\

	161
	\
	\
	\

	162
	cd
	D3
	3

	162
	fg
	C2h
	2

	162
	h
	C3
	3

	163
	a
	D3
	2

	163
	b
	C3i
	2

	163
	cd
	D3
	2,3

	163
	f
	C3
	3

	163
	g
	Ci
	2

	163
	h
	C2
	2

	164
	d
	C3v
	3

	164
	ef
	C2h
	2

	165
	a
	D3
	2

	165
	b
	C3i
	2

	165
	d
	C3
	3

	165
	e
	Ci
	2

	165
	f
	C2
	2

	166
	de
	C2h
	2

	167
	a
	D3
	2

	167
	b
	C3i
	2

	167
	d
	Ci
	2

	167
	e
	C2
	2

	168
	b
	C3
	3

	168
	c
	C2
	2

	169
	\
	\
	\

	170
	\
	\
	\

	171
	b
	C2
	2

	172
	b
	C2
	2

	173
	b
	C3
	3

	174
	\
	\
	\

	175
	cd
	C3h
	3

	175
	fg
	C2h
	2

	175
	h
	C3
	3

	175
	i
	C2
	2

	176
	a
	C3h
	2

	176
	b
	C3i
	2

	176
	cd
	C3h
	2,3

	176
	f
	C3
	3

	176
	g
	Ci
	2

	176
	h
	Cs
	2

	177
	cd
	D3
	3

	177
	fg
	D2
	2

	177
	h
	C3
	3

	177
	i
	C2
	2

	178
	ab
	C2
	6

	179
	ab
	C3
	6

	180
	ab
	D2
	3

	180
	cd
	D2
	2,3

	180
	f
	C2
	2

	180
	ghij
	C2
	3

	181
	ab
	D2
	3

	181
	cd
	D2
	2,3

	181
	f
	C2
	2

	181
	ghij
	C2
	3

	182
	ab
	D3
	2

	182
	cd
	D3
	2,3

	182
	f
	C3
	3

	182
	h
	C2
	2

	183
	b
	C3v
	3

	183
	c
	C2v
	2

	184
	b
	C3
	3

	184
	c
	C2
	2

	185
	b
	C3
	3

	186
	b
	C3v
	3

	187
	\
	\
	\

	188
	ace
	D3
	2

	188
	bdf
	C3h
	2

	188
	j
	C2
	2

	188
	kl
	Cs
	2

	189
	cd
	C3h
	3

	189
	h
	C3
	3

	190
	a
	D3
	2

	190
	b
	C3h
	2

	190
	cd
	C3h
	2,3

	190
	f
	C3
	3

	190
	g
	C2
	2

	190
	h
	Cs
	2

	191
	cd
	D3h
	3

	191
	fg
	D2h
	2

	191
	h
	C3v
	3

	191
	i
	C2v
	2

	192
	a
	D6
	2

	192
	b
	C6h
	2

	192
	c
	D3
	2,3

	192
	d
	C3h
	2,3

	192
	f
	D2
	2

	192
	g
	C2h
	2

	192
	h
	C3
	3

	192
	ijk
	C2
	2

	192
	l
	Cs
	2

	193
	a
	D3h
	2

	193
	b
	D3d
	2

	193
	c
	C3h
	2,3

	193
	d
	D3
	2,3

	193
	f
	C2h
	2

	193
	g
	C2v
	2

	193
	h
	C3
	3

	193
	i
	C2
	2

	193
	j
	Cs
	2

	194
	a
	D3d
	2

	194
	b
	D3h
	3

	194
	cd
	D3h
	2,3

	194
	f
	C3v
	3

	194
	g
	C2h
	2

	194
	h
	C2v
	2

	194
	i
	C2
	2

	194
	j
	Cs
	2

	195
	cd
	D2
	2

	195
	gh
	C2
	2

	196
	g
	C2
	2

	197
	b
	D2
	2

	197
	e
	C2
	2

	198
	\
	\
	\

	199
	b
	C2
	4

	200
	cd
	D2h
	2

	200
	fg
	C2v
	2

	201
	a
	T
	2

	201
	bc
	D3d
	2

	201
	d
	D2
	2

	201
	fg
	C2
	2

	202
	c
	T
	2

	202
	d
	C2h
	4

	202
	g
	C2
	2

	203
	ab
	T
	4

	203
	cd
	D3d
	4

	203
	f
	C2
	4

	204
	b
	D2h
	2

	204
	c
	D3d
	2

	204
	e
	C2v
	2

	205
	ab
	D3d
	2

	206
	ab
	D3d
	2

	206
	d
	C2
	4

	207
	cd
	D4
	2

	207
	h
	C2
	2

	208
	a
	T
	2

	208
	bc
	D3
	2

	208
	d
	D2
	2

	208
	ef
	D2
	4

	208
	hijkl
	C2
	2

	209
	c
	T
	2

	209
	d
	D2
	4

	209
	i
	C2
	2

	210
	ab
	T
	4

	210
	cd
	D3
	4

	210
	fg
	C2
	4

	211
	b
	D4
	2

	211
	c
	D3
	2

	211
	d
	D2
	4

	211
	gi
	C2
	2

	212
	ab
	T
	4

	212
	d
	C2
	4

	213
	ab
	T
	4

	213
	d
	C2
	4

	214
	ab
	T
	4

	214
	cd
	D2
	4

	214
	fgh
	C2
	4

	215
	cd
	D2d
	2

	215
	h
	C2
	2

	216
	g
	C2v
	2

	217
	b
	D2d
	2

	217
	d
	S4
	4

	217
	f
	C2
	2

	218
	a
	T
	2

	218
	b
	D2
	2

	218
	cd
	S4
	4

	218
	fgh
	C2
	2

	219
	ab
	T
	2

	219
	cd
	S4
	4

	219
	fg
	C2
	2

	220
	ab
	S4
	8

	220
	d
	C2
	4

	221
	cd
	D4h
	2

	221
	h
	C2v
	2

	222
	a
	O
	2

	222
	b
	D4
	2

	222
	c
	D3d
	2

	222
	d
	S4
	4

	222
	ef
	C4
	2

	222
	gh
	C2
	2

	223
	a
	m-3
	2

	223
	b
	D2h
	2

	223
	cd
	D2d
	4

	223
	e
	D3
	2

	223
	fgh
	C2v
	2

	223
	j
	C2
	2

	223
	k
	Cs
	2

	224
	a
	Td
	2

	224
	bc
	D3d
	2

	224
	d
	D2d
	2

	224
	f
	D2
	4

	224
	g
	C2v
	2

	224
	hij
	C2
	2

	225
	c
	Td
	2

	225
	d
	D2h
	4

	225
	g
	C2v
	2

	226
	a
	O
	2

	226
	b
	Th
	2

	226
	c
	D2d
	4

	226
	d
	C4h
	4

	226
	e
	C2v
	2

	226
	f
	C4
	2

	226
	h
	C2
	2

	226
	i
	Cs
	2

	227
	ab
	Td
	4

	227
	cd
	D3d
	4

	227
	f
	C2v
	4

	227
	h
	C2
	4

	228
	a
	T
	4

	228
	b
	D3
	4

	228
	c
	C3i
	4

	228
	d
	S4
	4

	228
	fg
	C2
	4

	229
	b
	D4h
	2

	229
	c
	D3h
	4

	229
	d
	D2d
	4

	229
	g
	C2v
	2

	229
	i
	C2
	2

	230
	a
	C3i
	4

	230
	b
	D3
	4

	230
	c
	D2
	8

	230
	d
	S4
	8

	230
	fg
	C2
	4
















[bookmark: _Toc144495056][bookmark: _Hlk142766360]2. The FQFE in Sc2CO2
In this section, we first constructed the ferroelectric phase L2 from a given L1 phase of monolayer Sc2CO2. Then we discuss the FQFE contributed by several atoms.
L2 is constructed by 1) Dividing L1 (See Fig. S1(a)) into two parts, M (two O atoms) and F (two Sc atoms and one C atom, see Fig. S1(b)). In this way, GF (=P-3m1) is a supergroup of GL (=P3m1). Besides the symmetries in GL, F has the inversion symmetry I, i.e. GF=GL+IGL=P-3m1 (No. 164). The inversion center is in the middle point of two Sc atoms. 2) Apply inversion to L1, we get L2 (see Fig. S1(c)). 
The top and bottom O atom layers is dubbed as M1 and M2, respectively. The structure consisting of Mi and F can be viewed as a ferroelectric phase of the simple FQFE case. The Wyckoff position of M1 (0,0,-z) and M2 (1/3,2/3,z) in GF (see Tab. S2) are 2c and 2d, respectively. The inversion operation will turn M1(0,0,-z) and M2(1/3,2/3,z) into M1’(0,0,z) and M2’(2/3,1/3,-z). Since the top and bottom layers are exchanged, the fractional polarization contributed by the two atoms are ∆P1=M2’-M1=(2/3,1/3,0) and ∆P2=M1’-M2=(-1/3,-2/3,0). Obviously, ∆P1 is equivalent to ∆P2. If  is set as the polarization quantum along the 210 direction, ∆P1=∆P2 and the total fractionally quantized polarization ∆P.

[image: ]
Figure S1. Structure of monolayer Sc2CO2. Side views of monolayer Sc2CO2, corresponding to (a) L1 phase (No. 156 space group P3m1, point group C3v), (b) structure F (No. 164 space group P-3m1, point group D3d), and (c) L2 phases (No. 156 space group P3m1, point group C3v), respectively.



[bookmark: _Toc144495057]3. The Wyckoff Position Tables of P-3m1 and Fm-3m
In the case of the monolayer α-In2Se3 and Sc2CO2, GF is P-3m1 and the Wyckoff position table is shown in Table S2. For AgBr, GF is Fm-3m and the Wyckoff position table is shown in Tab. S3. 

Table. S2. Wyckoff position table [1] of No.164 space group, P-3m1. In α-In2Se3, M is the middle Se atom and its Wyckoff position in GF=P-3m1 is 2d.
	Multiplicity
	Wyckoff
letter
	Site
symmetry
	Coordinates

	12
	j
	C1
		(x,y,z)
	(-y,x-y,z)
	(-x+y,-x,z)
	(y,x,-z)

	(x-y,-y,-z)
	(-x,-x+y,-z)
	(-x,-y,-z)
	(y,-x+y,-z)

	(x-y,x,-z)
	(-y,-x,z)
	(-x+y,y,z)
	(x,x-y,z)




	6
	i
	Cs
		(x,-x,z)
	(x,2x,z)
	(-2x,-x,z)
	(-x,x,-z)

	(2x,x,-z)
	(-x,-2x,-z)
	
	




	6
	h
	C2
		(x,0,1/2)
	(0,x,1/2)
	(-x,-x,1/2)
	(-x,0,1/2)

	(0,-x,1/2)
	(x,x,1/2)
	
	




	6
	g
	C2
		(x,0,0)
	(0,x,0)
	(-x,-x,0)
	(-x,0,0)

	(0,-x,0)
	(x,x,0)
	
	




	3
	f
	C2h
		(1/2,0,1/2)
	(0,1/2,1/2)
	(1/2,1/2,1/2)




	3
	e
	C2h
		(1/2,0,0)
	(0,1/2,0)
	(1/2,1/2,0)




	2
	d
	C3v
		(1/3,2/3,z)
	(2/3,1/3,-z)




	2
	c
	C3v
		(0,0,z)
	(0,0,-z)




	1
	b
	D3d
		(0,0,1/2)




	1
	a
	D3d
		(0,0,0)







Table. S3. Wyckoff position table [1] of No.225 space group, Fm-3m (GF). In AgBr, F locates at 4a and M moves from a coordinate in 8c to 4b then to another coordinate in 8c.
	Multiplicity
	Wyckoff
letter
	Site
symmetry
	Coordinates

	
	
	
	

	192
	l
	C1
		(x,y,z)
	(-x,-y,z)
	(-x,y,-z)
	(x,-y,-z)

	(z,x,y)
	(z,-x,-y)
	(-z,-x,y)
	(-z,x,-y)

	(y,z,x)
	(-y,z,-x)
	(y,-z,-x)
	(-y,-z,x)

	(y,x,-z)
	(-y,-x,-z)
	(y,-x,z)
	(-y,x,z)

	(x,z,-y)
	(-x,z,y)
	(-x,-z,-y)
	(x,-z,y)

	(z,y,-x)
	(z,-y,x)
	(-z,y,x)
	(-z,-y,-x)

	(-x,-y,-z)
	(x,y,-z)
	(x,-y,z)
	(-x,y,z)

	(-z,-x,-y)
	(-z,x,y)
	(z,x,-y)
	(z,-x,y)

	(-y,-z,-x)
	(y,-z,x)
	(-y,z,x)
	(y,z,-x)

	(-y,-x,z)
	(y,x,z)
	(-y,x,-z)
	(y,-x,-z)

	(-x,-z,y)
	(x,-z,-y)
	(x,z,y)
	(-x,z,-y)

	(-z,-y,x)
	(-z,y,-x)
	(z,-y,-x)
	(z,y,x)




	96
	k
	Cs
		(x,x,z)
	(-x,-x,z)
	(-x,x,-z)
	(x,-x,-z)

	(z,x,x)
	(z,-x,-x)
	(-z,-x,x)
	(-z,x,-x)

	(x,z,x)
	(-x,z,-x)
	(x,-z,-x)
	(-x,-z,x)

	(x,x,-z)
	(-x,-x,-z)
	(x,-x,z)
	(-x,x,z)

	(x,z,-x)
	(-x,z,x)
	(-x,-z,-x)
	(x,-z,x)

	(z,x,-x)
	(z,-x,x)
	(-z,x,x)
	(-z,-x,-x)




	96
	j
	Cs
		(0,y,z)
	(0,-y,z)
	(0,y,-z)
	(0,-y,-z)

	(z,0,y)
	(z,0,-y)
	(-z,0,y)
	(-z,0,-y)

	(y,z,0)
	(-y,z,0)
	(y,-z,0)
	(-y,-z,0)

	(y,0,-z)
	(-y,0,-z)
	(y,0,z)
	(-y,0,z)

	(0,z,-y)
	(0,z,y)
	(0,-z,-y)
	(0,-z,y)

	(z,y,0)
	(z,-y,0)
	(-z,y,0)
	(-z,-y,0)




	48
	i
	C2v
		(1/2,y,y)
	(1/2,-y,y)
	(1/2,y,-y)
	(1/2,-y,-y)

	(y,1/2,y)
	(y,1/2,-y)
	(-y,1/2,y)
	(-y,1/2,-y)

	(y,y,1/2)
	(-y,y,1/2)
	(y,-y,1/2)
	(-y,-y,1/2)




	48
	h
	C2v
		(0,y,y)
	(0,-y,y)
	(0,y,-y)
	(0,-y,-y)

	(y,0,y)
	(y,0,-y)
	(-y,0,y)
	(-y,0,-y)

	(y,y,0)
	(-y,y,0)
	(y,-y,0)
	(-y,-y,0)




	48
	g
	C2v
		(x,1/4,1/4)
	(-x,3/4,1/4)
	(1/4,x,1/4)
	(1/4,-x,3/4)

	(1/4,1/4,x)
	(3/4,1/4,-x)
	(1/4,x,3/4)
	(3/4,-x,3/4)

	(x,1/4,3/4)
	(-x,1/4,1/4)
	(1/4,1/4,-x)
	(1/4,3/4,x)




	32
	f
	C3v
		(x,x,x)
	(-x,-x,x)
	(-x,x,-x)
	(x,-x,-x)

	(x,x,-x)
	(-x,-x,-x)
	(x,-x,x)
	(-x,x,x)




	24
	e
	C4v
		(x,0,0)
	(-x,0,0)
	(0,x,0)
	(0,-x,0)

	(0,0,x)
	(0,0,-x)
	
	




	24
	d
	D2h
		(0,1/4,1/4)
	(0,3/4,1/4)
	(1/4,0,1/4)
	(1/4,0,3/4)

	(1/4,1/4,0)
	(3/4,1/4,0)
	
	




	8
	c
	Td
		(1/4,1/4,1/4)
	(1/4,1/4,3/4)




	4
	b
	Oh
		(1/2,1/2,1/2)




	4
	a
	Oh
		(0,0,0)








[bookmark: _Toc144495058]4. Materials with both F-43m and Fm-3m phases
We conducted a screening in the Materials Project database for materials exhibiting both F-43m and Fm-3m phases, and the corresponding results are presented in Table S4. 

Table. S4. Energy differences between the H phases (rock salt) and L phase (zinc blende), ΔE = E(H) − E(L). 
	Formula
	ΔE (meV/f.u.)
	
	Formula
	ΔE (meV/f.u.)

	BeS
	1118
	
	ZnO
	276

	BeSe
	1087
	
	ZnS
	636

	BeTe
	1019
	
	ZnSe
	614

	BN
	3506
	
	GaP
	811

	BP
	2130
	
	CdS
	269

	BAs
	1776
	
	CdSe
	293

	AlP
	583
	
	CdTe
	359

	AlSb
	427
	
	AgBr
	74

	AlAs
	558
	
	AgI
	190

	SiC
	1480
	
	InP
	492




[image: Fig-S1-v1]
Figure S2. Dynamical and thermal stability of AgBr. (a) Phonon spectrum along the high-symmetry path Γ → X → S → Y → Γ → Z → U → R → T → Z of AgBr for F-43m phase. (b) Ab initio molecular dynamics simulations of AgBr for F-43m phase at 300 K. The inset shows the corresponding structure after 5 ps of simulation.

[bookmark: _Toc144495059]5. Ferroelasticity of non-polar FQFE
In the ferroelectric phase transition of a system with a square H phase (see Fig. 1(c) in the main text), the low symmetry phases L1 and L2 do not have the four-fold rotational symmetry. Thus, there should be lattice distortion in the two phases (see Fig. S3) and in this case the FQFE can be ferroelastic.

[image: ]
Figure S3. Ferroelasticity of non-polar FQFE, corresponding to the phase transition of Fig. 1(c) in the main text
[bookmark: _Toc144495060]6. Details of density functional theory calculations
Density functional theory (DFT) calculations were performed using the Vienna ab initio simulation package (VASP) [2]. The pseudopotentials are constructed using the projected enhanced wave method [3,4]. The plane-wave energy cutoff is set to 500 eV. The structural were fully relaxed until the residual force on each atom is less than 0.01 eV/Å. The Brillouin zone (BZ) was sampled using a Gamma centered scheme with a 15 × 15 × 15 k-point mesh for the BZ integration in the In2Se3 system and a 9 × 9 × 9 k-point mesh for AgBr. For the In2Se3 monolayer, a 20 Å vacuum region was introduced between adjacent layers to avoid interactions between neighboring periodic images. The energy barrier between different polarization states is calculated using the climbing image nudged elastic band (CI-NEB) method [5]. To examine the dynamical stability of AgBr, we calculate the phonon spectrum using Phonopy[6] on a 2 × 2× 2 supercell. For evaluating thermal stability, first-principles molecular dynamics simulations were conducted at 300 K using a 2 × 2 × 2 supercell for a duration of 5 ps.
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