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ABSTRACT

In clinical trials, it is important to compare the differences in treatment effects among multiple groups to determine the
effectiveness of certain treatments for a disease. Statistical inferences are typically made assuming that the sample is
representative, with subjects randomly assigned to each treatment group and minimal allocation differences. To address these
allocation differences, various randomization methods have been proposed, including complete randomization, rerandomization,
pairwise sequential randomization, and k-resolution sequential randomization (k-RSR). In this paper, we propose an extension
of the k-RSR method called multiple k-resolution sequential randomization (M,-RSR).M;-RSR aims to minimize the integrated
measurement Mahalanobis distance among multiple groups with equal group size. While the original &-RSR method was
developed for two groups, M;-RSR is designed for two or more groups. By using M;-RSR, researchers can achieve a balanced
allocation and obtain a reasonable estimate of treatment effect. Theoretical results demonstrate that M;-RSR is more likely to
achieve the optimal value compared to existing methods. Extensive simulation studies and an example analysis are conducted
to illustrate the superiorities of M;-RSR.
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SUPPLEMENT: PROOFS FOR THEOREM 1-3
Proof of Theorem 1. Suppose that Miyegr0 represents the minimum value of integrated measurement Mahalanobis distance
for the fixed units X1,X5,...,X,. Let Q,Q,,...,Qk denote the set of units in treatment 1,2,..., K groups respectively for
the realization of Miyegr0. Clearly, Q1 UQp U...UQg = {X1,X5,...,X,}. We assume that Q,0,,...,Q are unique without
generality.

Let k; and k; be two integers with k; < ky and assume (n mod k1K) = 0 and (n mod k,K) = 0. We can define an event A;
that randomly sequentially assign k1K units to K groups with equal group size for unit sequence of X;,,X;,,...,X;, to obtain Qi,
Q),....Qk, where ij € {1,2,...,n} and are not equal mutually. Then we have
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In the same way, we consider another event A, for randomly sequentially assigning k> units in each resolution to both groups
with equal group size for unit sequence of X;,,X;,,...,X;, to obtain Q,8,...,Qx . Thus,
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There are totally k:—iK resolutions for the M;-RSR with k =k, and let Q;,i = 1,2,...,n/(k;K) represents the probability for
assigning k; units in the ith resolution correctly. Then
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Once n/ (k1K) — 1 resolutions have been allocated correctly, the final resolution can be allocated correctly. That is Qﬁ =q]-
1
Hence,
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Similarly, we get

E [P (M (koK) = MIntegrO)] = S i @

According to the Stirling’s approximation with k! ~ +/27k (%)k, we get
E [P (M (kZK) = MIntegrO)] >E [P (M (le) = MIntegrO)} 7k2 > ki. (8)

Proof of Theorem 2. We prove the case of k = 2, K = 3 and the proof of other & is similar. Suppose that (n mod kK) = 0 and let

Z; = V~1/2X; where V~/? is the Cholesky square root of V!, then Cov (Z;) = I,,,i = 1,2,...,n. Denote Z = (Z,Za,...,Z,) ",
Zni6 = (Zni1,Zns2, - Znss) . Let Bis a K x K matrix, and the design principle of which is as follows: each row randomly
selects two positions, one of which is 1, the other is -1, the rest are 0, and each row must be different. Similarly, let Ais a K x n
matrix, each row of A randomly selects k elements to be 1, and all the others to be 0, and there is only one 1 in each column,
and the k rows add up to n ones. A is also a K X n matrix, the design rules are the same as for matrix A. Here is given a special
case of B,A and A, as follows:

1 -1 0 1 1 0 0 0 0 1 10000
B=|1 0 —-1],A=]10 ... 0 1 1 0 ,A;=10 0 1 1 0 0
0o 1 -1 0 ... 00 0 1 I . 000 O0 1 1
By the above assumption and define, we get
Mineer = (BAZ) ' BAZ. 9)
We further define
y, =BAZ,

(10)
Anye = BA1Z, 6.

Then {y,,Y,16>Ynr12---} is @ Markov process and y, 4 =y, +A,46. Define the function F (y,) =y, y,. Because of the

Zni1+Znt2 Zni1+Znis
randomness of Ay, there are 90 possible outcomes for A;Z, ¢, writing f»’fm = | Zn3+Zuis |, ,ff[z} = | Zn2+Zpya |,
Znys+Znte Znys+Znte
Zn+5 + Zn+6
,Qp[go] = | Zy+3+Zyt+4 |. Then we have
Zn+l +Zn+2
_ T T, _ T T
E[F Vpie | )] = F () =E [yn+6Yn+6 | yn} —YnYn=2E [yn Anve | yn} +E [An+6An+6 | yn} : (1D

In the equation above, E [A], ¢A,+6 | v,] is a positive constant. To calculate E [y, " Ay16 | ya], let (w)*denote the module
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of a real number (or a real vector) w. Thus, we have

E [y Ause | va| = E |(BAZ) BAZys6 | v,
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—E| (g~ 411) (<(BAZ>TB)%1])+ + (a3 —91) (((BAZFB)%;]Y +e

+ (i)~ aiw) ((BA2) B Z]3) yn}
= (q[jl] *q[jz]) ((BAZ)TB)+E [("@P[/'l])-i_ |yn] E [(COS 9j|)+ |yn} +
(a0~ a10) ((BAZ) B) E[(245)" |3, B [(c056;)" [3,] + ...+

(q[j89] - q[}bo]) ((BAZ)TB) +E [(’@P[jzssw])+ | yn] E [(COS 9]89)Jr ‘ )’n] )
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it’s worth mentioning that 6, is the angle between (BAZ) " B and Zj),andi=1,...,90 are not equal and belong to {1,2,...,90}.

If 21 = (Zni1 +Zn12,Zns3 + Zni4y Znss +Znig) |, then it means allocating Z, 1,7, to treatment 1 group, Z,.3,7Z,+4 to
treatment 2 group and Z, 15, Z, ¢ to treatment 3 group that results in the smallest Mahalanobis distance d[y). In this way, ffm
corresponds to the ath smallest Mahalanobis distance djj,/ = 1,2,...,90. Finally, if ij < i, then g Jiy) ~ L) < 0, due to the
geometric property of the M;-RSR. Hence, from the last equation, we can get “the drift condition" as in Qin et al(2016). Thus
M(k) =0, (n71).

Proof of Theorem 3. Denote the effects of K treatment groups by L, Ua, - -,Uk, respectively. Let the response of the ith
unit be y;,i = 1,2,...,n. Naturally, f1; can be estimated by fi; = Y7, [;;vi/ Y1 Iij,j = 1,2,...,K. Hence, the treatment effect
difference of the sth treatment group compared with the treatment 1 is = fi; — fi;, where s = 2,3,...,K. Suppose that
(n mod kK) = 0 and let Z; = V~1/2X; where V~!/? is the Cholesky square root of V!, then Cov (Z;) = I,,,i = 1,2,...,n. By
the assumption of normality, Z; ~ N(0,1,). Define

1 z! I I hy ... g
»2 A 1) Ly DLy ... Dk

Y= L= Sl I=1 0 = . . ) A (13)
Yn ZnT Irz Inl In2 InK

and Z = [LZ], B = (B1,B2,---,By) ", B = (ﬁl*,...,ﬁ;)T = (Vfl/z)—rﬁ, = (..., ux) and 6 = (uT,ﬁT)T, 0" =
(uT7ﬁ*T)T=(ul,-.-,ux,ﬁf‘,m»ﬁ;)T-

The true model can be rewritten as

Y=XO0+e=Iu+XB+e=Iu+2Zp" +e=26"+e. (14)

Assume that L = (1,0,...,0,—1,...,0) ", where the first entry is 1, and the sth entry is —1,s = 2,3,...,K . Although  can

K
be obtained by running the regression Y = It + €, the true model is ¥ = Z0* +¢ = Iu +ZB* + €. Especially, we can write  as
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T [w (ﬂl) IT(Zﬁ +e)
n n
'\ 1T (zB* +¢
MMALT<H) Ail;il.
When n — o, we have
1/K
12113 /K ) Y (16)
. 1/K
Further, we can define
A—L M) {IT(ZﬁH'S)} 7
" (a7

B=L"

() o)

so that £ = A+B.
For A, by some algebra, we can show

K
n

p n
ZZ zs l]ﬁ*+z il — ] (18)
j=1i=1

For the first term on the right, we have

L

m=

)ZijB; = ZB*[ Y zi—- ) Zi,'l. (19)

iE{iZI“:l} ie{i:l,-S:(J}

where {i: I;; = 1} and {i : I;; = 0} represent the 1th and sth treatment groups. From the proof of Theorem 2 of Qin et al (2016),
we understand that } ;c (;.1,, =1} Zij — Lic{i.,—0} Zij 1S a stationary process under the proposed method. Therefore,

Z Zij— Z Zij = 0,(1),

ie{id; =1} ie{i:l;;=0}
, (20)
YBi| Y zi— Y zZ|=0,01).
j=1 ie{il; =1} ic{i:l;;=0}
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In addition, note that (I;; — I;;)* = 1 if and only if I = 1,I; =0 or I;; =
2

K & K2 n )
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i=1
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Therefore,
VA B N (0,2Ka?).

Similarly, we will prove that \/nB 2, 0. First, notice that
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Therefore, proving \/nB £0is equivalent to prove

I"(zB*+¢

Uz +e) _ 0,(1).

NG
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By central limit theorem, we have

(f Y 28 +Za) -
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In addition,
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Since /nA converges to a normal distribution
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Therefore,
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2n 82 we have
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Similarly, we have

1 P n n
Tn <Z Z’iszijﬁerZIisei) =0,(1),s=2,...,K. 31)
j=li=1 i=1
Hence,
17 (zB*
<\liﬁ+€> _0,(1). -

Therefore, \/nB - 0, and added \/nA 2 N (0,2K6?), by Slutsky’s theorem, we have

Vi (€= (=) BN (0,2K02). (33)

For é’ , we can obtain their asymptotic distributions in similar ways.
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