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[bookmark: _Toc145000806]Supplementary Note 1: PAR-SIM setup
[bookmark: _Hlk144997618][bookmark: _Hlk144924762][bookmark: _Hlk144925111][bookmark: _Hlk143687087]The PAR-SIM excitation is performed with Airy Polar-SIM1 mounted on the Nikon Ti2-E system (Fig.1(a), Supplementary Fig.1(c)). In brief, the diffracted light from spatial light modulator (SLM, QXGA/SXGA, 4D Displays) translates to back pupil of objective with a transform lens (Fig.1(a) Tube in excitation), pizza polarization rotator, 0 order stop mask and a pair of 4f-relay lens as published in previous works2. The pattern excited fluorescence from sample is collected by objective (CFI SR HP ApoTIRF 100XC Oil, 1.49 NA, Nikon) and passes through a multiband dichroic mirror (DM, ZT405/488/561/640-phase R-UF3, Chroma). The detection tube lens images the fluorescent sample right on its focal plane and the ROI is cut with the lab customed sub-ROI slit. L1 (AC254-100-A-ML, Thorlabs) and L2 (AC254-150-A-ML, Thorlabs) are a pair of Fourier relay lens whose magnification is 1.5 (L2:L1=1.5). It transforms the selected sub-ROI on the sCMOS camera (ORCA-Flash4.0 V3, C13440-20CU, Hamamatsu). The xy-scan galvo mirror set (6210H, Cambridge Technology) is precisely situated on the middle conjugation plane of L1 and L2.
The control logics on hardware are as following: a data acquisition device (DAQ) (PCIe-6738, National Instrument) connected with an SHC68-68-A2 cable is linked on PC with PCIe card, for multiple AO and digital signal ports. AO ports serve the camera external trigger, SLM SPO1 trigger and two galvo axis triggers, while digital ports P0.0-0.1 serves SLM SPO0 and SPO2 respectively for running order selection, since only does P0 have hardware clock synchronization function with AO ports in this DAQ, to control both analog and digital output simultaneously. All the analog and digital signals are generated on custom-designed Labview (2017 Version) program.


[bookmark: _Hlk144976754][bookmark: _Toc145000807]Supplementary Note 2: PAR-SIM precise synchronization
[bookmark: _Hlk144801362]Firstly, the parallel acquisition and readout process should be explained. In Fig.1(b), if PAR-SIM exposes the top half sensor in N rows, when the galvo scans sub-ROI 1-3 (rows 0-N/2, Frame K) modulated with Angles/Phases 1-3 (P1-P3, dark-middle-light blue rectangles), rows N/2-N simultaneously read out sub-ROI 7-9 modulated with Angles/Phases 7-9 (P7-P9, dark-middle-light pink) from Frame K-1. Similarly, exposing sub-ROI 4-6 (rows N/2-N in Frame K) with Pattern P4-P6 (dark-middle-light yellow rectangles) parallels readout of Pattern P1-P3 from sub-ROI 1-3 (rows 0-N/2 in Frame K) having been exposed during the time in Frame K-1. The former process accomplishes in a rolling loop, and hence, the PAR-SIM has been achieved.
The limit in system speed finally locates on the SLM switching duration. Notice that there are three time-definitions in the SLM: the first is the illumination window time, the second is actual pattern exposure time (containing both positive and negative illumination window), and the third is switching duration time. Because the liquid crystal on silicon in the SLM needs to reset its polarity, the actual exposure time for fringes/patterns should be twice as long as its nominal illumination window time. As for the switching duration, it must be longer than the actual exposure and is a fixed time various with different series of SLM. In the following, we will use the actual pattern exposure time to show in all the results. Thus, the 1-bit balance mode exposing 200 μs pattern takes 745 (SXGA)/589 (QXGA) μs of total duration, obviously, the actual switching time is larger than the actual pattern exposure time on 1-bit balance mode. In Supplementary Fig.1(b), each subframe exposure time cannot be less than a pattern duration time of SLM (: SLM duration). The dwell time of the scanners in each sub-ROI (: Galvo stopping time) is not necessarily equal to the SLM duration () nor the duration of the high level of SLM (: SLM high voltage duration). At the same time, in the signal synchronization sequence, three delay signals need to exist. 
[bookmark: _Hlk144033739]These three delay signals are named as in the article and marked with D1-D3 in the Supplementary Fig.1(b). In the Frame K+2, the signal schematic diagram is stretched for clearly showing these denoted signal names and corresponding relations.  is used as the camera exposure delay signal between the Kth frame and the K+1th frame.  is used to delay the start timepoint of camera frame exposure and scanner beginning to deflect 2×3 sub-ROIs.  is used as the delay time between the SLM and the scanner device after each step, in order to control the SLM modulation start time after each scanning stop stably. The sum of ,  and 6 times of  determines the frame rate of the opened certain-row-height format. And  is a crucial trigger delay for compensating the intrinsic delay right after external rising edge and camera starting exposure timestamp. In this camera manual, the delay is 4 lines’ readout time. More importantly, in the practice, it is recommended that the actual opened frame rows are slightly larger than the 2 times of sub-ROI rows occupied on sensor to ensure an appropriate "margin" among sub-ROIs after being scanned and imaged, which correspondingly results in . Another crucial compensation relation is , which ensures the pattern to go through a complete exposure process and a correct displaying when Galvo scanning to every sub-ROI’s position. According to the SLM duration , it should satisfy: . Note that  is affected by modulator its intrinsic factors such as working principle, mechanical properties, circuit response, etc.  itself has a lower limit, and it is obviously that, if , there will be a crosstalk among sub-ROIs or frames. Thus, the final SIM framerate limitation locates on the minimum  and the intendedly left small "margin" can be attributed to . For instance, if we denote the sub-ROI has N/2 rows and each row takes t to read out, only when each row of sub-ROI exposure time equals to each row’s read out time and has , can PAR-SIM framerate maximize most optimally. Since there is no time difference in the same row, the maximal opened-row height of half sensor N can be a little larger than around t. Furtherly, the whole frame time containing 6 sub-ROIs should be . Specifically, for  and , these two parameters for users flexibly to define and control according to their needs.  changes the Galvo staying time of every one of 6 positions on the frame by equivalent to flexibly set , and  is SLM high level signal lasting time. Finally, through flexibly designing these signals, complex parallel imaging detection requirements are realized. The advised synchronization times above and their corresponding occupied rows, framerates with respective two series SLM in the experiment are shown in Supplementary Table 2. 


[bookmark: _Toc145000808]Supplementary Note 3: The PAR-SIM demonstration and framerate
Before the framerate demonstrating, the sub-ROI scanning direction should be ensured and Galvo parallel scanning correction should be done. In Supplementary Fig.2(a), the scanning direction is shown. The sensor opening direction (from center to both side of it) and galvo scan order will both affect the final PAR-SIM. When we utilize half top of sensor, the direction should follow blue arrows on the right of Supplementary Fig.2(a), oppositely, it should follow the red arrows’ direction. The galvo scans along x and y direction on sensor plane, however, the optical path and mechanical holder may lead tilt scanning (Supplementary Fig.2(b)), thus, angle corrections in both directions are necessary. The correction voltage can be gained in scanning the sub-ROI into N×1 or 1×N tilt images, which results in an extended tilt edge line along y or x (Supplementary Fig.2(c), the red lines), then the tangent of these small angles can be attained from the number of x and y pixels shift. The tangent value corresponds to the correction coefficient of step voltage compensated in every step. For example, in x scan, every sub-image has a y-shift correction from the coefficient multiplying step voltage, vice versa. After the scanning correction, we densely pave a 192×192 pixels sub-ROI under bright field to a 6×2 configuration in a frame, and finally, the tilt scanning has disappeared. (Supplementary Fig.2(d)).
The framerate limitation is a tradeoff between the minimal duration of SLM 1-bit balance mode and the readout time among ROI occupying rows on sensor. For instance, the QXGA series SLM works 589 μs duration on 1-bit balance mode for actually exposing 0.2 ms pattern3, and the readout time per row is about 9.74 μs. Thus, the opened frame N occupies around 6×589/9.74=364 lines. The theoretically opened rows on sensor and its maximum framerate depending on different series of SLM have been listed in Supplementary Table 1. Under this principle and limitation with QXGA SLM, the SIM with 0.2 ms exposure will appropriately be 282 fps in 1352×364 pixels, and the 0.4 ms’s will be 211 fps in 1352×488 pixels, which can achieve 6-fold framerate enhancement with much larger ROI.
To demonstrate the principle and framerate of PAR-SIM, we tested two series of SLMs with two categories of SIM fringe angles, respectively. The first category is QXGA with 3 Angles 3 Phases pattern group. In Supplementary Fig.2(e) top two sub-figures, the opened row is 400 lines (H)×2048 columns (W) under 200 μs exposure mode for 1-bit balance displaying binarized fringe and framerate is 256 Hz. The sub-ROI is designed as corresponding 192 pixels (H)×676 pixels (W) on sensor. We intendedly set 1st Angle 3rd Phase (A1P3, nominal 3 of 9), 2nd Angle 3rd Phase (A2P3, nominal 6 of 9) and 3rd Angle 3rd Phase (A3P3, nominal 9 of 9) OFF state on SLM, thus 3/6/9 are blank without any exposure. The result in the sub-figure is consistent with the theoretical expectation, 3/6/9(not shown) are OFF state and 1/2/4/5/7/8 are displayed with corrected and clearly-phased fringes labelled with red arrows in the right top of every sub-ROI, the right ON/OFF states displaying of these sub-ROIs demonstrates the surefire fringe phases of PAR-SIM control. At the most left part of sub-figure, we show sub-ROI’s on/off state number, framerate of each whole frame and exposure time mode. And the hot map of Fourier transform figure containing ±1 order frequency circled in white illustrates the correctly corresponding exposed fringe angles labelled in red arrows. In the bottom two sub-figures in Supplementary Fig.2(e), the opened frame row height is 496 and sub-ROI size is 236 pixels (H)×676 pixels (W), approaching 204 Hz under 400 μs exposure mode also excited with 3 Angles 3 Phases. OFF states are distributed to 1/4/7 as sub-ROI right exposure test. We can gain the same expected results: phases are corrected displayed along its scan order and SIM angles along red arrows are consistent with white circles of ±1 order in FFT figures (7-9 are not shown). In Supplementary Fig.2(f), the second category is SXGA with 2 Angles 3 Phases. The reason to change to 2 Angles is determined by the needs of furtherly promoting and demonstrating SIM reconstruction framerate using 6 SIM raw figures. Similarly, the top two opened frame row number is 484 and sub-ROI size is 192 pixels (H)×400 pixels (W), approaching 209 Hz under 200 μs exposure mode. In Supplementary Fig.2(f) top two sub-figures, OFF states are set to No. 3/6. The same expected results that phases are corrected OFF on 3/6 order and SIM angles along red arrows are consistent with white circles of ±1 order in FFT figures. The white circles correspond to two perpendicular directions. The bottom two sub-figures in Supplementary Fig.2(f) open 608-line rows with sub-ROI of 260 pixels (H)×540 pixels (W) and its theoretical size can be around 296 pixels (H)×676 pixels (W). The framerate attains 167 Hz under 400 μs exposure mode. OFF states are set to No.1/4 pattern, the same as other group results, red arrows’ direction are normal with each other and white circles in FT are mutually perpendicular. Scale bars in all sub-figures are 2 μm.
In the maximum occupation of sub-ROI experiment, QXGA, the maximum are 192 pixels (H)×676 pixels (W) in 200 μs 1-bit balance displaying mode and 236 pixels (H)×676 pixels (W) in 400 μs 1-bit balance mode. However, in Fig.2(b), the two sub-ROIs sizes don’t serve for illustrating the maximum occupation area on sensor in the experiment again, and the size of sub-ROI in SXGA test are randomly selected only for fringe exposure demonstration. But it still can be reasonable and deduced that the maximum in SXGA can be around 234 pixels (H)×676 pixels (W) in 200 μs and 296 pixels (H)×676 pixels (W) in 400 μs displaying. 
In the framerate demonstration, correct phases displaying are confirmed by setting certain OFF state and right angles are illustrated by FFT figure containing counterpart of ±1 order surefire directions. Using the QXGA, 200 μs and 400 μs PAR-SIM framerate are 256 Hz and 204 Hz, respectively, when under 2 Angles 3 Phases SIM mode; and corresponding to 171 Hz and 136 Hz under 3 Angles 3 Phases SIM. Meanwhile using SXGA, 200 μs and 400 μs PAR-SIM framerate are 209 Hz and 167 Hz, respectively, when under 2 Angles 3 Phases mode; and with respect to 140 Hz and 112 Hz under 3 Angles 3 Phases mode. All the framerates from whole frame above almost match their respective theoretical opened row numbers on sensor because the exist of flexible synchronization margin mentioned above. In Supplementary Table 3, it has been compared that the parameters about framerate and ROI occupied on sensor among these latest SIM systems under the same 0.2 ms pattern exposure. The cameras are ORCA-Flash4.0 V3 and SLMs are QXGA series. 


[bookmark: _Toc145000809]Supplementary Note 4: PAR-SIM reconstruction algorithm under ultrashort exposure time
The flowchart is illustrated in Supplementary Fig.3 and the detailed algorithm descriptions are below.  
[bookmark: _Toc145000810]Data preprocessing
Prior to commencing the reconstruction process, the images undergo preprocessing to further enhance image contrast, thereby facilitating more accurate parameter estimation, which mainly includes background subtraction, edge blurring, data cropping, system OTF (Optical Transfer Function) generation, and RL (Richardson-Lucy) deconvolution.
Background subtraction aims to reduce the impact of fluorescent background on the reconstruction. In the SIM processing, background signals can cause moiré-like artifacts, and dark noise from the camera can introduce background noise in the image. Therefore, manual estimation of the non-signal regions in the image is performed, and a constant background value is subtracted from the image during subsequent processing. The purpose of edge blurring is to mitigate the spectral leakage effect caused by image edges in the two-dimensional Fourier transform. A Gaussian filter with a size of 30 pixels and a standard deviation of 6 is convolved with the original data's image edges to avoid sidelobes masking the first-order modulation information resulting from spectral leakage. Since the raw data acquired by PAR-SIM is in a strip-like shape, it is necessary to ensure isotropy in the x and y axes for subsequent processing. Thus, the raw data is padded with zeros in the spatial domain to turn it into a square shape. Additionally, a central portion of the data containing objects is cropped to a size of 256×256 for further parameter estimation steps. This reduces the amount of data requiring parameter estimation, thereby increasing computational speed. Theoretical OTF and PSF (point spread function) are generated based on the input system's physical parameters. RL deconvolution is then applied to enhance the original image. Image enhancement primarily aims to amplify the intensity of the first-order frequency spectrum and increase the contrast of fringes, facilitating better identification of the illumination direction during the parameter estimation step4. The image spectrum before preprocessing is illustrated in the lower right corner of Fig.2(a). Within the image, the presence of cross-like components at the center is attributed to spectral leakage resulting from both image edges and shifts during the PAR-SIM registration process. These components are expected to interfere with locating the peak position of the first-order spectrum during the subsequent parameter estimation. Conversely, the post-preprocessing image spectrum is illustrated in the upper left corner of Fig.2(a). Notably, the suppression of spectral leakage is achieved, and concurrently, the enhancement of high-frequency components within the image’s Optical Transfer Function (OTF) range is observed.
[bookmark: _Toc145000811]System parameter estimation
The main purpose of system parameter estimation is to estimate the pattern information used in structured illumination microscopy. This includes the accurate estimation of the illumination direction vector and the illumination phase5.
In structured light illumination microscopy, the image captured by the CCD, denoted as , can be expressed as:

where:
 represents the PSF of the optical system, represents the biological sample, denotes the convolution operator,  is the system noise, and   represents the system background that is not modulated by structured illumination. The structured illumination can be represented as:

where:
 and  respectively represent the direction and phase of the illumination pattern,  is the constant intensity,  is the modulation factor, and  is the illumination direction vector.
In the parameter estimation step, the crucial task is to solve for  and , which define the direction and phase of the structured illumination pattern used in the imaging process. After a two-dimensional Fourier transform, the image can be represented as follows:

where:
 is the Fourier transform of the system's Optical Transfer Function (OTF),  represents the Fourier domain of the system noise,  represents the Fourier domain of the system background, which is primarily concentrated in the zero-frequency region. Transform the above formula into matrix form, that is,

To minimize the impact of background and noise on the image and suppress the influence of zeroth-order on the first-order peak search, we perform a subtraction operation using  and  from  respectively, resulting in:

Let  and . Assuming the initial phase  is 0, we can express  in terms of the phase differences  and :

If we ignore the noise term, the estimates of  and  can be:

In traditional SIM setups, detection follows a direct imaging path with a fixed image-detector geometry. Consequently, the need for precise registration processes is minimal. The phase shift for each illumination direction remains relatively constant over time, often set at 2π/3. However, in the PAR-SIM setup, sub-ROIs traverse through the galvo system. Due to incidental mechanical vibrations, slight displacements may occur between these sub-images. Therefore, the straightforward approach of assuming a fixed phase difference would be ineffective, having occurred in HiFiSIM6, HessianSIM7 and PCASIM8. Consequently, an iterative optimization method is required to determine the phase difference that best approximates the real situation through a process of iteration and optimization. This approach enhances our ability to accurately differentiate the spectra, leading to more precise illumination direction vectors.
In the ideal spectrum obtained by accurately estimating the phase differences,  and  are mutually independent, so their cross-correlation value is 0. Therefore, by minimizing the cross-correlation values between the two estimated spectra, we can obtain the most accurate and reliable estimates of the phase differences  and  (Eq.(S8)). This optimization process helps to improve the accuracy of the phase separation and enhances the quality of the final reconstructed image.

After estimating the phase differences  and  and assuming the initial phase  is 0, we can separate the spectrum to obtain approximate estimates of ,  and  using Eq.(S4). 
After separating the spectra based on the correct phase difference, the next step is to eliminate the influence of the zero-frequency component on the first-order peaks in order to accurately estimate the illumination direction vector. The estimation of ,  and  are multiplied by a weight function  to minimize the intensity of the zero-frequency component, represented as  and . Let  represent the region of  where its values are greater than 0. 
To maximize the intensity of the first-order peaks, the following equation can be used:

In this context,  represents the two-dimensional Fourier transform, and  represents the two-dimensional inverse Fourier transform. 
To find the initial illumination direction , appropriate mask masks are applied to different spreading regions and then multiplied with . The peak values are then searched within these regions. Once the initial illumination direction  is obtained, the next step is to find the sub-pixel accurate illumination direction. The post-processed  after applying a mask is depicted in the middle of the Fig.2(b). Particularly, if the lighting direction on the SLM is known, since the patterns loaded onto the SLM contain information about the direction and period of the illumination setups. The range of the mask can be further narrowed to find the initial lighting direction in a smaller area, thereby further improving the speed and accuracy of finding the peak, which is shown in upper right corner of Fig.2(b), the estimated illumination direction vector and the peak of the first-order spectrum are highlighted using white arrows and white circles, respectively. After estimating the phase difference and accurately separating the phases, the peak of the first-order spectrum can be located by identifying the maximum value within the masked region. However, if the phase difference  is set as a fixed value and only notch filtering is utilized, as shown in Fig.2(c), which is the same step obtained in HiFiSIM, the task of finding the initial illumination direction becomes challenging due to the difficulty caused by the very low signal-to-noise ratio (SNR) and resultant weak modulation. Consequently, spectrum separation fails to align, and thus, reconstruction failure (upper right of Fig.2(c)). Simultaneously, due to the spectral leakage effect, the peaks found through direct notch filtering often consist of sidelobe information caused by spectral leakage. 
In the ideal SIM processing, when the peak of the first-order spectrum perfectly aligns with the peak of the zeroth-order spectrum, it indicates an accurate estimation of the illumination direction vector. Therefore, the precise illumination direction vector  can be obtained by maximizing the cross-correlation value between the first-order and zeroth-order spectra:

where:



To ensure the accurate estimation of spatial frequency vectors, it is crucial to maintain consistency in the magnitudes of the estimated spatial frequency vectors in each direction. Since the spatial frequencies of patterns loaded on the Spatial Light Modulator (SLM) are consistent, the differences in the modulus of the estimated spatial frequency vectors should be kept within sub-pixel accuracy. This ensures that the estimated spatial frequency vectors closely match the pattern spatial frequencies on the SLM, with differences limited to sub-pixel levels.

To assess the accuracy of the estimated spatial frequency vectors, prior knowledge about the expected differences can be utilized. By comparing the computed results with the expected differences, one can determine whether the estimated spatial frequency vectors are accurate. In the PAR-SIM system setup, in a three-direction three-phase SIM protocol, the differences between each illumination direction are π/3, while in a two-direction three-phase SIM protocol, the differences between each illumination direction are π/2. If the computed results significantly deviate from the expected differences, it indicates potential errors in the previous phase difference estimation step. In such cases, it may be necessary to re-estimate the phase differences to improve the accuracy of the spatial frequency vector estimation.

Once the precise illumination directions are obtained, the illumination phase can be calculated by summing the complex angles pixel by pixel in the region of overlap between the first-order and zero-order spectra9. After obtaining the accurate illumination direction and phase, the essential parameters required for SIM reconstruction have been estimated. Based on Eq.(S4), we can obtain the separated spectra ,  and  . The next step is to enhance and merge these spectra. Fig.2(d) respectively demonstrates the separated first-order , zero-order , and negative first-order  spectra, the peaks of the separated positive and negative first-order spectra are highlighted using white circles. The spectral portions in the figures are displayed using the natural logarithm base, e.
[bookmark: _Toc145000812]Spectrum fusion
Spectrum fusion refers to the process of combining the separated spectra ,  and  into a comprehensive spectrum to obtain the final Structured Illumination Microscopy (SIM) image.
Assuming the noise power is uniform in the Fourier domain and does not vary with frequency, the average power spectrum of the noise in the zeroth-order signal can be obtained outside the OTF region and denoted as , Therefore, the power spectrum of the noisy zeroth-order signal  can be represented as . Similarly, the power spectrum of the noise in the first-order signal can also be computed similarly and denoted as , Thus, the power spectrum of the first-order signal  can be represented as . The modulation factor  can be obtained by comparing the expected first-order signal power with the actual power of the separated first-order signal, which can be expressed as:

Here,  represents the true first-order signal power, and  represents the power of the estimated separated first-order signal.
Assuming the original PAR-SIM image is corrupted by noise with a constant average power spectrum across all frequencies, the separated zeroth and first-order spectra will also contain noise. Therefore, Wiener filtering is applied to each separated spectrum to suppress the noise interference effectively and improve the quality of the reconstructed PAR-SIM image.
The Wiener filtering process can be expressed as follows:



After obtaining the Wiener-filtered spectra, the first-order spectrum  is shifted to the correct position based on the estimated accurate illumination direction , resulting in the shifted frequency components . From a consistency perspective, the phase mismatch between the non-shifted central frequency component  and the shifted frequency components  should ideally be zero.    
Therefore, phase correction is performed to minimize the error introduced during phase estimation:

After phase correction, the resulting spectrum may sometimes contain residual or parasitic peaks near the illumination frequency vector  and its conjugate position. These peaks, when reconstructing the super-resolution image, manifest as periodic sinusoidal patterns, similar to the illumination pattern being superimposed on the object signal, ultimately leading to the appearance of honeycomb-like artifacts.
To alleviate the impact of these artifacts, an appropriate damping factor 𝛽 is chosen to design a notch filter , which suppresses the undesired peaks near the illumination frequency vector. Experimental testing has shown that 𝛽 typically ranges between 0 and 1.  is a constant value whose value can adjust the strength of the filter according to the background strength. The spectrum  of the suppressed parasitic item obtained by multiplying the obtained notch filter with :

Based on the generalized Wiener filtering principle using the minimum mean square error, all frequency components are combined. The overlaid spectrum needs to be divided by the sum of the squares of the shifted OTFs, along with a Wiener filtering parameter. This Wiener filtering parameter is related to the SNR of the reconstructed image and is approximately the reciprocal of SNR. This process aims to smooth the reconstructed spectrum and suppress ringing artifacts.
Let  ,then the three orders with the same illumination direction can be represented by  , The combination of the SIM spectra for the three illumination directions can be expressed as:

To enhance the contrast and visual quality of the reconstructed image in PAR-SIM, similar to HiFiSIM, a two-step spectral optimization process can be employed. It consists of the following steps: first, a filter  is designed using the synthetic petal-shaped system OTF, denoted as , which aims to approximate the desired ideal spectrum. The filter  is intended to attenuate unwanted high-frequency noise and artifacts in the OTF while preserving essential features, which is shown in upper left corner of Fig.2(e).

However, a potential drawback of this filter is that it may also reduce or dampen weak information in the spectrum. The reduction at the edges of the petal-shaped spectrum could lead to the loss or disappearance of certain weak signals. 
To address this, an additional filter  is introduced to fill in the signal in the high-frequency region, thereby recovering or enhancing weak signals that may have been weakened by the  filter, which is shown in bottom right corner of Fig.2(e). This step aims to improve the overall fidelity of the reconstructed image.

The final PAR-SIM spectrum correctly assembled into a petal shape, shown in middle of Fig.2(e), is then represented as:

And lastly, the final super-resolved PAR-SIM image can be expressed as:

After obtaining the super-resolved spatial image, additional image enhancement techniques can be applied to further improve the image contrast and visual appearance.
[bookmark: _Toc145000813]Final enhancement
Image enhancement techniques can include RL deconvolution post-processing and the use of Hessian regularization to improve the continuity of time-series images for better visual effects.
(i) RL deconvolution post-processing:
In the reconstructed super-resolution image, there may be missed and duplicated regions in the spectrum, which can lead to artifacts in the spatial image due to sidelobe information. To suppress these artifacts, we apply RL deconvolution to the super-resolution image using the theoretical PSF of the synthetic SIM image. Assuming the PSF of the original wide-field fluorescence image is represented by , the PSF of the synthetic SIM image can be represented as:

The PSF and OTF of the synthetic SIM image are shown separately in the bottom right and the middle of Fig.2(f). It can be seen from the figure that due to the existence of sidelobe information, the PSF of the SIM image contains hexagonal artifacts, so an appropriate convolution kernel and a deconvolution algorithm can be used to suppress the artifacts and improve the contrast of the image. Particularly, if the half of FWHM from the original wide-field image’s PSF is used instead of the SIM's, since the convolution kernel is isotropic, it will not suppress the artifacts caused by sidelobe information.
(ii) Hessian Regularization for Temporal Consistency
As the biological samples exhibit continuity in both spatial and temporal domains, and noise is a time-independently random variable, we can use Hessian regularization to enhance the spatiotemporal continuity of time-series images. The Hessian regularization is derived from the post-processing part of the HessianSIM reconstruction algorithm. The second-order derivative-based Hessian regularization can make the images smoother between frames and reduce the random honeycomb-like artifacts caused by noise. Since the optimization computation of the Hessian regularization is slow, we have performed low-memory optimization on the separated post-processing program and used GPU acceleration to speed up the processing.


[bookmark: _Toc145000814]Supplementary Note 5: PAR-SIM resolution
For furtherly illustrating the resolution and performance of PAR-SIM, the 4-color fluorospheres (T7279, 0.1 µm, TetraSpeck™ Microspheres, Invitrogen) in 100 nm are excited under 561 nm CW laser and served as resolution ruler. Supplementary Fig.4(a-d) exhibit two perspectives for examining both 2 exposure modes and 2 illumination strategies. In Supplementary Fig.4(a), the 3-angle-3-phase illumination under 0.2 ms pattern display demonstrates exceeding 110 nm resolution and there are 7 nanospheres selected in dashed squares to calculate resolution statistically in Supplementary Fig.4(g) named as S4(a). Meanwhile in Supplementary Fig.4(c), the same calculations are analyzed and named as S4(c) in (g), too. The fluorosphere in red dash square of Supplementary Fig.4(a) is used to compare resolution between wild field (WF) and PAR-SIM in Supplementary Fig.4(e) 2D and Supplementary Fig.4(f) 1D profile along white line, where FWHM of WF is 275 nm and PAR-SIM is 113 nm. The average resolution of WF and PAR-SIM in Supplementary Fig.4(a) are 277.16 nm and 109.65 nm; WF and PAR-SIM in Supplementary Fig.4(c) are 269.00 nm and 109.92 nm, respectively. Supplementary Fig.4(b) and Supplementary Fig.4(d) are illuminated with 2-angle-3-phase illumination under 0.4 ms pattern display which exhibits 100 nm resolution, and similar like the aforementioned function, 7 fluorospheres squared with dashed lines are selected to do resolution statistics in Supplementary Fig.4(g) nominal with S4(b) and S4(d), respectively. The red one in Supplementary Fig.4(b) is selected to display in Supplementary Fig.4(e) 2D and Supplementary Fig.4(f) 1D profile along white line for comparing resolution between wild field and PAR-SIM, whose FWHMs of the line profiles are 258 nm and 99 nm, respectively. The average resolution of WF and PAR-SIM in S4(b) are 273.53 nm and 99.46 nm, WF and PAR-SIM in S4(d) are 264.96 nm and 105.47 nm, respectively. The resolutions under two pattern display durations are slightly different: resolution under 0.2 ms exposure exceeds 110 nm and 0.4 ms exposure achieves 100 nm of nanospheres which is the actual physical diameter of themselves. The reason for such difference is the SNR difference due to varied exposure time for sub-ROIs. The illumination modes are freely combined with these two SLM pattern exposure durations as the demonstration that PAR-SIM has capability of reconstructing the theoretically expected resolution regardless illumination strategies.
In Supplementary Fig.4(h), the actin filaments from fixed COS-7 cells are labelled with Alexa Fluor™ 488 Phalloidin (Invitrogen™, A12379) and excited in 488 nm CW laser. Having exposed with 2-Angle-3-Phase in 0.4 ms, the reappeared structure along arrows can be distinguished in PAR-SIM but fails in WF, let alone in the fairSIM and HessianSIM, where an extremely severe artifacts obliterates the useful signal from the actin. Due to the nonexistent reconstruction in 2 Angle illumination for HiFiSIM, it is not exhibited. The PAR-SIM reconstructs with 6 raw sub-ROIs under low SNR safe and sound. 
In Supplementary Table 4, the averaged SNR of raw sub-ROI frame before reconstruction has been calculated above Fig.2(g-j), Supplementary Fig.4(a-d, h) and Supplementary Fig.5(a), where the noise mean value serves as the noise and the signal comes from the raw signal intensity minus this noise mean value. And the SNR ranges from -3.42 dB to 1.35 dB, successfully demonstrating PAR-SIM under such low signal level.
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Supplementary Figure 1. Illustration of crosstalk readout frame, the precise synchronization signal control in PAR-SIM, and its rendering. (a) I. Non-crosstalk starts to expose right after all rows opening (dark blue/pink/yellow area) then the readout begins from the center to both bottom and top of this frame (light blue/pink/yellow area), the exposure (dark area) and readout (light area) run mutually in turn leading to the non-mixing frames. II. The crosstalk occurs on the readout progress starting before the exposure accompanying (no dark-light color borderline between exposure and readout progress), thus the mixing frames will yield (mixing color corresponds to different frame information incorrectly exposed in the same frame, and the right are crosstalk images). (b) The synchronization signal of PAR-SIM. , Galvo stopping time; , SLM duration; , SLM high voltage duration; , the camera exposure delay signal between the Kth frame and the K+1th frame; , the delay between start timepoint of camera frame exposure and scanner beginning to deflect sub-ROIs; , the delay time between the SLM starting and the scanner device starting on each step. In the Frame K+2, the signal schematic diagram is stretched for clearly showing these denoted signal names and corresponding relations. The various colors with numbers correspond to Fig.1(b) P1-P9 sub-ROIs. (c) The system rendering.
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[bookmark: _Hlk140431890]Supplementary Figure 2. The scanning direction and tilt correcting, PAR-SIM principle, and framerate demonstration. (a) The half top part of sensor should follow the blue orbit to scan the sub-ROI and the bottom should follow the red arrow order to scan, since it’s determined by the readout direction of sensor. (b) The bright field of 192×192 Pixels sub-ROI is obliquely scanned. (c) The compensating correction Galvo voltage along both axes can be gained by calculating the tangent value of red line angles. (d) After the correction, the oblique scanning sub-ROIs is parallel with the periphery of frame. Scale bars: 192 pixels. (e) QXGA for maximum occupation test, the max sub-ROIs are 192 pixels (H)×676 pixels (W) in 100 μs 1-bit balance displaying mode when the frame opens 400 pixels (H)×2048 pixels (W), and 236 pixels (H)×676 pixels (W) in 200 μs 1-bit balance mode when the frame opens 496 pixels (H)×2048 pixels (W). Reasonably and deducedly, the maximum in SXGA (f) can be around 234 pixels (H)×676 pixels (W) when the frame is 484 pixels (H)×2048 pixels (W) in 100 μs, and 296 pixels (H)×676 pixels (W) in 200 μs displaying when the frame opens 608 pixels (H)×2048 pixels (W). In the framerate demonstration, correct phases displaying are confirmed by setting 3/6/9 OFF state in top 2 sub-figures and 1/4/7 OFF in bottom 2 sub-figures within 3 Angle 3 Phases groups. The correct angles are illustrated by FFT hot map containing counterpart of ±1 order surefire directions circled with white, which are consistent with the direction of red arrows on top right part of each sub-ROI. (f) Sub-ROIs’ size in SXGA group is only for pattern displaying demonstration. In the top 2 sub-figures, the sub-ROIs are 192 pixels (H)×400 pixels (W) in 100 μs 1-bit balance displaying mode when the frame opens 484 pixels (H)×2048 pixels (W), and 260 pixels (H)×540 pixels (W) in 200 μs 1-bit balance mode when the frame opens 608 pixels (H)×2048 pixels (W). Using the QXGA, 100 μs and 200 μs IP-SIM framerate are 256 fps and 204 fps, respectively, when under 2 Angles 3 Phases SIM mode; and corresponding to 171 fps and 136 fps under 3 Angles 3 Phases SIM. Meanwhile using SXGA, 100 μs and 200 μs IP-SIM framerate are 209 fps and 167 fps, respectively, when under 2 Angles 3 Phases mode; and with respect to 140 fps and 112 fps under 3 Angles 3 Phases mode. All the framerates from whole frame above almost match their respective theoretical opened row numbers on sensor because the exist of flexible synchronization margin mentioned above. Scale bars: 2 μm.
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Supplementary Figure 3. The flowchart of PAR-SIM reconstruction. The reconstruction consists of data preprocessing, parameter estimation, spectrum separation & fusion, and spectrum optimization and contrast enhancement. The boxes with green/red/yellow/blue color represent input/processing/intermediating/output procedures in the flowchart, respectively.  
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[bookmark: _Hlk141526162][bookmark: _Hlk141526152]Supplementary Figure 4. The spheres reconstruction results of PAR-SIM. (a) & (c) 100 nm diameter fluorospheres with 3-angle-3-phase illumination under 0.2 ms pattern display exhibits exceeded 110 nm resolution and the 7 fluorospheres squared with dashed lines are selected to do resolution statistics in (g), while the red one is selected to display in (e) and (f) for comparing resolution between wild field and PAR-SIM. (b) & (d) 100 nm diameter fluorospheres with 2-angle-3-phase illumination under 0.4 ms pattern display exhibits perfect 100 nm resolution and the 7 fluorospheres squared with dashed lines are selected to do resolution statistics in (g), while the red one is selected to display in (e) and (f) for comparing resolution between wild field and PAR-SIM. The resolution difference comes from various exposure time, thus SNR. 2-angle-3-phase and 3-angle-3-phase modes are used to demonstrate the successful reconstruction of IP-SIM regardless the illumination strategies, and these two exposure durations of SLM are used to test reconstructed resolutions. (e) The red dashed square selects the fluorosphere exposed in 0.2 ms and 0.4 ms pattern display mode to exhibit the resolution enhancement. (f) The profile along white lines in (e) shows PAR-SIM and wild field resolution are 113 nm and 275 nm, respectively, under 0.2 ms mode. PAR-SIM and wild field resolution are 99 nm and 258 nm under 0.4 ms mode due to the higher SNR. (g) The 7 selected spheres statistics to resolution in these two exposure modes. There are two 0.2 ms reconstructed sub-ROIs and two 0.4 ms reconstructed sub-ROIs collected to calculate the resolution. And 0.4 ms mode shows a more perfect resolution on 100 nm and 0.2 ms mode exhibits exceeding 110 nm resolution. The PAR-SIM successfully reconstruct (h) the actin filaments which are exposed with 488 nm 0.4 ms fringe in 2-Angle-3-Phase illumination. Due to the nonexistent reconstruction in 2 Angle illumination for HiFiSIM, only PAR-SIM, HessianSIM and fairSIM are compared. IP-SIM has the extraordinary reconstruction, while the other three only show the noise and artifacts. Using the 3-Angle-3-Phase and 0.4 ms exposure. Scale bars: (a-d, h) 500 nm; (e) 100 nm.
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[image: ]Supplementary Figure 5. The dynamic process in mitochondrial membrane structure imaged with PAR-SIM. (a) Another group of dynamic process is recorded with same settings including MDT extraction and extension. The dashed squares with labels correspond to (b-d) magnification subgraphs and the time stamp are exhibited on the top right of every subs. The other HiFiSIM, fairSIM and HessianSIM reconstruction algorithms are all failed to process such low SNR raw dataset. Scale bars: 500 nm. Excitation: 561 nm with 3-Angle-3-Phase in 0.4 ms SLM exposure. Supplementary Table 4 lists all the raw frames’ averaged SNR calculation from each video.
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The relation between theoretical minimum opened row number on the same camera sensor and maximum framerate corresponding to different SLM series.
	[bookmark: _Hlk144033957]SLM series
	SLM illumination positive window time (μs)
	Actual exposure time (μs)*
	Switching duration (μs)
	Theoretical rows**
	Theoretical maximum framerate (Hz)

	SXGA10
	100
	200
	745
	460
	1342

	
	200
	400
	945
	584
	1058

	QXGA3
	100
	200
	589
	364
	1697

	
	200
	400
	789
	488
	1267



*Due to the polarity reset of ferroelectric liquid crystal on silicon in the SLM, the actual exposure time for fringe should be twice of the nominal illumination window time. 
**The line readout of ORCA-Flash4.0 V3 camera is 9.74 μs.
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[bookmark: _Hlk144036989]The advised synchronization times of Ti, Tii, Tiii, TD1, TD2 and TD3, and their corresponding occupied rows, framerates with respective two series SLM in the experiment.
	[bookmark: _Hlk144044189]SLM series
	Actual exposure time (μs)
	Switching duration (μs)
	Ti / Tii / Tiii / TD1 / TD2 / TD3 (μs)
	Occupied rows
	Framerate (Hz)

	SXGA10
	200
	745
	795/745/370/0/0/50
	484
	209

	
	400
	945
	995/945/540/0/0/50
	608
	167

	QXGA3
	200
	589
	649/589/210/0/0/60
	400
	256

	
	400
	789
	819/789/290/0/0/30
	496
	204
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The comparison about framerate and ROI occupied on sensor among these latest SIM systems under 0.2 ms pattern exposure.
	Technique
	SLM Switching duration (μs)
	Opened ROI on sensor (pixels)
	Max raw/SIM framerate (Hz)

	HessianSIM 11
	589
	256×72
	1692/188

	GI-SIM 12
	487(customer-designed)
	512×72
	2052/228

	PAR-SIM
	650
	676×192
	1540/256



The cameras are the same in ORCA-Flash4.0 V3 series with the line readout time 9.74 μs. SLMs are QXGA series.
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The averaged SNR of raw sub-ROIs from figures in Fig.2, Supplementary Fig.4 and Supplementary Fig.5.
	Figure No.
	Exposure (ms)
	Averaged signal (a.u.)
	Averaged noise (a.u.)
	Averaged SNR (dB)

	Supplementary Fig.4(a)
	0.2
	27.49
	40.31
	-1.72

	[bookmark: _Hlk144909561]Supplementary Fig.4(b)
	0.4
	71.96
	45.58
	1.35

	Supplementary Fig.4(c)
	0.2
	68.78
	85.98
	-1.08

	Supplementary Fig.4(d)
	0.4
	71.92
	82.01
	-0.52

	Supplementary Fig.4(h)
	0.4
	90.61
	98.68
	-0.41

	Fig.2(g)
	0.4
	91.78
	94.59
	-0.14

	Fig.2(h)
	0.4
	127.00
	98.77
	1.04

	Fig.2(i)
	0.4
	64.15
	85.02
	-1.25

	Fig.2(j)
	0.4
	43.20
	93.74
	-3.42

	Supplementary Fig.5(a)
	0.4
	55.34
	84.57
	-1.83
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