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Abstract
Finite element method (FEM) has been popular for decades for structure analysis by
solving partial differential equations (PDEs). Recently, physics-informed deep
learning has emerged as a promising approach for solving PDEs and shows great
advantages over FEM in the computational efficacy. However, it is still a challenge
for the structural mechanics computation since it involves solving higher-order PDEs

as the governing equations are fourth-order nonlinear PDEs. Therefore, we develop a
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novel multi-physics-informed neural network (m-PINN) framework via combining
multiple neural networks (NNs) where each NN representing physics information
such as geometrical compatibility, constitutive relation, and static equilibrium. The
verification result demonstrates that m-PINN has the same accuracy as FEM for the
computation of beam and shell structures. The proposed method has the potential to
be a new paradigm in the structural mechanics computation as an alternative of FEM,
and could serve as an intelligent computational module in digital twin system.

Main text

Structural mechanics computation plays an important role in the field of civil and
structure engineering, which is fundamental for the design and analysis of structures.
In particular, with the emergence of Digital Twin (DT) [1-3], it requires establishing a
virtual digital model and implementing real-time simulation to accurately reflect the
real physical structure. Therefore, the accurate and efficient computation of structural
behavior is critical in the DT system [4, 5]. Currently, the FEM is commonly used in
structural computation, and numerous commercial FEM software (e.g., ANSYS and
ABAQUS) are available. However, there exit three main limitations with regards to
FEM, especially as a computational module in DT system [6]: (i) The repeated
establishment and computation of FEM model in terms of model updating process
hardly satisfies the real-time computation in the DT system due to the cumbersome
and time-consuming updating process. (ii) The encapsulated FEM software is hardly
available to be embedded in the DT system due to the limitation of the integrated

software. (ii1) The FEM approach cannot handle the infinite domain problems in
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which the boundary conditions or initial conditions may be unknown.

With the rise of artificial intelligence (AI) in recent years, especially the
advancement of deep learning developed from neural network, Al technology has
been broadly used in the field of engineering structures [7-10], such as damage
identification [11-14], model optimization [15-16], and performance prediction
[17-20]. However, the neural networks remain a black box that cannot be explicitly
described in a physical sense, and this purely data-driven method heavily relies on
vast amounts of high-fidelity data. To overcome this problem, the physics-informed
neural network (PINN) has been proposed [21, 22], in which the underlying physical
laws are considered via incorporating the physical equations into the network. PINN
has the capability to learn a priori knowledge of partial differential equations (PDEs)
with or without labeled data. Moreover, PINN has the advantage of solving practical
problems with unknown boundary conditions or initial conditions imposing on the
boundary [24]. In addition, the well-trained PINN model with the ability of
generalization can be regarded as a surrogate model, which greatly improves the
computational efficacy and has the potential to realize the real-time prediction. To this
end, PINN has attracted increasing attention ever since it was first proposed [25] and
has been applied in the community of shape optimization [26], thermochemical curing
[27], quantification of cracks [28], metal additive manufacturing [29], seismic
response prediction [30, 31], nonlinear modeling [32], structural design [33], material
defect identification [34], subsurface flow problems [35], engineering problems in

heterogeneous domains [36] and etc. In addition, there are also a number of other
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extensions in computational science, including solving PDE problems with optimized
framework [37-45], surrogate modeling [46], multi-physics simulation framework
[47], fluid mechanics [48-52], solid mechanics [53-56], transfer learning [57],
computational elastic dynamics [58]. In general, the application of PINN could be
divided into two categories, i.e., forward and inverse problems. The inverse problem
aims to determine unknown physical parameters of the system from the known output
by optimizing the prediction effect of data-driven NNs through learning physical
information. The forward problem is to implement PINN as a solver of PDEs without
labeled data, which can be regarded as an unsupervised learning approach by learning
physical laws instead of labeled data. The related studies on forward problem mainly
focus on optimizing the PINN framework according to the properties of PDEs [40,
42].

Compared with the conventional FEM approach that needs to discretize the
computational domain with meshes and solve the structural response via the matrix
manipulation, the PINN method only adapts randomly distributed training points
rather than generated meshes, and achieves the structural response by forward solving
the PDEs of the structure based on optimization principles. Specifically, in the
structural mechanics computation, the establishment of PINN for solving bending
structures is still a challenging task because it involves solving higher-order PDEs.
The governing equations for bending structures are fourth-order nonlinear PDEs with
multi-order differential terms. Although the automatic differentiation technique

implemented in PINN enables obtaining the differential terms automatically, the
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solution accuracy for higher-order differentiation by the automatic differentiation
could be significantly decreased. More importantly, the multi-order differential terms
included in PDEs lead to hard convergence or even non-convergence due to the huge
difference of weights among differential terms [39].

In this study, to resolve the above-mentioned difficulty in structural mechanics
computation, we design a novel multi-level physics-informed neural network (herein
termed as m-PINN) framework to realize the intelligent computation of bending
structures in which the governing equations are fourth-order nonlinear PDEs. By
comparison with FEM computational results, we verified the accuracy of m-PINN for
the solution of bending structures including the typical beam and shell structures. To
the best of our knowledge, this is the first time to apply PINN as a new paradigm in
the structural mechanics computation. The proposed method provides a new
perspective for structure mechanics computation and could further serve as an
intelligent computational module embedded in the structural DT system.

Results
Framework of m-PINN

The classical PINN methodology for solving high-order PDEs is to directly use the
automatic differentiation technique to evaluate the high-order differential terms based
on a single NN (Fig. 1). Nevertheless, using a single NN to process multi-order
differentiations and multiple parameters will increase the computation burden, leading

to large computation time and hard convergence.



110

111
112
113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

A single NN

{W,b}, = arg min o) (LOSS ) =argming, (L +alpps)

total

Fig. 1 | Classical PINN framework for solving high-order PDEs. L;( ) and L,( ) represent the
loss functions from boundary constraints and loss functions from PDE, respectively. u represents

differentiated physical variable and the output of the single NN.

To tackle this problem, we design a novel multi-physics-informed neural network
(m-PINN). Two strategies have been proposed in the m-PINN: (i) a composite scheme
of NNs is established by combining multiple single NNs, where each NN involves
only first-order or second-order PDEs representing the geometrical, constitutive, and
equilibrium relations of the structure, which effectively lowers down the order of the
original higher-order PDEs; (ii) The loss functions corresponding to each NN with
lower-order PDEs are linked and combined as one loss function with similar weights
for each variables, and the loss function for boundary constraints can be directly
defined in each NN rather through differential terms. These treatments enable the
successful solution of bending structures. The specific process is described below.

The present m-PINN model is established to obtain the vertical displacements of
bending structures, including the beam and shell structures. The beam structure can be
regarded as a one-dimensional (1D) scenario, for which the computation framework
of m-PINN is correspondingly presented in Fig. 2. The beam is subjected to a uniform
distributed load ¢ (Fig. 2a), and the vertical displacement @, combining with section
angle 0, curvature x, bending moment M, and shear force Fp, can be simultaneously

obtained by the m-PINN model. The basic governing equation for the beam structure
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is a fourth-order differential equation between g and w, which can be transferred into
five first-order equations in terms of the geometric, constitutive, and equilibrium
relations. The five equations actually represent the three typical equations in structural
mechanics, that is, geometric equation, stress-strain equation, and equilibrium
equation with physical variables (i.e., 8, k, M, and Fp) as the transition parameters
(see ‘Methods’ for details). Fig.1b illustrates the relationships between those physical
variables as the transition from ¢ to w. Fig. 2c exhibits the framework of m-PINN to
illustrate the computation process of beam structures. Firstly, three NNs are
established to obtain the output of w, x, and M, which means that each parameter is
trained separately within each independent NN. This strategy facilitates the
convergence of training owing to reducing the complexity of NN for each parameter.
For more details, see the section of ‘Discussion’. Secondly, the derivatives of the NN
output are obtained by utilizing the automatic differentiation technique, including
dw/dx, db/dx, di/dx, dFo/dx. Lastly, the multiple NNs are connected by the loss
functions, and a general loss function is formed including both the loss functions from
differential equations, L,, and those from the boundary constraints, L;. During the
iterative computation process, the updated parameters of multiple NNs are oriented to
minimize the loss function, and the training is completed when the loss function
converges to stability.

For the two-dimensional (2D) scenario of shell structures, the computation
framework of m-PINN is presented in Fig. 3. The approach to reduce the PDE order
of shell structures is similar to that of beam structures, except that the decomposed
lower-order PDEs (i.e., the three typical equations) involve second-order differential
terms such as the relation between wwnm(x, y) and xan(x, y) as well as the relation

between Mwn(x, y) and q(x, y) (see Fig .3b). Moreover, the framework for shell
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structure is more complicated (Fig. 3c) due to the increase of dimension, the existence
of second-order partial derivatives, and more boundary constraints. Hence, the
training for the framework of shell structures is more time-consuming, which needs

more iteration steps to achieve convergence.
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Fig. 2 | Multi-physics-informed neural network (m-PINN) for 1D beam. a Diagrammatic
sketch of beam structure. M represents bending moment. b Physical relationship between the
relevant variables that transforms the uniform load ¢ to the vertical displacement w by utilizing
the three typical equations. The intermediate variables including Fp, x, 6, and @ are outputted
from each neural network. ¢ Schematics of m-PINN framework for beam structure. Ly(w', 8), L,(6",
k), L,(M', Fp) and L,(Fo', q) are loss functions corresponding to each differential equation. Ly(w),
Ly(0) and Ly(M) are the loss functions from boundary constraints corresponding to the vertical

displacement, section turning angle and bending moment, respectively.
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y-direction respectively. My, denotes the torque in the z-direction. The vertical displacement is in
the z-direction. b Physical relationship between the relevant variables that transforms the uniform
load ¢ to the vertical displacement w by utilizing the three typical equations. The intermediate
variables including M, k, and w are outputted from each neural network. ¢ Schematics of m-PINN
framework for shell structures. Ly(w", k), Ly(x, M) and L,(M", q) are the loss functions
corresponding to PDEs. Ly(w), Ls(w") and Ly(M) are the loss functions of boundary constraints

from the vertical displacement, section turning angle and bending moment, respectively.
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Computational results of bending structures

We first consider the computation of 1D beam structures under four different loading
conditions, and the m-PINN computed results of beam deformation were compared
with the corresponding FEM results. As previously mentioned, the arbitrarily
distributed points, termed as collocation points, are required to train the NN. A total
number of 25 collocation points that are randomly distributed along the beam
structure are used for training (Fig .4a). Regarding the influence of point number on

the computational results, see the forthcoming sensitivity analysis.

Table.1 The summary of loading conditions for beam structure

Load and case 1 case 2 case 3 case 4
constraints x//=0 x/l=1 x[=0 x/=1 x1=0 x/=1 x=0 x/1=1
10) 0 0 0 0 0 1 0 0
0 / / 0 0 0 0 0 1
q -1 -1 0 0

Notes: @ and 6 represent the constraints of displacement and rotational angle imposing on two
ends of the beam (i.e., x// = 0 and x// = 1 where / represents the beam length). ¢ represents the
vertical uniform force acting on the beam. Note that the values provided in the table are
nondimensionalized

The loads exerting on the beam could be divided into external force (i.e., the
uniform load ¢) and boundary constraints (i.e., the displacement w and rotational
angle 6 imposing on two ends of the beam). The detailed conditions of different
loading cases are listed in Table 1. Figs. 4b~4e exhibit the comparison of deformation
results between m-PINN and FEM under four different loading conditions. It shows

that the m-PINN computed results of vertical displacement agree quite well with the

FEM computed results. The profiles of beam deformation from both m-PINN and
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FEM are almost overlapped (relative error < 0.5%), which indicates that the m-PINN

shares the same accuracy with FEM in terms of bending beam computation.

a A Boundary Random point data
ys A
0.0 0.2 0.4 0.6 0.8 1.0
Location x/l
b Case 1
0.00 m—— FEM
a —e— PINN
—0.01 1
0.0 0.5 1.0
c Case 2
0.00 m—— FEM
a —e— PINN
—0.02 1
0.0 0.5 1.0
d Case 3
1.00 1 FEM
S / —e— PINN
~0.051 . ,
0.0 0.5 1.0
e Case 4
0.00 m— FEM
s —e— PINN
~0.151 , ,
0.0 0.5 1.0
x/l

Fig. 4 | Computational results for 1D beam structure. a Randomly distributed training data for
beam structures. b Verification for case 1 (simply supported beam). The boundary displacement
constraint is given by @|x=0x1=1 = 0. The vertical uniform load ¢ is set to -1. ¢ Verification for case
2 (double-clamped beam). The displacement and turning angle at the ends of the beam are
imposed with w|wi=0x1=1 = 0 and 6|xs=0.»1=1 = 0. The vertical uniform load ¢ is -1. d Verification for
case 3. The turning angles at the beam ends are constrained, namely, 8|.1=0.=1 = 0, but the
constraints of displacements are separately given by w|x-o = 0 and w|xw=1 = 1. e Verification for
case 4. The constraints of displacements and turning angles are defined as @|xi=0.1=1 = 0 and 0|10

=0 and 0|.s=1 = 1, respectively.
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We further applied the m-PINN to solve the 2D shell. Table 2 lists the four cases
corresponding to various loading conditions exerting on shell. A total number of 1000
data points are used and randomly distributed at the interior zone as well as 50 data
points at each boundary (S1~S4) (see Figs. 5a and 5b). The comparison indicates that
the computed results by m-PINN and FEM are very close (Figs. 5c~5f). The error
contours demonstrate that the deviation between m-PINN and FEM at the corner
region of the shell is more obvious than that at the interior region, especially for case
3 and case 4 (Figs. 5e and 5f). The primary reason is that more constraints imposing at
the corners lead to the convergence of computation at the corner regions more
difficult. Nevertheless, the error is generally low with the relative error less than 2%,
which means that the proposed m-PINN model is capable of accurately solving the
2D structural mechanics problem specifically the deformation of bending shell under

various loading conditions.

Table. 2 The summary of loading conditions for shell structure

Load and case | case 2 case 3 case 4
constraints w On w On 1) On 0} O
Boundary S / / / / 0 / 0 /
Boundary S» 0 / 0 / 0 / 0 /
Boundary S3 0 0 0 0 0 0 0 0
Boundary S4 0 1 0 1 0 1 0 1

Notes: @ and 6, represent the displacement and normal angle at the boundaries. Boundaries S1~S4

are defined in Fig. 4a.
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Fig. 5 | Computational results for 2D shell structure. a Diagram of boundaries. @ and 6
represent the displacement and rotation angle imposing on the boundaries, respectively. Note that
the direction of @ is indicated as blue arrow according to right-handed screw rule, and the direction
of w is in z-direction. b Distribution of collocation points. The random data points include points
in the interior zone Q and points on the boundaries S1~Ss. ¢ Verification for case 1. Only the
opposite pair of boundary displacements is constrained by w|s<s3 s+ = 0. Note that the three
contour plots at the top row from left to right represent the PINN predictions, FEM predictions
and the relative error, respectively. The two plots at the bottom present the extracted results of
deformation in x-directions and y-directions respectively (as illustrated by the dotted line in the
contour of FEM). d Verification for case 2. All surrounding boundary displacements are defined as
w|sest, 52,53 54 = 0. e Verification for case 3. The displacement w|ses;, 52, 53 54+ = 0 and section corner
Ols es1, s2, 53 s4 = 0 are imposed on all surrounding boundaries. f Verification for case 4. The
displacement w|sess, s2 53 s+ = 0 and section corner 6|sesi, 2, 53 54 = 1 are defined, and the uniform

load is given by ¢ = -1.
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Sensitivity analysis of collocation points

For the m-PINN computation, the number of collocation points is critical affecting the
accuracy of the computational results. Hence, a sensitivity analysis on the collocation
points is required. Fig. 6 shows the comparison of m-PINN predicted results using
different number of collocation points (7,). For the beam structure case, we tested 10,
25, 50 and 100 randomly distributed points. For the shell structure case, we used 10,
100, 500 and 1000 randomly distributed points in the interior area while keeping 50
data points fixed at each boundary of the shell structure.

For the 1D beam (Fig. 6a), the computational error is relatively high (close to 3%)
when rather sparse collocation points are used (n, = 10), while the error is reduced
less than 1% as the number of collocation points increases (1, > 25). Thus, to balance
the computational precision and speed, the number of points 7, =25 has been adopted.
For the 2D shell computation (Fig. 6b), Table 3 lists the quantitative comparison of
loss residuals and relative errors corresponding to different number of collocation
points. It seems that a number of densely distributed points are required to improve
the accuracy, and the error is reduced to approximately 2% when n, = 1000. Thus,
considering both the computational accuracy and efficacy, we used 1000 collocation

points to compute the shell structure, as shown in Fig. 4.
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np represents the number of data point at the interior zone, which is given by 100, 500, 1000 and

2000. np denotes the number of data point at the boundaries.
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Table 3 Loss residuals and errors of prediction using different number of collocation points

Type Collocation points L,/ ny Ly/np Error
np =10 1.077x10¢ 8.426x108 (2.50£1.5)%
np =25 1.760x1077 3.749x10” (0.68+0.3%)
Beam
np =50 2.955%x10% 9.299x10°1° (0.3620.2%)
np =100 6.123x10” 4.170x10°13 (0.068+0.03%)
np=100; np =50 9.005%10 9.255%10¢ (9.01+5)%
np = 500; np =50 1.905x107 8.008x10° (2.94+1)%
Shell
np = 1000; np = 50 8.760x10° 8.660x10° (2.0320.8)%
np =2000; ny =50 4.691x10 9.521x10¢ (1.59£0.6)%

Notes: 1, and n, denote the number of collocation points at the interior zone and the boundaries,

2
_ ”wP/NN — Wppy ”2

: where wpvwy and wrey represent the value of the vertical
e

respectively. Error

displacement computed by m-PINN and FEM respectively.

Discussion

In summary, this study proposes a m-PINN framework for structural mechanics
computation with high-order PDEs, aiming to predict the response of bending beam
and shell structures under different loading conditions. The PDEs of bending
structures involve multiple physical parameters such as vertical displacement w,
section angles 6, bending moment M, and those parameters are correlated via
differentiation (e.g., focdw, kcd’w, and gocd?w, see “Methods”), and these differential
terms are imposed by the boundary constraints. Hence, multiple loss functions with
different order of magnitudes corresponding to each differential term exist in the

classical PINN framework. The disparity in the magnitudes between these loss
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functions is substantial due to different orders of differentiation, which results in
non-convergence or only local convergence for the NN of w. However, the proposed
m-PINN adopts multiple NNs for the output of each intermediate physical parameter
such as 6, x, and M to achieve both the local and global convergence, meanwhile
reducing the order of differential terms through the transition of the intermediate
parameters (e.g., gcOF g, FoxOM, kocdf and Oocdw in beam as well as, gocd’M, kool
and 6 oc 0w in shell). In other words, the advantage of the m-PINN to solve the
high-order PDEs lies in the underlying physical relationships, i.e., the three typical
equations describing the correlation between these physical variables. This strategy of
reducing PDEs order using m-PINN can be also extended to other solid mechanics
issues with governing PDEs having similar properties.

Currently, the major disadvantage of m-PINN framework is that the training
process is time-consuming, and this is a general problem yielded in PINN for solving
the forward problem. However, compared to the FEM requiring the repeated model
establishment (e.g., mesh generation, parameters input and calibration), the m-PINN
with the ability of generalization learning has the potential to quickly predict the
results for different loading cases once the NNs are trained well. Overall, the
aforementioned results and discussion indicate that the m-PINN framework achieves
the same accuracy of FEM for solving bending structures. The trained m-PINN
framework is similar to a complex function that can be feasibly implemented in the
DT system to realize the accurate and efficient real-time prediction of the structural

response.
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Methods
Differential equations of beam structures
The governing equation describing the deformation of bending beam is a fourth-order

differential equation, given by

d‘w B q(x)
dx* EI

(1)

where g(x) is the uniform load on the beam, ET represents flexural stiffness, and w is
the vertical displacement. To reduce the order of Eq. (1), several intermediate
variables are introduced, and Eq. (1) can be decomposed into five first-order

differential equations:

g--=2 Q-
F, = ‘;—Aj (2-2)
M = —Elx (2-3)

-2 (2-4)

0= ‘2—? (2-5)

where 6 and x denote the section angle and curvature of the beam respectively. M and
Fp represent bending moment and shear force, respectively. In structural mechanics,
the aforementioned equations are normally termed as equilibrium equation (Egs. 2-1

and 2-2), stress-strain equation (Eq. 2-3), and geometric equation (Egs. 2-4 and 2-5).

There are two types of boundary constraints: (i) the vertical displacement ® and

section angle 0 are defined on the boundary s as,
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o(x)=w N 0(x)=0, xes, (3)
Specially, ®=0and #=0 means the endpoint consolidation; (ii) the vertical
displacement o and bending moment M are imposed on the boundary sz as,
o(xX)=0 " M(x)=M, xes, 4)
For simply supported beam, the boundary condition is specified as ®=0 and
M =0.
Differential equations of shell structures
Similar to the governing equations of beam structure described above, the governing

PDEs for the shell structures also include the geometric equation, deformation

equation and equilibrium equation, which are given by,

2 2 2
K\r:_a?’ va:_zaa)’ Kfz_a? (5)
] ox i oxoy oy
M. , 1 v 0 K.
Et
M= M, |=Dxk=—"—-|v 1 0 K (6)
! 12(1-v7) ’

M 0 0 d-v)/2]|x,,

xy
*M, M, M

+ +—2+4q(x,)=0 (7
o’ Ox0y oy’ 40x.7) )

where w is the displacement in the z-direction. ., x, and «y, represent the curvature of
the shell structures in the x-direction, y-direction and the torsion rate in the z-direction,
respectively. Correspondingly, M., M, and M., denote the bending moment of the shell
structures in the x-direction, y-direction and the torque in the z-direction, respectively.
D, E, t, v denote the elastic relationship matrix, elastic modulus, shell thickness in the
z-direction, and Poisson ratio of the material, respectively. g(x, y) is the uniformly
distributed load exerting on the shell, which is a known quantity.

Similarly, two types of boundary constraints are defined on the two boundaries Si
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and S» respectively, which are expressed as
— Ow —
a(-xay)za) M E(xey)zga (x’y)EStl (8)

axy)=o N M,x)=M, (©)eS, ©)
where @, 6 and M represent vertical displacement, section angle and bending
moment, # denotes the normal direction of the boundary.
Loss function of m-PINN
The loss function of mI-PINN is defined as the residuals of PDEs and the boundary
constrains. For the beam structure, the loss function of the PDE, L,, is composed of
residuals from geometric equation ( Ly(w', €) and L,(8', k) ) as well as equilibrium
equation ( L,(M', Fp) and L,(Fp', q) ), as shown below. Note that the loss function

from stress-strain equation is not established due to its simple linearity between x and

M.
' S da)NN ’
Lp(a)’e)zz d _GNN(xsy)i , xel (10)
i=1 X i 2
a6 ’
LP(Q',K)=Z‘ dNN —Kw (X)), xel (11)
i=1 X i 2
, o | ’
LP(M,F):Z d;vw'_FQNN(x)i , xel (12)
i=1 1 2
v ||dF, ’
Lp(FQ'a('I):z %._q(x)i > xel (13)
i=1 i 5

where 7, is the number of collocation points in whole regions, / represents the interior

zone of the computational domain in the beam structure. Y| - [, is the quadratic

da)NN dHNN dMNN and dFQNN
dc ~ dx ~ dx dx

norm. represent first-order derivative of NNs
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output of w, 6, M and Fyp, respectively.
The loss function of boundary constraints L, includes loss function of constrained
vertical displacement Lx(w), loss function of constrained section corner Lx(6), and loss

function of constrained bending moment L;(M), namely,

xel, (14)
xel, (15)
xel, (16)

where 7, is the number of collocation points in boundary regions. /» represents

boundary regions in the beam structure. @(x) , 6(x) and M(x) represent the
displacement, rotation angle, and bending moment at the boundary, respectively.

The total loss function Ly of the beam structure is added by L, and L, namely

L

‘total

=[L,(@)+L,(0)+L,(M)]+ [Lp(w',9)+Lp(e',zc)+Lp(M',F )]+LP(FQ 'q) (17)
Similarly, for the shell structures, the loss function of the PDE, L,, is composed
by residuals from geometric equation L,(w", k), stress-strain equation L,(x, M) and

equilibrium equation L,(M", g), which are written as,

82 o o ’
a)NN a)NN a)NN

T ot ooy

]Ti_KNN(xay)i , (x,y)eQ  (18)

2

s (6y)eQ (19)

Lp(KaM) = ZPZHDKNN(X’)))I' _MNN(x7y)i
i=1

2 2

M o’'M M
Tl & T S g, )

LM% )= Z Ox0Oy oy’

i=1

, (6,y)eQ (20)

2
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where Q represents the interior zone of the computational domain in the shell

2 2 2
structure. 6@, 8@ and 9 %w represent the second-order partial derivative of

Ox oy Ox0y
the NN output of displacement wwn(x, y), xan(x, v) is the NN output of curvature «,

2 2 2
%, w and ZMwy  denote the second-order partial derivative of the NN
X oy Ox0y

output of bending moment Mun(x, ).
The loss functions of boundary constraints mainly involve loss function of
constrained vertical displacement Ly(w), loss function of constrained section corner

Ly(@"), and loss function of constrained bending moment Ls(M,), namely,

, _ n
Lb(C()):Z a)(xay)i_w(xay)i 2’ (x’y)€S19S2’S3’S4 (21)
i=1
y_wfeey), s
Lb(a)):z T_H(Xay)i ’ (xay)ES13S2>S39S4 (22)
i=1 2

2
o (6»)€SS,, S5 S, (23)

Mn(xay)i _Mn(xay)i

Lb(Mn) :ib:

where S1, $2, S5 and S4 represent boundary regions in the shell structure (Fig. 4b).

w(x,y), O(x,y) and M(x,y) represent the displacement, rotation angle, and bending
moment at the boundary, respectively.
The total loss function L of the shell structure is written as,
Lyw =[L,(®) + L, (@) + L,(M)]+ [Lp (@"x)+L,(k, M)+ L (M", q)] (24)
The NNs are automatically optimized to update the weights and biases of the

network by minimizing the loss function, namely,

{W, b}*z =arg {rVIVl,lbI}l, I:LOSStotal ({W’ b}):l (25)
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Data availability

The simulated data is provided by software ABAQUS, and is used for verification of
computational results predicted by the m-PINN framework. The data is available and
is bundled with code. Source data are provided with this paper.

Code availability

Source programs of m-PINN computation are available in Supplementary code. The
m-PINN framework runs on the open-source Python package, Tensorflow 1.15.
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