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A  Proof of Theorem 1

A.1 Lemmas

Lemma 1. IfU € R? follows sub-Gaussian distribution with variance proxy os and E (U) =

NI

0, then with probability at least 1 —§ for § € (0,1), ||U||, < 4ood2 + 200 (2log (571))2.

We define the oracle estimators as follows (that is, the minimizer under the true hierar-

chical clustering structure):

o . 1 K, 1 Ko
(€.a") =argmin§ 55 > e ~ Xl +5 D0 D lews — Zil3 5

ki=1i€g;, ka=14€T},

~0

~0 (=0 R R R 0 0
where § = (€1,~- ,€K1> € R x RFt and &" = (@], -~ ,a%,) € R? x R¥2. Let B, = &,
and 7, = @y, if i belongs to Gi, and T,;. Here, we introduce the following Lemmas.

1
2

Lemma 2. Define ¢, = (q+ p)2T..2 (logn)?.

o=

Under Condition 1, there exists a constant

C, such that with probability at least 1 — 2n~!, the oracle estimators (€ ,a0> satisfy that

sup
1<k 1<K

~0 *
<Cop,  sup &y, —a,
2 1<ka <Ko

~0 «
&k — &k,

, < Céy,

Lemma 3. Suppose that the conditions in Theorem 1 hold. There exists a local minimizer

(B,’?) of Q (B,~) subject to B € My and v € My satisfying that as n — 0o,

re((55) = (7)) -



Here, we proof Theorem 1 by Lemmas 2 and 3. For any § € (0, 1), there exists sufficiently
large n, such that there exists a local minimizer (,B\, ﬁ) of Q (B,7), with probability at least
5 AN AO AN . “1e
1-2, (677> = (ﬁ ,70> holds, and with probability at least 1 —2n~! > 1— 2,

~0 *
< O¢n7 sup Hak2 - akg
2 1<ko <Ko

~0
&, — &,

sup
1<k1 <K

|, < Con.

Hence, with probability at least 1 — 0, the above hold simultaneously. Observe that oracle
S~ ~0 . .
estimators can recover true clustering structure, hence (ﬂ,’y) = <,8 ,70> implies that

[?1 = K, I?g = K>, ékl = G, and 7A7€2 = T,- Therefore, Theorem 1 is proved.

A.2 Proofs of Lemmas

Lemma 1 can be referred to Theorem 1.19 in [1] (https://math.mit.edu/~rigollet/PDFs/
RigNotes17.pdf), which is a classical textbook in high dimensional statistics. We firstly give
a rigorous proof of Lemma 2. For ky =1,--- , Ky and ky = 1,--- | K5, the oracle estimators

have analytic solutions,

~0
£’61 = |gl:1

-1 ~0 « | —1
§in, ay, = | T E:Zi.
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zegkl 167;2

Directly, for ky =1, , Ky, we have that

Y Xo-g =10 Y (6 e €L =100 e

USC (S9N S

-0 * *
£k1 - £k1 - {gkl

Note that |Q;1 |71 Zieg;; €1; has mean 0 and follows sub-Gaussian distribution with variance
1

-1

proxy |Gi | o2. By Lemma 1, for fixed ki, with probability at least 1 —n~2,

0 L .- 1 g L
H5k1 - 5161 ’ 00q% + 2 |gk1 : 0o (4 log n)2 < 80—0q2Tmi$1 (lOg n)2 .
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Similarly, for fixed ko, with probability at least 1 —n=2,

2 oo (41og n)% < 8oop2 T2 (log n)% :

min

, <A|To| 2 oot +2| T

~0 *
HakQ - Oy,

_1
Note that ¢, = (¢ + p)%T 2 (log n)%. There exists a constant C', such that with probability

min

at least 1 — (K + Kp)n™2 > 1 —2n~', it holds that

~0 *
< Coy, sup HakQ -,
2 1<ka <Ko

~0 .
&k, — &k

sup
1<k 1<Ky

, S Con. (*)

Hence, Lemma 2 is proved. Then we give a rigorous proof of Lemma 3. Define the following

two sets,
MgZ{BGquR":ﬁjzﬁm,j,meg;‘l,klzl,--- ,Kl},

MT:{’yERpXR":’)/]-:'ym,j,meﬂ’;,kg:l,--- ,KQ}.

Recall that
My ={BEeRxR": B, =B, (j,m) € A},

My = {76RP><R" LY = Yo (M) GAP}.
Since the prior information does not violate the true heterogeneous structure, it is obvious
that Mg C M; and M+ C M..
Let Q) : Mg — R? x RX1 be the one-to-one mapping that €, (3) is the ¢ x K; matrix
consisting of K column vectors with dimension ¢ and its k;-th column equals to the common

value of B, for 2 € G; . Let Q1 : M; — R? x RE! be the mapping that

- Zﬁi)kl::l?"' 7K1

S

Q1 (/3) - \Q?;

Let Q5 : My — RP x RE2 be the one-to-one mapping that €, () is the p x K, matrix

consisting of Ky column vectors with dimension p and its k»>-th column equals to the common



value of ~; for i € T;7. Let Qs : My — RP x R¥2 be the mapping that

v

92(7): ‘k*;ilz’YiakZ:la"'aKQ

. *
1677@2

%

Clearly, when 8 € Mg and v € Mz, Q;(8) = O, (8) and QU () = Qs (7). For any
B e M; and v € My, define 8 = Q;! (Ql (B)) and ¥ = Q" (Qg (7)) Then, we consider
the neighborhoods of (3*,~*) and (,/3\0,'7’0>,

©= {(/67’7) : ﬁ S M1’7 € MQv “/81 - /6:"2 < C¢n7 H’Yz - 7:”2 < C¢n}’

0, = {(/37’7) B e M,y e My, Bi—,@?

where sequence {1, } satisfies 1), — 0. By Lemma 2, with probability at least 1 — 2n~1, (¥)
holds. The proof of Lemma 3 contains two steps, (1) When (*) holds, for any (3,7) € ©,
we have (B, ’y) € 0 and Q <,E3, if) >Q (,CA'S'O, $0>; (2) With probability at least 1 —2n~!, for
any (8,7v) € ©N06,, we have that Q (8,7) > Q (,é,ﬁ/)

Now we give the proofs of (1) and (2). With respect to 3 € M; and v € M,, we

decompose @ (3,4) into two parts L (3,) and P (3,~), where the loss is

n

D (1Xs = Bills + 12 —ill3) .

i=1

1

L(ﬁ7’)’):§

and the penalties are

B = X (18- Bullit = all) )+ 3 018, Bl
(4m)eA (Jym)eA

= 5 o8- sl = al) )+ X w8, Balli).
(4,m)eA\AP (4,m)EA\AP



For any (3,7) € O, we have ||3; — B;||, < C¢, and |7, — vi|, < C¢n, then
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Z 7 = 7ills < Con.
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z€7—k2
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167;2

15 — '7;‘6”2 = ‘7;;*2
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Similarly,

/éz_/g;k 9 < C¢n Hence, (B,’?) € 0. Let Ql (IB) = E = (517--- 7€K1)’ by
i, - Zz‘eg; B; for ky = 1,---, Ky and B = o (Ql (ﬂ)) whose i-th

=1
column vector is §, for i € Gy . Since (B,"y) € O, we have that Hékl — 521"2 < Co, for

definition, &, =

ki =1,---,K;. Hence, for any 1 < ky # k] < K;,

& - &

> |
2

&, — &), - lle -l - || - &5,

> by, —2C¢, > (a+ k) Ay — 2Cp, > ads.

2 | 2

Therefore, p <H£kl — &
~0 -0
p (’ &, — fk’l

;)\2> is a constant. When (*) holds, in the same discussion,
2

;/\2) is the same constant. Hence,
2

~0 ~0

B; — B,

Z p(‘ﬁj—ém 2;)\2>= Z p((

(jm)eA (Jym)eA

2;)\2>'

> d, — 2C¢,, > a);. Therefore, for any 1 < kg # k) < Ko,

o))

In a similar way, ||ozk2 — oy, }2

! ((thwz) —&ngianly + [l — e

is a constant, where h (kg) = 2511:1 kil (ks € Hj,). Hence,
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Hence, P (,é,"j/) =P (BO,"{/O). Since (EO,§O> is the global minimizer of L (3,~) subject
to B € Mg and v € My, we have that ) <B,’7> > Q <,@0,’Ayo>. Hence, (1) is proved.
For any (3,v) € © N O, we have that (,én“y) € ©N6O,. By Taylor’s expansion, let

B=xB+(1—-x)Band ¥ = xy + (1 — x)¥ where x € [0,1], we have that Q (3,~) —
Q <f3 ) =11+ Iy +I'3, where

I =- Z (X — Bz)T (ﬁi - Bz) - Z (Zi =) (vi— ;) 2T + T,
i=1 i=1
Iy = Z P (|85 = Omlly: A1) ||éj—9mH;1 (éj—ém)T (9j—éj)7

(4,m)eA\AP (m,j)e A\ AP

I's = > P (185 = Bull,: 22) [18; - BmH; (B~ Bn)' <5a’ - [3]-) 7

(4,m)e A\AP (m,j)e A\ AP
where 8, = (87,4T)". For I'yy, let By, = X; — 3;, we have that

Fllz—gBlTj (ﬁj_léj) :_i Z Z

ki=1jeg; megy,

s —zzBa(g ﬁﬂ)

k1=1 j,meggl ki1=1 jegzl

T B (8- 8,48, 8))

Note that for j,m € G , Bj =8, = Zmeg; s | 3,,, then
°1

1j (/Bj - /Bm) + Brlfm (le - B])}

=y Y !

ki=13, megkl

SO S

k1=1jmeGy ,(j.m)EA\AP

> =2 sup || Bull, Z Z G i HB ~ B ||2

<t
lsisn k1= 1]m€gk ,(,m)e A\ AP

| (By — Bun)" (8, - B)




Note that X; = 87 + €15, then we have By; = €1, + x (8] — 3;) + (1 —x) (,Bf — BZ> Hence,

1Bully < lewll, +x 18 = Bull, + (1 =0 ||8; = B, < llewll, + 5.

Note that €;; follows sub-Gaussian distribution with variance proxy o2 and E (€1;) = 0. By

N|=

Lemma 1, for fixed i, with probability at least 1 — n™2, ||€y]l, < 400q2 + 200 (4logn)?.

Hence, with probability at least 1 —n™!,

N

sup || Bul, < Cy (q% + (logn)

1<i<n

).

where (] is a positive constant. Then,
K1 .
_ 1 1
-3 Y 206k, (of + togm)?) |8, - 8.,
k1=1 j,meggl ,(J,;m)e A\ AP

Similarly, there exists a positive constant Cy, with probability at least 1 —n=1,

Ko
I'a > — Z Z 202Tn:i11 (p% + (logn)%> H’)’j - ’YmHg

ko=1 j,men*Z,(j,m)EA\AP

K>
>-> > 205 T, (p% + (logn)

ko=1 j,mG'Tk*2 ,(4,m)eA\ AP

NI

) 1165 = 6l
Hence, with probability at least 1 — 2n~!, the following holds,

Ky
ne-Y Y 206k (0 + toen)) |8, - Bl

k1=14,meg}, (jm)EA\AP

K>
-3 20 (v + (osn)?) 6, Bl
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For I'y, we have that

Ly= Y 1 (|6;—0n

L) 1165 = 0" (65— 8.,)" (8, - 6;)

(j;m)eA\ AP
+ >0 P60l 2) 05— Ol (65— 0m) (91 - éﬂ')
(m,j)€A\AP
= 3 (18Ol 0 18- 8L, 8- 8.)" (8- 8) (0.~ 6,)).
(4,m)€A\AP

Note that for j,m € T, we have that éj =0,,, and

16, — 0.ull," (8 — 6.)" (8, — 6,) = 1165 — Ol

Moreover,
165 = 8nll, < 0= 6], + [0~ 0, < s~ &5, + 0~
~0 N ~0 ~0
< ej—0< + 0-—0j +H0m—0m +H0m_0m <8wn
P J 2 2 2

Hence, for j,m € T,
P (105 = Oully: M) 1165 = 0], (8; = 0)" (8; = 0) > 1/ (8¢ M) 116 — 0,
Note that for j € 7y, and m € Ty, we have that
16, = Oull, > |65 — 67, — (|65 — 85|, — [0 — 03, ], > du — 2C ¢ > als,

hence, p/ (Héj — émH2 : )\1) = 0. Then we have that

Ko
Y Y oS 10— 0l

ha=1 jmeTy, (jm)e A\ AP



In a similar way, we have that

K,
Ly> ) > P (4 X2) |85 = B,

ki1=1 j,meggl ,(j,m)e A\ AP

In conclusion,

Q8.7 -Q(B4)

> Y e — 2060k (0 + ogm)?) B, - Bl

k1=1j, megy, ,(j;m)e A\ AP

LYY {1 (80 M) = 20Tk (% + (logn)?) } 1165 = B,
ka=1 jmeTy, (jm) € A\AP
Note that v, — 0, then we have p' (41),,; A2) — A2 and p’ (8¢,; A1) — A;. Moreover, since
min {\;, Ao} > ¢, = (¢ +p)? Tmln (log n) > (q+p):T5L (log n) > (q+p)2GL (log n)%.
Hence, with probability at least 1 — 2n~!, for sufficiently large n, Q (3,v) > Q (B, ﬁ/) and
(2) is proved. By (1) and (2), we have that with probability at least 1 — 4n~!, (*) holds
and for any (3,v) € © N O,, we have that Q (8,7v) > @ (B 7) Q (5 Y > resulting in
<BO,’70> as a local minimizer of @ (3,7) subject to 8 € M; and v € M,. Hence, Lemma

3 is proved.
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B Details of the computational algorithm

Recall £ (B,v,w,n,v,u) and (4.1)-(4.3) in the main text. In this section, we give the details
of the deveriation of (4.4) and (4.5).

Define vec () as the vectorization of matrices, specifically, for a r; X ry matrix A =
(Aq,---,A,,) of each column being a ri-dimensional vector, the vectorization of A is
vec (A) = (A7, ,AEQ)T which is a 7y7s-dimensional vector. For sample data X =
(X1,---,X,) and Z = (Zy,---,Z,), the vectorization vec ((XT,ZT)T> is a n(q + p)-
dimensional vector. Similarly, the parameters matrix and Lagrange multipliers can be also
expressed as the form of vectorization. By discarding terms independent of (3,7, w,n), the

augmented Lagrangian function £ (3,4,w,n,v,u) can be reformulated as

T T T _T\T 2
(HX Z)" — (87,~7) HQ)
+ Z ((ijm|\§+unjmui)2;Al)+ > p (il %)

(4m)eA (j,m)eA
) 2
+§ Z H('BJT_’B%’PYJT_PY?”)T_ ( —9 Jm’njm_ﬁilu;rm)T 2
(j,m)EA

Note that 8 € M; and v € M,. There exists unique matrices B € R? x RX and 7 €
~T _ T
R? x RX such that vec <(,8T,7T)T> = Jvec ((ﬂ ,’yT) ) By discarding terms independent

of (B3,7), the optimization problem (4.1) is equivalent to minimizing that

1 (3.7) =4 s (67 277) - e (377"
+ g HHJvec <<BT’§T)T) — vec <(w(t)T — 9 LT pOT _ 1971u(t)T)T>

2

Minimizing f (,@,:)7) is a standard quadratic convex optimization problem and the global

10



~(t+1)
solution is unique. Hence, the updates for (ﬁ( i ),7(t+1)> satisfy

~ T
(J'T +9J"H "HJ) vec ((ﬂ(tJrl)Tﬁ(Hl)T) )

— JTvec ((XT7 ZT)T> + JTH vec ((19w(t)T _ T O _ u(t)T>T) .

It is noted that J'J + 9JTH HJ is a K(q + p) x K(q + p) matrix, calculation of its
inverse matrix costs huge computational expenses in high-dimensional situation. By some
linear algebra knowledge, we aim to find out the special structure of such defined matrix and

obtain its inverse simply. By properties of Kronecker product, we have that

J=L®I,, J'J=(L"L)®I,,
HJ=(DL)®1,, J'H'HJ=(L'"D'DL)®I,,,

J'J+9J"H"HJ = (L"L+9L"D"DL) ® I4,.

By properties of Kronecker product with vectorization (vec (AB) = (B" ® I) vec (A)), the

~ 1) _
updates for (ﬁ(t+ ),7(t+1)> satisfy

~ T
(I[.a(lerl)T7 %/(t—i-l)T) (LTL + ﬁLTDTDL)

=(xT, ZT)T L+ (9T — 07T yn®T u(t)T)T DL.

Since L'L +YL"D*DL is a K x K matrix, and K is much smaller than K (g + p) to some

~(t+1)
extent, hence its inverse matrix is efficient to calculate. The updates for (ﬁ( ),v(tﬂ)) are

)

(E(tﬂ)T %(t—&-l)T)T

— {(XT ZT)T + (ﬁw(t)T _ 'U(t)T, Q9,’7(75)1“ _ u(t)T)T D} L (LTL + QgLTDTDL)il )

?

11



Then, the updates for (,B(Hl),'y(t“)) are

vec ((ﬂ(tH)T,’Y(tH)T) T) = Jvec ((ﬁ(tJrl)T,:Y(tH)T) T) ,

When there is no prior information, that is, A” = (). Without any information, the matrix
L = I, and K = n. By the definition of matrix D, it holds that I,,+9D*D = (1 +nv) I,,—

191,112, where 1,, is a n-dimensional vector whose all elements are 1. By Sherman-Morrison

formula, it holds that ((1+ nd) I, — 91,17) "

= (1+n9)"" (I, +91,1,). Hence,

(B(Hl)T ,y(t—i-l)T) T

1 +1 —{(X".2")" + (9 =0T " — )" DY (1, +91,17).

Letw ,B(HU BUHD 4 1y ) and nj,(n —'y§t+1) D 41y ) . By discarding

the terms independent of (w,n), the optimization problem (4.2) is equivalent to minimizing

v T T \T «OT T\ "
§H(""jmv77jm) _<“-’jm s Mjm )

2 1
0 ( (leom B+ )5 00) + 0 (smlia).
2

with respect to (w;-rwn;-rm)T. The penalty p(-;\) is MCP with a fixed parameter a > 971
Denote €, = (w1}, )T and (s)y = sI(s > 0). The solution of (4.2) is S( im ,nf(t)>,

jm> n]m jm

which can be expressed by the following discussion.

D11 > qA; and wa(t ‘ > alg, then w(tH) ;fl and njtﬂ) jffj
2
1
1= (9 G9))
I < a)\ and ( ( H ’ H )+ w'® alg, then,
2 —(a9)~? Jjm
-1 -1
(- Cle2l)) (- Cle2l))
(t+1) _ 2 + . x(0) (t+1) _ + ()
jm 1 _ (aﬂ?)il wjm ) n]m 1 _ (6“.9)7 n]m :

12



2

2 (e(s],) )

2
Case 3. If ’ n;g) T T Hw;(fl) L (aX;)” and Hw;s?‘L < a)g, then,
-1
(1=x (o))
(t+1) _ 2 + () (t+1) _  *(t)
gm 1_(0”9)—1 gms Mjm = Mjm -

Other cases. Using the local quadratic approximation technique to obtain an explicit solu-
tion (Here, to avoid 0 appearing on the denominator, we can make a very small disturbance

on HC%HQ and Hw%HQ in computation, such as 1077), then,

(el oo )
w(t+1) _ 1+p (‘C]m 27 1 yy w]m 27 2 w*(t)
S N 1 R 1

2 2

/ ('t) ‘ A ) !
(t+1) _ 1+p <‘ C]m 5’ 1 *(t)
im ® Mim

ol
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C Additional numerical results
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Figure S1: Simulation results with Simulation 1 and u; = 1.2. In each subfigure, horizontal axis
displays our proposed methods and alternatives with three different covariance matrices, and longi-
tudinal axis displays the mean of corresponding measurement values under 100 simulated replicates.
The top-left subfigure displays 1 — RI of rough clustering structure, the top-right subfigure displays
1—RI of refined clustering structure, the bottom-left subfigure displays MSE of B, and the bottom-
right subfigure displays MSE of 4.
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B cvcu-L1 cvxclu-L2 [} PcH-Noprior [l PcH-Prior1 ] PCH-Prior2

1-RI of rough structure 1-RI of refined structure
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Figure S2: Simulation results with Simulation 1 and po = 1.6. In each subfigure, horizontal axis
displays our proposed methods and alternatives with three different covariance matrices, and longi-
tudinal axis displays the mean of corresponding measurement values under 100 simulated replicates.
The top-left subfigure displays 1 — RI of rough clustering structure, the top-right subfigure displays
1—RI of refined clustering structure, the bottom-left subfigure displays MSE of B, and the bottom-
right subfigure displays MSE of 4.
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B cvcu-L1 cvxclu-L2 [} PcH-Noprior [l PcH-Prior1 ] PCH-Prior2

1-RI of rough structure 1-RI of refined structure
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Figure S3: Simulation results with Simulation 2 and p; = 1.2. In each subfigure, horizontal axis
displays our proposed methods and alternatives with three different covariance matrices, and longi-
tudinal axis displays the mean of corresponding measurement values under 100 simulated replicates.
The top-left subfigure displays 1 — RI of rough clustering structure, the top-right subfigure displays
1—RI of refined clustering structure, the bottom-left subfigure displays MSE of B, and the bottom-
right subfigure displays MSE of 4.
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B cvcu-L1 cvxclu-L2 [} PcH-Noprior [l PcH-Prior1 ] PCH-Prior2

1-RI of rough structure 1-RI of refined structure
0.075
0.03
0.050 0.02
0.025 } I .
Diagonal AR Banded Diagonal AR Banded
N n
MSE of B MSE of y
1.00
0.4
03 0.75
0.2 0.50
Oll . . ) I
0.0 0.00
Diagonal AR Banded Diagonal AR Banded

Figure S4: Simulation results with Simulation 2 and po = 1.6. In each subfigure, horizontal axis
displays our proposed methods and alternatives with three different covariance matrices, and longi-
tudinal axis displays the mean of corresponding measurement values under 100 simulated replicates.
The top-left subfigure displays 1 — RI of rough clustering structure, the top-right subfigure displays
1—RI of refined clustering structure, the bottom-left subfigure displays MSE of B, and the bottom-
right subfigure displays MSE of 4.
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B cvcu-L1 cvxclu-L2 [} PcH-Noprior [l PcH-Prior1 ] PCH-Prior2
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0.04
0.10 0.03
0.02
0.05
0.01
Diagonal Banded Diagonal Banded
N n
MSE of B MSE of y
0.4
0.8
0.3
0.6
04 02
0.0 0.0
Diagonal Banded Diagonal Banded

Figure S5: Simulation results with Simulation 3 and po = 1.6. In each subfigure, horizontal axis
displays our proposed methods and alternatives with three different covariance matrices, and longi-
tudinal axis displays the mean of corresponding measurement values under 100 simulated replicates.
The top-left subfigure displays 1 — RI of rough clustering structure, the top-right subfigure displays
1—RI of refined clustering structure, the bottom-left subfigure displays MSE of B, and the bottom-
right subfigure displays MSE of 4.
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Figure S6: Simulation results with Simulation 5 in two half-moon clusters case. In each subfigure,
horizontal axis displays our proposed methods and alternatives with near and far centers, and
longitudinal axis displays the mean of corresponding measurement values under 100 simulated
replicates. The left subfigure displays 1 — RI of rough clustering structure, the middle subfigure
displays 1 — RI of refined clustering structure, and the right subfigure displays MSE of 4.
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Figure S7: Analysis of LUAD data. Pipelines for extracting six clinical imaging features. Lym-
phocytesPN: Perimeter of lymphocyte cell region/square root of image size. StromaPN: Perimeter
of stromal cell region/square root of image size. TumorPN: Perimeter of tumor cell region/square
root of image size. LymphocytesSN: Size of lymphocyte cell region/image size. StromaSN: Size of
stromal cell region/image size. TumorSN: Size of tumor cell region/image size.
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Table S1: Simulation results with (K, K3) = (2,4) and diagonal covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of 3, and MSE of 4 under 100 simulated
replicates with py = 1.2 and pus = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ,B Rand Index MSE of 4
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5053 0.0472 0.7824 0.0445 0.9791 0.0100 0.2511 0.0415
CvxClu-Lp  0.5238 0.1003 0.7669 0.0901 0.9669 0.0125 0.2988 0.0452
up = 1.2 PCH-NoPrior 0.9423 0.0298 0.2909 0.0696 0.9717 0.0150 0.3430 0.1380
PCH-Priorl  0.9783 0.0199 0.1954 0.0589 0.9890 0.0094 0.2648 0.1287
PCH-Prior2  0.9947 0.0097 0.1476 0.0368 0.9957 0.0063 0.2342 0.1298

CvxClu-L7;  0.9068 0.1790 0.4544 0.3023 0.9760 0.0103 0.2626 0.0381
CvxClu-Lp  0.9760 0.0503 0.3281 0.1815 0.9660 0.0120 0.3104 0.0440
puo = 1.6 PCH-NoPrior 0.9912 0.0109 0.1782 0.0674 0.9956 0.0055 0.2263 0.0558
PCH-Priorl  0.9958 0.0079 0.1475 0.0486 0.9977 0.0043 0.1995 0.0365
PCH-Prior2  0.9981 0.0059 0.1374 0.0414 0.9982 0.0039 0.1910 0.0282

Table S2: Simulation results with (K7, K3) = (2,4) and AR covariance structure in Gaussian
clusters case. Simulation results include the mean and standard deviation (SD) of RI of rough
and refined clustering structure, MSE of B, and MSE of 4 under 100 simulated replicates
with pp = 1.2 and py = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ﬁ Rand Index MSE of ¥
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5048 0.0455 0.7871 0.0084 0.9581 0.0517 0.3521 0.1702
CvxClu-Ly  0.5393 0.1245 0.7641 0.0805 0.9590 0.0424 0.3481 0.1305
up = 1.2 PCH-NoPrior 0.9448 0.0278 0.2901 0.0669 0.9721 0.0141 0.3352 0.1101
PCH-Priorl  0.9778 0.0204 0.2020 0.0567 0.9879 0.0105 0.2595 0.1000
PCH-Prior2  0.9936 0.0109 0.1536 0.0449 0.9936 0.0087 0.2266 0.0972

CvxClu-L;  0.8840 0.1944 0.4881 0.3221 0.9788 0.0092 0.2585 0.0390
CvxClu-Lo  0.9578 0.0965 0.3430 0.2068 0.9687 0.0111 0.3000 0.0434
o = 1.6 PCH-NoPrior 0.9881 0.0146 0.1870 0.0791 0.9940 0.0072 0.2379 0.0683
PCH-Priorl  0.9955 0.0089 0.1426 0.0482 0.9976 0.0046 0.2009 0.0399
PCH-Prior2  0.9984 0.0055 0.1311 0.0401 0.9980 0.0044 0.1925 0.0308
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Table S3: Simulation results with (K7, K3) = (2,4) and banded covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of 3, and MSE of 4 under 100 simulated
replicates with py = 1.2 and puo = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ,B Rand Index MSE of 4
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5038 0.0487 0.7841 0.0393 0.9611 0.0507 0.3325 0.1640
CvxClu-Lp  0.5247 0.1020 0.7700 0.0757 0.9639 0.0348 0.3318 0.1139
up = 1.2 PCH-NoPrior 0.9444 0.0262 0.2871 0.0611 0.9726 0.0134 0.3319 0.1109
PCH-Priorl  0.9820 0.0159 0.1842 0.0529 0.9901 0.0079 0.2488 0.0922
PCH-Prior2  0.9930 0.0103 0.1497 0.0457 0.9939 0.0075 0.2281 0.0980

CvxClu-L7; 09018 0.1834 0.4610 0.3079 0.9800 0.0090 0.2584 0.0381
CvxClu-L  0.9760 0.0503 0.3281 0.1815 0.9706 0.0108 0.2999 0.0417
puo = 1.6 PCH-NoPrior 0.9912 0.0109 0.1782 0.0674 0.9957 0.0055 0.2255 0.0554
PCH-Priorl  0.9958 0.0079 0.1475 0.0486 0.9977 0.0043 0.1995 0.0376
PCH-Prior2  0.9983 0.0058 0.1369 0.0410 0.9981 0.0039 0.1912 0.0280

Table S4: Simulation results with (K7, K3) = (2,6) and diagonal covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of B, and MSE of 4 under 100 simulated
replicates with py = 1.2 and pus = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ﬁ Rand Index MSE of ¥
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5060 0.0472 0.7830 0.0374 0.9613 0.0270 0.4034 0.1029
CvxClu-L  0.5198 0.0901 0.7735 0.0681 0.9584 0.0217 0.4168 0.0804
up = 1.2 PCH-NoPrior 0.9477 0.0262 0.2825 0.0610 0.9752 0.0194 0.6890 0.5049
PCH-Priorl  0.9669 0.0229 0.2258 0.0644 0.9812 0.0193 0.6250 0.4537
PCH-Prior2  0.9852 0.0173 0.1768 0.0578 0.9873 0.0188 0.6176 0.4754

CvxClu-L; 09144 0.1682 0.4303 0.2964 0.9745 0.0093 0.3362 0.0476
CvxClu-L 09731 0.0509 0.3156 0.1680 0.9645 0.0104 0.3915 0.0517
o = 1.6 PCH-NoPrior 0.9894 0.0131 0.1840 0.0720 0.9877 0.0209 1.0453 0.7595
PCH-Priorl  0.9927 0.0104 0.1617 0.0579 0.9887 0.0207 1.0528 0.7854
PCH-Prior2  0.9975 0.0064 0.1358 0.0392 0.9901 0.0206 1.0387 0.7758
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Table S5: Simulation results with (K7, K3) = (2,6) and AR covariance structure in Gaussian
clusters case. Simulation results include the mean and standard deviation (SD) of RI of rough
and refined clustering structure, MSE of B, and MSE of 4 under 100 simulated replicates
with pp = 1.2 and py = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ,B Rand Index MSE of 4
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5446 0.1368 0.7690 0.0761 0.8769 0.0903 0.6413 0.2023
CvxClu-Lp  0.5587 0.1543 0.7540 0.1057 0.9159 0.0582 0.5548 0.1394
up = 1.2 PCH-NoPrior 0.9484 0.0275 0.2777 0.0628 0.9741 0.0214 0.7220 0.5300
PCH-Priorl  0.9690 0.0236 0.2161 0.0651 0.9810 0.0202 0.6756 0.5135
PCH-Prior2  0.9881 0.0145 0.1667 0.0489 0.9872 0.0198 0.6494 0.5024

CvxClu-L7; 09189 0.1632 0.4237 0.2901 0.9759 0.0116 0.3357 0.0611
CvxClu-Lp 09731 0.0509 0.3156 0.1680 0.9690 0.0100 0.3800 0.0492
puo = 1.6 PCH-NoPrior 0.9894 0.0131 0.1840 0.0720 0.9812 0.0239 0.9900 0.7252
PCH-Priorl  0.9926 0.0110 0.1625 0.0599 0.9823 0.0235 0.9951 0.7426
PCH-Prior2  0.9975 0.0066 0.1359 0.0392 0.9841 0.0240 0.9804 0.7448

Table S6: Simulation results with (K7, K3) = (2,6) and banded covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of B, and MSE of 4 under 100 simulated
replicates with py = 1.2 and pus = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ﬁ Rand Index MSE of ¥
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.5273 0.1098 0.7708 0.0792 0.8971 0.1072 0.5842 0.1845
CvxClu-Ly  0.5409 0.1315 0.7570 0.1113 0.9284 0.0477 0.5228 0.1305
w1 = 1.2 PCH-NoPrior 0.9470 0.0324 0.2809 0.0737 0.9712 0.0230 0.7492 0.4854
PCH-Priorl  0.9644 0.0315 0.2301 0.0725 0.9773 0.0220 0.6989 0.4554
PCH-Prior2  0.9834 0.0189 0.1822 0.0584 0.9837 0.0209 0.6868 0.4687

CvxClu-L; 09192 0.1629 0.4284 0.2930 0.9769 0.0093 0.3303 0.0449
CvxClu-L, 09731 0.0509 0.3156 0.1680 0.9683 0.0100 0.3817 0.0491
o = 1.6 PCH-NoPrior 0.9894 0.0131 0.1840 0.0720 0.9887 0.0190 0.9871 0.7812
PCH-Priorl  0.9927 0.0109 0.1614 0.0586 0.9891 0.0192 0.9907 0.8018
PCH-Prior2  0.9972 0.0069 0.1362 0.0393 0.9911 0.0193 0.9769 0.7951
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Table S7: Simulation results with (K, K3) = (3,6) and diagonal covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of 3, and MSE of 4 under 100 simulated
replicates with py = 1.2 and pus = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ,B Rand Index MSE of 4
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.3461 0.0594 0.9058 0.0151 0.9540 0.0379 0.4208 0.1228
CvxClu-Ly  0.3609 0.0958 0.8992 0.0459 0.9528 0.0244 0.4351 0.0898
up = 1.2 PCH-NoPrior 0.9313 0.0325 0.7463 0.5241 0.9657 0.0162 0.3754 0.0572
PCH-Priorl  0.9580 0.0345 0.6208 0.4629 0.9796 0.0166 0.3218 0.0628
PCH-Prior2  0.9809 0.0293 0.5722 0.5060 0.9904 0.0142 0.2762 0.0548

CvxClu-Ly  0.8763 0.1703 0.7085 0.3164 0.9716 0.0095 0.3487 0.0478
CvxClu-Lo  0.9605 0.0533 0.4981 0.2194 0.9609 0.0103 0.4061 0.0520
uo = 1.6 PCH-NoPrior 0.9826 0.0244 0.8339 0.8184 0.9913 0.0121 0.2912 0.0720
PCH-Priorl  0.9847 0.0377 0.7949 0.8371 0.9943 0.0100 0.2634 0.0618
PCH-Prior2  0.9904 0.0378 0.7681 0.8297 0.9975 0.0085 0.2454 0.0561

Table S8: Simulation results with (K7, K3) = (3,6) and banded covariance structure in
Gaussian clusters case. Simulation results include the mean and standard deviation (SD) of
RI of rough and refined clustering structure, MSE of B, and MSE of 4 under 100 simulated
replicates with py = 1.2 and pus = 1.6.

Rough Structure Refined Structure

Rand Index MSE of ﬁ Rand Index MSE of ¥
Methods Mean SD Mean SD Mean SD Mean SD

CvxClu-L;  0.3542 0.0830 0.9035 0.0266 0.9058 0.0727 0.5849 0.1636
CvxClu-Lp  0.3574 0.0917 0.9002 0.0431 0.9220 0.0515 0.5335 0.1282
up = 1.2 PCH-NoPrior 0.9278 0.0360 0.6875 0.4896 0.9645 0.0164 0.3929 0.1173
PCH-Priorl  0.9541 0.0380 0.5711 0.4405 0.9784 0.0154 0.3386 0.1106
PCH-Prior2  0.9788 0.0327 0.5132 0.4692 0.9902 0.0129 0.2915 0.1118

CvxClu-L;  0.8685 0.1907 0.7056 0.3250 0.9736 0.0113 0.3493 0.0530
CvxClu-L  0.9561 0.0596 0.4925 0.2108 0.9640 0.0137 0.4005 0.0602
uo = 1.6 PCH-NoPrior 0.9855 0.0124 0.7099 0.7607 0.9927 0.0063 0.2876 0.0537
PCH-Priorl  0.9901 0.0101 0.6825 0.7767 0.9951 0.0052 0.2645 0.0430
PCH-Prior2  0.9961 0.0066 0.6453 0.7944 0.9981 0.0031 0.2416 0.0314
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Table S9: Simulation results with (K7, K3) = (2,6) in two half-moon clusters case. Sim-
ulation results include the mean and standard deviation (SD) of RI of rough and refined
clustering structure, and MSE of 4 under 100 simulated replicates with near and far centers.

Rough Structure Refined Structure

Rand Index Rand Index MSE of 4

Methods Mean SD Mean SD Mean SD
CvxClu-L;  0.8613 0.0811 0.9295 0.0289 0.4482 0.0793
CvxClu-Ly  0.8576 0.0825 0.9211 0.0285 0.5066 0.0832
Near centers PCH-NoPrior 0.8898 0.0720 0.9515 0.0319 0.7692 0.3951
PCH-Priorl  0.9240 0.0998 0.9546 0.0506 0.6807 0.3384
PCH-Prior2  0.9614 0.0921 0.9661 0.0547 0.6704 0.3502
CvxClu-L;  0.8499 0.0799 0.9254 0.0288 0.4626 0.0771
CvxClu-Ly  0.8445 0.0802 0.9160 0.0286 0.5228 0.0834
Far centers PCH-NoPrior 0.9520 0.0460 0.9745 0.0257 0.6901 0.4390
PCH-Priorl  0.9686 0.0320 0.9791 0.0272 0.6501 0.4175
PCH-Prior2  0.9824 0.0232 0.9832 0.0289 0.6432 0.4158

Table S10: Analysis of LUAD data. The clustering results by the proposed method. There
are identified two rough clusters with sizes 203 and 152, respectively. There are four identified
refined clusters nested in rough clusters, with sizes 158, 45, 118, and 34, respectively. The
estimated centers of distinct rough and refined clusters are displayed with respect to imaging
features and principal components.

Centers of Rough Clusters

Imaging Features 1 (203) 2 (152)
LymphocytesPN -0.1120 0.1496
StromaPN 0.6094 -0.8139
TumorPN 0.3466 -0.4629
LymphocytesSN -0.0679 0.0907
StromaSN 0.5772 -0.7709
TumorSN -0.5648 0.7542

Centers of Refined Clusters
Principal Components 1 (158) 2 (45) 3 (118) 4 (34)

PC1 0.0750  0.0059  -0.0340 -0.2383
PC2 -0.0581  0.1493  -0.0107  0.1095
PC3 0.0153  -0.2853 -0.0674  0.5402
PC4 -0.2604  1.2218  -0.0022 -0.3990
PC5 -0.0097 -0.0149  0.0300 -0.0394
PC6 -0.1900  0.3570  0.1758  -0.1998
PC7 -0.0561  -0.0829 -0.0209  0.4432
PC8 0.0456  -0.2065 0.0262  -0.0298
PC9 0.1149  -0.1638  0.0430 -0.4660
PC10 0.0185 -0.4697  0.0596  0.3290
PC11 -0.1984  0.6676  -0.0349  0.1595
PC12 0.0091  0.0778  0.1021  -0.4996
PC13 -0.3119  0.6533  -0.0222  0.6618
PC14 0.0318  0.0174 -0.0956  0.1610
PC15 0.2588  0.1175  -0.2509 -0.4873
PC16 -0.0459  0.2430 -0.1693  0.4793
PC17 -0.2216  0.0919  0.2842  -0.0785
PC18 0.0018  0.3206 -0.2260 0.3518
PC19 0.0905 -0.1138 -0.1858  0.3748
PC20 -0.1526  0.1862  0.3404  -0.7188
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