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Appendix – 2-D Formulations of DFT

The mapping of one-dimensional (1-D) arrays into multi-dimensional (m-D) arrays provides the basis for most of the existing FFT algorithms. These mappings need to be both unique and cyclic in every dimension [14] to ensure that: 1) the original DFT can be recovered in its correct form; and 2) the correct periodicities are obtained for each of the small DFTs that constitute the m-D form. Mappings will now be briefly described for the conversion of a 1-D DFT to a separable 2-D DFT, as this is the formulation of interest in this paper. 

Consider firstly the index transformations given by the linear forms:

[image: image1.wmf]]

n

L

+

n

L

[

≡

n

2

2

1

1

 mod N
   (A1)

[image: image2.wmf]]

k

L

+

k

L

[

≡

k

2

4

1

3

 mod N
   (A2)
where “n” is the input index, “k” the output index, and the length of the data to be re‑indexed is given by 
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. To investigate the conditions on L1, L2, L3 and L4 for uniqueness to be satisfied, two particular cases must be considered. Namely, when:

a) (N1,N2) = 1,


   (A3)
and 

b) (N1,N2) 
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where (N1,N2) represents the greatest common divisor [10,11] of N1 and N2.

For case a), where N1 and N2 are relatively prime [10,11], the most basic form that is periodic in both directions of the resulting 2-D array is given by:

L1 = L3 = N2  &  L2 = L4 = N1
   (A5)
which results in
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referred to hereafter as the relatively prime modulo (RPM) mappings.


Another commonly used form is given by:


L1 = L3 
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which results in
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where
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This is a 2-D version of the Chinese Remainder Theorem (CRT) [10,11] and the mappings are therefore referred to hereafter as the CRT mappings.


For case b), where N1 and N2 have common factors, the most basic forms which are periodic in both directions of the resulting 2-D array are given by:


L1 = L4 = 1, L2 = N1   &  L3 = N2
 (A12)
which results in
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the decimation-in-time (DIT) version of the lexicographical (LEX) mappings; and by


L1 = N, , L2 = L3 = 1 &  L4 = N1
 (A15)
which results in
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the decimation-in-frequency (DIF) version of the LEX mappings.


Applying the 2-D RPM and CRT mappings to the direct computation of the DFT, it is now seen how a 1-D DFT of composite length may be expressed in 2-D form, and vice versa, so that the computation of the respective 1-D and 2-D DFTs are essentially equivalent, one being simply derivable from the other. Application of the LEX mappings, as used by Cooley and Tukey [3], to the 1-D DFT is also considered, whereby a 2-D form is again achieved, although in this instance it does not correspond to a true separable 2-D DFT because of the resulting twiddle factor requirement. When the factors N1 and N2 have common factors, the decomposition corresponds to the CFA, whilst when they are relatively prime, it corresponds to the PFA.

Suppose the length N of a 1-D DFT can be written as:


N = N1 ( N2


 (A18)
where N1 and N2 are arbitrary factors, with or without common factors. Then a sufficient pair of mappings, for the 1-D to 2-D transformation, may be given by the DIF version of the LEX mappings (as described by Eqtns. A16 and A17), enabling the DFT to be written as:
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                                        (A19)
where k1 = 0,1,…,N1-1 and k2 = 0,1,…,N2-1, with 
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the primitive Nth, N1th and N2th complex roots of unity, respectively.


The expression of A19 reduces the N‑point DFT, for the two-factor case of interest, to an essentially three-stage process: a partial-DFT, followed by a point-wise matrix multiplication to account for the twiddle factors, followed by a second partial‑DFT. The only difference, therefore, between this formulation and that of a true separable 2-D DFT, is the presence of the twiddle factors, and it is now seen how, by appropriate choice of N and its factors, the twiddle factors can be eliminated.

Suppose that the factors N1 and N2 of A18 are relatively prime. Then by applying the RPM mapping of A6 and the CRT mapping of A10 to the input and output data sequences, respectively, the DFT can be written as:
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                           (A20)
a true separable 2-D DFT, without twiddle factors, consisting of just the two partial-DFT processes. The intermediate data simply requires straightforward re-ordering, via the LEX mapping, prior to being input to the second partial-DFT stage. It should be noted, from this two-factor formulation, that only one of the two index mappings – and it can be for either input or output – actually needs to satisfy the CRT in order that a true 2-D DFT be obtained, although a true 2-D DFT is also obtained if both index mappings satisfy the CRT.
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