Detection of quadratic phase coupling

Supplementary material

Detection of quadratic phase coupling by cross-bicoherence and spectral Granger causality
in bifrequencies interactions

Takeshi Abe!*, Yoshiyuki Asai?, Alessandra Lintas?, Alessandro E.P. Villa**

(1) AI Systems Medicine Research and Training Center, Graduate School of Medicine and University Hospital,
Yamaguchi University, Yamaguchi, Japan

(2) Department of Systems Bioinformatics, Graduate School of Medicine, Yamaguchi University, Yamaguchi, Japan

(3) Neuroheuristic Research Group & HEC-LABEX, University of Lausanne, Quartier UNIL-Chamberonne, CH-1015
Lausanne, Switzerland

(4) Neuroheuristic Research Group & Complexity Sciences Research Group, University of Lausanne, Quartier UNIL-
Chamberonne, CH-1015 Lausanne, Switzerland

*Corresponding authors:
Takeshi Abe, Yamaguchi University
E-mail address: t.abe @yamaguchi-u.ac.jp

Alessandro E.P. Villa, University of Lausanne
E-mail address: alessandro.villa@unil.ch.

Abe et al.: SupplementaryMaterial Page 1 of 4



Detection of quadratic phase coupling

S1. Signal-to-noise ratio : SNR

For a signal x;(?), the average (normalized) power is given by (Grami, 2015):

1 T/2 5
Pxi = ]11_1}30 T ,/—T/Z |xi(t)| dt.

For any independent white noise signal &;(¢) following a standard Gaussian distribution (mean ¢ = 0, standard deviation
o = 1), the average power is Péi = 1. For each channel X(, ®) of our three-channels model of bifrequencies interaction,
the power of the signal (without noise) is P(x,_¢ and the signal-to-noise ratio (SNR) values can be computed as

FPix,—¢)
&

SNRy =

Here w; represents a specific realization of signal X; sampled from a uniform distribution on period [0, 27). A signal’s
power and its SNR are positive real-valued random variables, depending on phase w; in general.

The signal recorded by channel 1 is defined by:

{Il(t,w) =2asin(sin(2nflt+wl)); N

Xl(t,a)) =11(t,a))+§1(t)
The average power of channel 1is Py, _ ) = P(2asin(sin(2z fi1 + w;)), which yields Py, _¢ ) = %2 for any f; > 0
and w; € [0,2x). Hence,

w2

SNRy, = % 2)

The signal recorded by channel 2 is defined by:

12(1,0)) =

1 0= (@2nfrt+ wy) mod 27 < x;
—1 otherwise 3)

The average power of channel 2 is P X&) = 1, because I,(t, w)? =1 for any f, > 0 and w, € [0, 27). Hence,

SNRy, = 1. ©)

The signal recorded by channel 3 is defined by:

I;(t,w) = cos(27rf3x+co3) )
X3(t,0) =Wy X (1, 0) X, o) + I @) + &(1).
The average power of channel 3 is computed as follows
P(X3_‘53) = P(VV(LQ)XIX2+I3)
= VV(%,Z)PXIXZ + ZVV(LZ)E(w) + PI3’ (6)

where

| [T
e(w) = lim —/ 1,(t, 0)1,(t, w)I5(t, w)dt.
-T2

T—oo T
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Detection of quadratic phase coupling

Given that X% = Il2 + 21§ + é‘f and X% = 122 + 21,6, + 5%, the average power of X X, is

T/2
im & / (7 +211& + &) (I; + 21,6 + &)dt. @)

P =1
X1 X3 T—-o T/2

Because |I,| = 1, we have

T/2
_ o L 2 2 2
Py, = Jim — /_m(l1 + 2116 + D) (1 + 20,8, + EDd 8)

T/2

. 1

= Jim — / ) (IT + 210 L& + 118 + 2118 + 41 LE & + 21158 + &) + 21,88 + E6)dt. (9)
- -T/2

The white noise signals &;(t) follow a standard Gaussian distribution (mean y = 0, standard deviation ¢ = 1), such
that

1 T/2
lim — / I 1y&dt = 0;

T—co -T2
1 T/2
T—- -T2

1 T/2
lim —/ Illzglézdt = O,
T J_1p

T—-
| [T )
lim — 1 dt=0;
P /_T/2 16155
LT
lim — I dt =0;
Tl_l;lgo T /—T/Z 251 52

Then, equation (9) can be rewritten as

LI LT LI

P =P 0+ lim — I7E2dt+0+0+0+ lim — dt+0+ lim — dt

¥, x, = Pr, + +T§%0T/_T/2 TEdt+0+0+ +T1—I>20T/_T/2§1 + +T1_{I§OT/_T/2 15
(10)

=P11+P1152+P§1+P§152. (11)

3
definition and P, ,;, = 1 because éf and 53 are mutually independent. Hence, we obtain

2 2
Notice that P = Z according to equation (1) and Ppe = ”? because 1 12 is independent of g‘% and Py = 1 by

7[2 77"2
PX1X2=?+?+1+1
2 2

For each f; > 0, e(w) = 0 with probability 1 with respect to w’s distribution (w; € [0,27x)). According to
equation (5), P13 = % Hence, equation (6) can be rewritten as

_ 2
P(X3,€3) - I/V(1,2)PX1X2 + ZI/V(I,Z)‘g(w) + PI3
1

2
s 2T 1
—Wu,z)(_3 +2)+0+2, (13)
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which leads to the signal-to-noise ratio for channel 3 equal to

2 5 ) 1
SNRy, = (572 +2) Wi, + 5. (14)
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