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Detection of quadratic phase coupling

S1. Signal-to-noise ratio : SNR

For a signal 𝑥𝑖(𝑡), the average (normalized) power is given by (Grami, 2015):

𝑃𝑥𝑖 = lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
|𝑥𝑖(𝑡)|2𝑑𝑡.

For any independent white noise signal 𝜉𝑖(𝑡) following a standard Gaussian distribution (mean𝜇 = 0, standard deviation
𝜎 = 1), the average power is𝑃𝜉𝑖 = 1. For each channel𝑋𝑖(𝑡, 𝜔) of our three-channels model of bifrequencies interaction,
the power of the signal (without noise) is 𝑃(𝑋𝑖−𝜉𝑖) and the signal-to-noise ratio (SNR) values can be computed as

SNR𝑋𝑖
=

𝑃(𝑋𝑖−𝜉𝑖)

𝑃𝜉𝑖
.

Here 𝜔𝑖 represents a specific realization of signal 𝑋𝑖 sampled from a uniform distribution on period [0, 2𝜋). A signal’s
power and its SNR are positive real-valued random variables, depending on phase 𝜔𝑖 in general.

The signal recorded by channel 1 is defined by:
{

𝐼1(𝑡, 𝜔) = 2 asin
(

sin
(

2𝜋𝑓1𝑡 + 𝜔1
))

;
𝑋1(𝑡, 𝜔) = 𝐼1(𝑡, 𝜔) + 𝜉1(𝑡).

(1)

The average power of channel 1 is 𝑃(𝑋1−𝜉1) = 𝑃 (2 asin
(

sin
(

2𝜋𝑓1𝑡 + 𝜔1
))

, which yields 𝑃(𝑋1−𝜉1) =
𝜋2

3 for any 𝑓1 > 0
and 𝜔1 ∈ [0, 2𝜋). Hence,

SNR𝑋1
= 𝜋2

3
. (2)

The signal recorded by channel 2 is defined by:

⎧

⎪

⎨

⎪

⎩

𝐼2(𝑡, 𝜔) =

{

1 0 ≤ (2𝜋𝑓2𝑡 + 𝜔2) mod 2𝜋 < 𝜋;
−1 otherwise

𝑋2(𝑡, 𝜔) = 𝐼2(𝑡, 𝜔) + 𝜉2(𝑡).
(3)

The average power of channel 2 is 𝑃(𝑋2−𝜉2) = 1, because 𝐼2(𝑡, 𝜔)2 = 1 for any 𝑓2 > 0 and 𝜔2 ∈ [0, 2𝜋). Hence,

SNR𝑋2
= 1. (4)

The signal recorded by channel 3 is defined by:
{

𝐼3(𝑡, 𝜔) = cos
(

2𝜋𝑓3𝑥 + 𝜔3
)

𝑋3(𝑡, 𝜔) = 𝑊(1,2)𝑋1(𝑡, 𝜔)𝑋2(𝑡, 𝜔) + 𝐼3(𝑡, 𝜔) + 𝜉3(𝑡).
(5)

The average power of channel 3 is computed as follows

𝑃(𝑋3−𝜉3) = 𝑃(𝑊(1,2)𝑋1𝑋2+𝐼3)

= 𝑊 2
(1,2)𝑃𝑋1𝑋2

+ 2𝑊(1,2)𝜀(𝜔) + 𝑃𝐼3 , (6)

where

𝜀(𝜔) = lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼1(𝑡, 𝜔)𝐼2(𝑡, 𝜔)𝐼3(𝑡, 𝜔)𝑑𝑡.
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Detection of quadratic phase coupling

Given that 𝑋2
1 = 𝐼21 + 2𝐼1𝜉1 + 𝜉21 and 𝑋2

2 = 𝐼22 + 2𝐼2𝜉2 + 𝜉22 , the average power of 𝑋1𝑋2 is

𝑃𝑋1𝑋2
= lim

𝑇→∞
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
(𝐼21 + 2𝐼1𝜉1 + 𝜉21 ) (𝐼

2
2 + 2𝐼2𝜉2 + 𝜉22 )𝑑𝑡. (7)

Because |𝐼2| = 1, we have

𝑃𝑋1𝑋2
= lim

𝑇→∞
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
(𝐼21 + 2𝐼1𝜉1 + 𝜉21 ) (1 + 2𝐼2𝜉2 + 𝜉22 )𝑑𝑡 (8)

= lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
(𝐼21 + 2𝐼21𝐼2𝜉2 + 𝐼21 𝜉

2
2 + 2𝐼1𝜉1 + 4𝐼1𝐼2𝜉1𝜉2 + 2𝐼1𝜉1𝜉22 + 𝜉21 + 2𝐼2𝜉21𝜉2 + 𝜉21𝜉

2
2 )𝑑𝑡. (9)

The white noise signals 𝜉𝑖(𝑡) follow a standard Gaussian distribution (mean 𝜇 = 0, standard deviation 𝜎 = 1), such
that

lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼21𝐼2𝜉2𝑑𝑡 = 0;

lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼1𝜉1𝑑𝑡 = 0;

lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼1𝐼2𝜉1𝜉2𝑑𝑡 = 0;

lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼1𝜉1𝜉

2
2𝑑𝑡 = 0;

lim
𝑇→∞

1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼2𝜉

2
1𝜉2𝑑𝑡 = 0;

Then, equation (9) can be rewritten as

𝑃𝑋1𝑋2
= 𝑃𝐼1 + 0 + lim

𝑇→∞
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝐼21 𝜉

2
2𝑑𝑡 + 0 + 0 + 0 + lim

𝑇→∞
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝜉21𝑑𝑡 + 0 + lim

𝑇→∞
1
𝑇 ∫

𝑇 ∕2

−𝑇 ∕2
𝜉21𝜉

2
2𝑑𝑡

(10)
= 𝑃𝐼1 + 𝑃𝐼1𝜉2 + 𝑃𝜉1 + 𝑃𝜉1𝜉2 . (11)

Notice that 𝑃𝐼1 = 𝜋2

3 according to equation (1) and 𝑃𝐼1𝜉2 = 𝜋2

3 because 𝐼21 is independent of 𝜉22 and 𝑃𝜉1 = 1 by
definition and 𝑃𝜉1𝑥𝑖2 = 1 because 𝜉21 and 𝜉22 are mutually independent. Hence, we obtain

𝑃𝑋1𝑋2
= 𝜋2

3
+ 𝜋2

3
+ 1 + 1

𝑃𝑋1𝑋2
= 2𝜋2

3
+ 2. (12)

For each 𝑓3 > 0 , 𝜀(𝜔) = 0 with probability 1 with respect to 𝜔’s distribution (𝜔𝑖 ∈ [0, 2𝜋)). According to
equation (5), 𝑃𝐼3 =

1
2 . Hence, equation (6) can be rewritten as

𝑃(𝑋3,𝜉3) = 𝑊 2
(1,2)𝑃𝑋1𝑋2

+ 2𝑊(1,2)𝜀(𝜔) + 𝑃𝐼3

= 𝑊 2
(1,2)(

2𝜋2

3
+ 2) + 0 + 1

2
, (13)
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which leads to the signal-to-noise ratio for channel 3 equal to

SNR𝑋3
=
(2
3
𝜋2 + 2

)

𝑊 2
(1,2) +

1
2
. (14)
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