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1 The partial results in Subsection 4.1
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Fig. 1 Under configuration Cg, each row correspodds to different values of w, 61, and ¢1. The first two
columns represent the results of two metrics, with the horizontal coordinates indicating dimensions.
The last column describes the variation of the determinant of the IMCD estimator with respect to
the number of iterations. Here, V, C, CI, B, and I stand for VPCA, CPCA, CIPCA, BPCA, and
IMCD, respectively.
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2 Continuation

of Figure 1.




2 Proofs for results

Leamma 2.1. The covariance matriz estimated based on (5) and (6), that is, & =
(Gjk)1<jk<p » is non-negative definite almost surely (a.s.), that is,

> >0, a.s..
Proof. First, for the estimated variance of each interval-valued variable, we have

n

~ 1 .
Gij = 5= > () +wiuis + (i)*) — 75
i—1
I « u u _
= (Q(yfj)z + Qyéjyij + 2(%‘]‘)2 - 6#?)
i=1
1 ¢ ~ ~ u -~ u ~
~ 6n Z (Z(yfj - Mj)2 + 2(?J§j — 1) (yi5 — 1g) + 2(y;5 — Mj)z) + Ay,
i—1

where A;; = (4y5jﬂj — 6;7? + 4y + Zﬁj(yéj + yluj)) — 6/7? Summing over the A;;
yields

Z Aij = Z (49575 — 6R7 + Ayl iy + 2715 (yh; + i) — 6113

i=1
= Z 671 (yl; + yty) — 1273

=1
_ Z 127 <y” ) 1272
= O.

Denote the estimated covariance matrix X as a sum of four matrices as follows,

22214—224-234-24,

~ 1 <&
21 <6nzz yzg /J’J)(yzk: /J’k?)>
1<5,k<p

o~ 1 & R R o I S~ w o~ o~
X3 = <6n D (s — ) (ke — M)) , B = <6n D20yl — ) (vl — uk)) :
1<5,k<p i 1<j,k<p

M»
no
Il
VN
gl-
M:

(vi; — 1) (s — ﬁk)) :
1<5,k<p



Let Zi = (yél_ﬁ17y7€2_ﬁ27 e 7y£p_ﬁp)—r7 Z};L = (y;ﬁ—ﬁhy;‘é—ﬁ% e 7y?p_ﬁp)—r7i =
1,2,--- ,n. Then, we have

For a nonzero vector 8 € RP, we have

BTEB=8T(Z+5,+335+%,)3

3BT el AT 2D+ )T 8
;=1

> 2 (BT + (BTADB T + (872

=1

1\ T2 T 13T u T uy2
z@gz(w )%~ 2|87 =!8 2! + (BT 21)?)
—i - 2 T T _u\2
=56 Z (|:3 zi| 18" z; |)
"=
>0, a.s.,
which completes the proof. O

Theorem 2.1. For any Hy C {1,2,--- ,n} with |[Hy| = h, if det(S(H;)) # 0, we
select Hy such that {d3(i),i € Ha} = {(d3)1.n, (d3)2in, -+, (d3)hen }, where (d3)1.n <
()9, < --+ < (d?)p.n Tepresent the ordered distances. In this case, det(f)(Hg)) <
det(S(H,)), and equality holds only if fi(Hy) = fi(Hs) and S(H,) = S(Hs,).

~

Proof. Firstly, it holds trivially if det(3(Hz)) = 0. We consider the case of
det(X(Hs)) > 0 and compute the distances d3(i),i = 1,2,--- ,n based on fi(Hs,) and



~

3(Hs). Then we have

% iEZH? d (i) = % lEZHQ(yf — (H))TS(Ha) " (y¢ — [i(H>))

- % Tr (Z (yi — ﬁ(H2)>T§(H2)_1(in — ﬁ(Hz))>

D S(H:) 7 i = (H:)) (y] — ﬁ(HM)

S(H2) ™" Y ((yh +yi)/2 — B(H2)) (v} + yi') /2 — ﬁ(Hz))T>
1€ Ho

~ 3p Tr (i(Hz)_l zEZH (y§ — n(H2))(yi — ﬁ(Hz))T>

S (H,) ™! Z (yi — B(Ha) + ) — i(H2))(y) — B(Hz) + y; — ﬁ(Hz))T> ;

i€Hy
(1)
with the notations in the proof of Lemma 2.1 , we can obtain

2 1 &
3 3 ) = g T (2<H2>1 S DT+ 2T+ 2T + zf(zmT)

€H, 1€Ho

BN 1
S GRS W i e e

(2)
where Tr(-) is the trace operation of the matrix. In the observation selection procedure

of the fast-MCD algorithm, % D i, d2 (i) = 1 is fixed for any k. Moreover, we have

h

A= g 3 ) = g S < 5o 3 ) = 1, (3)

i€EH> i=1 1€H,



where both the equality and inequality of the above equation hold due to the subset
H; being chosen based on pi(H;) and X(H;). On the other hand

A= g A = g 3 (v AH) TS0 — AH)

1€H> i€Ho
- % D (yf — B(Hs) + fi(Hz) — B(H) TS (Hy) ™ (yf — f(Hs) + fi(Hz) — B(H1))
iet

= %T&r (B0m)7'S(1)) + %(ﬁ(Hz) — f(Hy)) TS (Hy) "N (f(Hz) — B(HL))

>0,

where the last inequality holds because both 2(H;) and g(Hg) are positive defi-

. . . . . 2 . o~
nite and symmetric. Considering the distances d(ﬁ(Hl),AfJ(Hl))(Z) based on ji(Hp) and

~

3(Hy), it follows from (2) and (3) that

2 2 S\ 2 c -~ T 14 —1/,,¢c -~
% Z d(ﬁ(Hl),Aﬁ(Hl))(l) - % Z (yv - H(Hl)) Kz(Hl) (yz - /J'(Hl))

1€Ho 1€EH>
2
= > i)
3Ahp i€Ho
=1.

The Lemma 2.1 suggests that (f(Hs), i(HQ)) is the unique minimizer of det(A)
among all (v, A) that satisfy ﬁ Y icH, d%%A) (i) = 1. Thus, we have det(X(Hz)) <

det(AS(Hy)). Furthermore, from the inequality in (3), we have

det(E(Hy)) < det(AS(Hy)) < det(E(Hy)). (4

~—

As it follows from (11), det(Z(Hy)) = det(E(Hs)) if and only if both inequalities
hold. For the first, Lemma 2.1 suggests that det(3(Hs)) = det(AX(Hy)) if and only
if (fi(Hy), S(Hs)) = (fi(H,), AS(H,)). For the second, det(AS(H;)) = det(Z(Hy))
implies that A = 1. Combining both yields (fi(Hz), f)(Hg)) = (u(Hy), f](Hl))

O

Lemma 2.1. The optimization problem

min _ det(A),
YERP,AESY |

2
subject to — E d? i)=1
3hp = (%A)( )

has a unique minimizer (fi(Hy), S(Hy)), where St denotes the set of symmetric
positive definite p X p matrices.



~

Proof. From the proof of Theorem 2.1, it is clear that (fi(Hz),X(Hz)) satisfies the

constraint of the optimization problem. In the following, we prove that (f(Hs), X(Hs))
is a unique minimizer. Without loss of generality, we assume that p(Hs) = 0 and
E(HQ) = Ipyp. Given A € S_’;+, then there exist orthogonal matrix U and Ay > Ay >
-+ > Ap > 0 such that

A = Udiag(Ai, Ag, -+, \)U "
and det(A) = MAz--- Ay, ATl = Udiag(A\7", A", ) AU, Assume  that
(v,A) satisfies the constraint in the optimization problem and let w§ =

(Wi, why, -+, w,) T =UT (yf —~),i € Hy. First, we have

1 1 _
=Y wi== Y UT(yf =) =U"ji(H) Uy =-U"7,

h T h
i€ Ho i€EHo
and T
1 c 1 c) ( c 1 Z c)
" i 7 Z w; w; — -~ w;
h i€ Ho ( h i€Hy h i€Hy
1
=3 Z (w§+UT) (w§ + UT')')T
1€ Hy
_ 1 UT c UT c T _ UT 1 cl,c\ T U
1€Ho i€Hq (5)

3 1 C C C C
=-U" <6h > (i + vl (i +yu)T> U

1€ Ho
_ 3 T 1 cl,e\ T ci,c\ T c c\ T c c\ T
=3U <6h ; yi(wi) i) i) ()" | U
1€H>

3. 1a 3 3
= §UTE(H2)U = 5UTIU =51



Then we have

2 . 2 B
35 2o G @ =g > Wi =T AT G )

i€Ho i€ Ho

2 . . 1 - _ c
3hp Z (yi — 'y)TUd1ag()\1 g Az e Ap DU (yf =)
1€Ho

2 T .. 1o
== > (Ui =) diag(A\7h 25" ) (UT (g7 — )
pieHz
3h Y (Wi UTy=UT) diagA A5 ) (wi+ U Ty = UT)
1€H2
3h S (wi+UTy) Tdiag(Ay A - A D) (wf + U T)
i€ Hy
_2(UT7>Tdiag(A;1aA517"' 7)‘;;1)( +UT )
+ (U Ty) Tdiag(A LAY AT )

lii iz(UT ) (UT)
p 4 pr )\J 3hp Aj ’

(6)
where the last equality is due to (5), and i; denotes the index of the observation in
H, corresponding to the jth eigenvalue. Eq.(6) implies ZJ 1A < pif v #0. Using
geometric and arithmetic inequalities, we have

P P
)\1 +/\2 _|_..._|_)\p

det(A) = )\1)\2 . "/\p Z <

Thus any solution (v, A) with v # 0 does not minimize det(A). If ¥ = 0, then
. /\J ! = p, which implies that \; = Ay = --- = A, = 0 and therefore (0, I,x,) is
the unique minimizer. O
Theorem 2.1. For any interval-valued dataset Y C RP satisfying k(Y') < h with
p>1,
min(n —h+1,h — k(Y))

n

en(Biven, Y) = Gn(i\:IMCDa Y)=

Proof. Following the argument of Agullé et al. [1], which concerns the least-trimmed
squares estimation of the multivariate regression, we first prove that en(fllMcm Y)>
min(n—h+1,h—k(Y))/n. We show that there exists a value C, which only depends
on Y, such that for every Y’ = (y},yh,---,y,,)" obtained by replacing at most
m = min(n —h +1,h — k(Y)) — 1 observations from Y we have that f]iMCD < (h,

where f]iMCD is the IMCD estimator based on Y’. The matrix norm we use here is
|All = sup|qy=1/|Aul| where u € R? and A € RP*?. The f-norm of the matrix is

1/2
| Al = (Z” |A(z’,j)\2) . One should note that all matrix norms are topologically

10



equivalent on RP*9 that is, there exist constants C3,C3 > 0 such that Cs|| Al <
|All2 < Cs||A]| for all A € RP*4,

Let J ={J Cc {1,2,---,n} : |J| = k(Y) + 1} be the collection of all subsets of
size k(YY) + 1, we have that

Ca = inf A(S(J) > 0,

where f)(J ) is the covariance matrix estimated based on the observations with indices
set J and definite R
Cs = sup [S(H)|| < ox.
HeH

Let Hy be the optimal subset of size h corresponding to EAJiMCD such that EAJiMCD =

5 (Hz) where 5 (H2) denotes the empirical covariance matrix estimated based on the
h observations referenced to Hy from Y. Define C; as

=0 (Mm) ’

and suppose ||3/(H,)|| > C,. First of all, there exists a subset H; € H containing
indices only corresponding to data points of data Y. Using Lemma 5.1 in Lopuhaa
and Rousseeuw [2] and the properties of matrix norms it follows that

det(S(Hy)) = [[ M(E(H)) < M (E(H))? < CF. (7)

=1

Since m = min(n —h+ 1,h — k(Y)) —1 < h — k(Y) — 1, the set Hy contains
a subset Jy of size k(YY) + 1 corresponding to the original observations of Y. Using
Lemma 5.1 in Lopuhaa and Rousseeuw [2] we have

- 1
) =3 g 3 b)) T 4
i€ Hy

k Y 1 1 / !/ !/ ul ul /! ul ul
= ( S CeIERY R ST T )
k(Y
> 20, (6(k(Y1) .y ; (22i(20)" + 202 +20(=) + 21
- ML S
Cy(k(Y) + 1)
- h b

11

)

)



on the other hand,

~ 1 ; ’
(S (H)) = sup = 3wl (220/(0)T +2(2) T + 2 ()T + 22 (2) ) u > €,
lull=1 60 &

Ca(k(Y) +1) )p—l

(S (H2) 2 Ao (8 (1)) (8 () > € (P

by the definition of Cy. Together with (7) this implies det(3/(Hy)) > det(Z(Hy))
which contradicts the definition of 3/(Hy), so we conclude that | &/(Hs)| < Ci.

In the following we prove that en(fllMcm Y) < min(n—h+1,h—k(Y))/n. We first
show that En(ilMCDa Y) < (n—h+1)/n. Actually, if we replace n —h+ 1 observations
of the original data Y with arbitrary interval-values, then the optimal subset Hy of
Y’ contains at least one outlier, and we know that the least squares will explode even

with a single outlier. It then follows that also f)iMCD explodes. O

Theorem 3.1. For any Hy C {1,2,--- ,n} with |Hy| = h, projecting £(Hy) onto
the convex cone {® = 111} as (S(Hy)). Then, take Hy such that {d3(i),i € Hy} =
{(d¥)1m, (d3)2ins 5 (A hen }, where (d3)1. < (d3)2in < -+ < (d3)pn are the ordered
distances. Calculate [i(Hz) anc/l\i(Hg) and project SX(H,) onto the conver cone {© =
vol} as (3(Hz))4, then det((X(Hz))+) < det((X2(Hq))4)-

~

Proof. Tt follows from the definition of the projection estimator that (3(Hz)); must

~

be positive definite, that is, det((3(Hz))+) > 0. Before the proof, we first address the
value of Tr ((f](Hg))jrlf](Hg)) It is assume, without loss of generality, that 3(H>)

has the following spectral decomposition
S(Hz) = Podiag (M, A2, ks, Ap) Py

where Ay > Ay > -+ > ), are the eigenvalues corresponding to the eigenvectors in the
orthogonal matrix P. By the discussion in Section 3.1, we know that the threshold
value vo = max(\p, A\1/k). Without loss of generality, assuming that the last k eigen-

~

values in the regularized estimator (X(Hj))4 are replaced by the threshold vs, then
we have

(S(Ha))7! = Padiag(1/A1, 1/ Aa, -+, 1/ Apo1, L/va, -+, 1 /1) Py

In this case,

p
Tr ((E(Hz»;lE(HQ)) = Tr (Ppdiag(1, 1, -+, 1, Ak /v, -, Ap/02) Py ) = k=143 _ Xifvy = Tp.
i=k

12



We now define a modified Mahalanobis Distance based on fi(Hs) and (2(H2))+7

D3(i) = (y — A(H2))" (z;(i(Hz)M) (yi — m(H2)),i=1,2,--- ,n.

We compute those sorted distances D3(i),i = 1,2,3,--- ,n based on (Hz) and
(3(Hz2))+, then we have

s DR = 3 (u — ) (2R ) (o - )

i€Hy i€ Ha

= Tr | (E(Hy))7! Z((yﬁ+y%‘)/2—ﬁ(H2))((yf-+y%‘)/2—ﬁ(H2))T>
1€Ho

Tr ((E(Ha))f > (Yl - B(Hy) + y)' — B(H)) () — B(H) + y)' — ﬁ(Hz))T> :

i€Ho
(8)
using the notations in the proof of Lemma 2.1, we have

2 1 ~
d3(i) = —— Tr | (S(H))7! VAT 4 (2T 4 ()T 4 oz T
3T ; 20) = Gty << (H))7' D #(=h T + 2= +21(=) T + = (=)

S CCIERS I EARSIE ISR
1
= o T (B(H:) ' S() )
=1.
(9)
Moreover, we have
2 2 & 2
i 2o PR = 5 3 (Pen < 0 32 D3 (10)

13



where T} = Tr ((f)(Hl)) ;12(1{1)). Additionally,

2 2
= — D?(i) = —
3hp 1) 3hp

T -1
(¢ — G(H)T (S, ) (e — A(H)) > 0,
= y M <p +> y 1

1€Ho

~

where the last inequality holds because (X(H1))+ is positive definite. Considering the

~ -1
distances D? )(z) based on [(H;) and (%(E(Hl))+) , it follows

(A(H1), AT (S(H)) 4
from (9) and (10) that

2 2 N 2 c =~ Tl T & - c =~
T 3 D am sy O = g 0~ )T 5 (TECmL) (o - )

i€ H2 i€ Hy
2
= - D2(i
3ART, Z 1)
1€Ho
=1.

The Lemma 2.1 suggests that (ﬁ(H2),%(f](H2))+) is the unique minimizer
of det(A) among all (v,A) that satisfy ﬁZieHg D(Q%A)(z') = 1. Thus, we have
det(%(i(Hﬁﬁ) < det(A%(f](HQ)Q. Furthermore, from the inequality in (10), we
have

T o T o T o
det(—7(2(H2))4) < det(AHE(H)) 1) < det(—HE(H)+), (11)

and we can have det(%(i(HQ))Jr) = det(%(f](HQ).Q if both of these inequalities
are equalities. Since the condition number is relatively small, resulting in both % and

L2 being approximately 1, thus det((3(Hz))1) < det((S(H1))+).
O

Theorem 3.2 Let Hy C {1,2,---,n} with |Hy| = h, obtain the regularization
estimator S(H,) corresponding to (Hy). Then, take Hy such that {d2(i),i € Hy} =
{d) 1.0, (d)2ins -+ 5 (A2 nen }, where (d2)1.n < (d2)2in < -+ < (d3)pen are the ordered
distances. Calculate [i(H») and (Hs) based on Hs,and obtain its corresponding
regularized estimator $(Hy), then det(S(Hs)) < det(S(H;)).

The proof procedure is similar to that of Theorem 3.1 and thus omitted.
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