1. APPENDIX A

The coefficients of characteristic equation A6 + pi A% 4 paA* + p3 A3 4+ py A2 +
psA + pg = 0, in Proposition 3.1 are obtained as follows.

pr=B+C+E{+v+6m, (1.1)

pr=E+7+5m)(B+C)+BC+Ey+5Em+5ym+15m?2 +F, (1.2)

p3 = (£+m)(y +m)(B+m)+ (§+m)(y +m)(ar +m) + (§+m)(y +m)(az +m)
v +m)(az +m) + ((v +m)(B+m)(ar +m) — Bd b1 Soa1m)

B +m)(az +m) — B¢ d1 Soazn2)) + (a1 +m)(az +m)(as +m)

B +m)(az +m) — B¢ Soaznz) + (B +m)(a1 +m)(ag +m)

a1+ m)(as +m),
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(1.3)

pa = (£ +m)(y +m)(B+m)(ar +m) + (£ +m)(y +m)(B + m)(az +m)
+ 4+ m)(y +m)(B+m)(az +m) + (§ +m)(B +m)(ar + m)(az +m)
+ (€ +m)(B+m)(a1 +m)(as +m) + (£ +m)(B + m)(az + m)(as +m)
+ (v + m)(B+m)(ar + m)(az + m) + (v + m)(B + m)(az + m)(as +m)
+ (B +m)(aq +m)(az2 +m)(ag +m) + (v +m)(aq + m)(az + m)(ag +m)
+ (£ +m)(ag +m)(az +m)(az +m) + (£ +m)(y +m)(a1 +m)(ag +m)
+ (€ +m)(v + m)(ar +m)(as +m) + (§ +m) (v + m)(az + m)(as +m)
— B¢ 1 Soarm (§ +m) — B¢ 180 aama (§ +m)

— B¢ d1S0asns (§ +m) — By ¢ o2 Soarm — By ¢ d2.So azn

— By ¢ d2 S0 aznz — B 61 S0 parm (e +m) — 50150 parm(az +m) — B
X So ¢ agna(ar +m) — 561 So ¢ aama(ag +m) — 801 .So ¢ asnz(ag +m)

— 0180 ¢ aznz(az +m),
(1.4)



= (E+m)(y+m)(ar +m)(az +m)(az +m) + (£ +m)(y +m)(B+m)

X (a1 +m)(ag +m) + (£ +m)(y+m)(B+m)(ar +m)(az +m) + (£ +m)

X (B+m)(ag +m)(ag +m)(as+m)+ (£E+m)(y+m)(B+m)(az+m)

x (ag+m) + (£ +m)(B+m)(o1 +m)(az + m)(as +m) — B2 507 parm

X (g +m) — 30250y arni(az +m) — 32807 dagne(ar +m)

— B 0250y pagna(as +m) — B Soypazns(ar +m) — B2 S0y daznz(az +m)
— 30180 ¢y ni(§ +m)(az +m) — B 61 S0 ¢ arm(§+m)(as +m)

— B61 S0 p a1 mi(ae +m)(ag +m) — B61 S0 azna(§ +m)(ar +m)
— 0150 g azma(ar +m)(as +m) — 8015 ¢ aznz(§ +m)(ar +m)
— 0150 g aznz(§ +m)(az +m) — B1 Sp ¢ agnz(ar +m)(az +m)
— B61 S0 pazme(§ +m)(as +m),

(1.5)

pe = (m+ 1) (m+ az) (m +a3) (y +m) (§+m) (B+m)(1—Ro). (1.6)
Parameters B, D, E and G are defined in (3.3)-(3.6) and
C=a+as+ as,

50:77
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F =aoajas + ajaz + azas.

The basic reproduction number Ry can be written as follows:

R — B 150 p a1 m N B 6150 ¢ az o
0 (a1 +m)(y+m)(B+m) (aza+m)(y+m)(B+m)
B 0150 ¢ a3 s B 250 ¢y a1 m

(as+m)(y+m)(B+m) (a1 +m)(y+m)(B+m)(&+m)
B82S0 v agma(m? + ay m + azm)
(a1 +m)(ag +m)(az +m)(y+m)(B+m)(§ +m)
0250 ¢y a3 M3
(az +m)(y +m)(B+m)(§+m)




Since Ry < 1, we have
B 0150 ¢ a1 m
(a1 +m)(y+m)(B+m)
6150 ¢ aa o
(ag +m)(y+m)(B+m)
B 0150 ¢ a3 3
(ag+m)(y+m)(B+m)
Hence ps > 0. Similar to the above discussion, it can be shown that ps >

0, ps > 0. It is clear, the inequality A1 = p; > 0 holds. Ag and Aj are
obtained from the following relationship:

<1,

<1

<1

A3 = p3(p1p2 — p3) + p1(ps — P1p4);
As = p1’papspe + p1°P3paps — P1°Pa’ps
— p1p2°ps” — PLp2ps’pe + PLP2D3PADS
— p1°p6” + PLP2p5P6 — 2 P1P3P5P6
+ 2 p1paps” + P2p3ps” + P3°Pe — P3 Paps

— P3Ps5Pe — p53-

By using simple but long calculations, the inequalities A3 > 0 and A5 > 0
hold. To prove this proposition, we have used Liénard and Chipart and Routh-
Hurwitz stability criterion which are stated below.

Definition 1.1. The Routh-Hurwitz stability criterion states that for a system
having a characteristic equation as follows:

Pn()\) = pﬂ)\n +P1>\n_1 + ... +pn71)\ + Pn-

The Matriz
pp po O O O O : 0
p3 p2 p1 po O O S0
Hy = L0

ps P4 P33 P2 P11 Do

O 0 0 0 0 0 ' p,

is called the Hurwitz matriz, associated with P,()\). The main diagonal of
the matriz contains elements p1,pa,...,pn. The first column contains numbers
with odd indices p1, p3, ps, .... In each row, the index of each following number
(counting from left to right) is less than the index of its predecessor. All other
coefficients with indices greater than n or less than O are replaced by zeros. To
be asymptotically stable of system, all the principal minors of the H, must be



4

positive where the principle minors are as follows:

Ay = |p1]
) = ' p1 Ppo
p3 p2
p1 po O
Az3=|p3s p2 pm
Ps P4 D3

A, = |Hyl.

Note 2.1: It can still be difficult to calculate these determinants; however,
Liénard and Chipart showed that if all the coefficients in the characteristic
equation are positive (a; > 0fori = 1,...,n) then the system is asymptotically
stable if either

e Ay >0,A3>0,....
or
e Ay >0,A4>0,....



