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This Supplementary Information fills in several tech-
nical details omitted in the main text. In Sec. [S1] we de-
fine a Hermitian inner product on the state space which
guarantees the Hermiticity of Hamiltonians and physical
observables. In Sec. [S2] we present the detailed construc-
tion of the state space and prove the linear independence
of the basis states constructed in Eq. . In Sec.
we provide mathematical details on the 1D spin model

defined in Eqgs. (17419).

S1. PROOF OF HERMITICITY

We now prove our claim in the main text that the
Hermitian conjugate { can be consistently defined on the
states and operators such that e;rj =éj;,for1 <i4,5 <N,
which guarantees Hermiticity of Hamiltonians and uni-
tarity of quantum time evolution. To define the Hermi-
tian conjugate T of operators, we need to define a Hermi-
tian inner product (...|...) on the state space, and then
the Hermitian conjugate of an operator O is defined as
(U|01®) = (O¥|d), for any states [¥),|®). In the fol-
lowing we first show that such an inner product can be
consistently defined on the state space such that the in-
duced Hermitian conjugate 1 satisfies ejj = &j;, V1,7, and
then give a more explicit definition of this inner product.

To begin, we first notice that, with the CRs in Eq. @D,
the set of operators {é;; + €;;,9(é;; — €5;)|1 < 1,57 < N}
spans a closed Lie algebra uy = suy @ u; (over the field
of real numbers R), where the u; part is n = ZZ]\; €ii,
and the suy part is spanned by {é;; + &;i,1(é;; —€;:)|1 <
1< g < N} along with {é“ — éi+1,i+1|1 <i< N — 1}
We now invoke the following theorem whose proof can be
found in Ref. [I]

Theorem 1. For each representation p of a compact
semisimple real Lie algebra g on a finite dimensional C-
vector space V, there exists a Hermitian inner product
on V' such that all p(x)(z € g) are Hermitian.

Since suy is a compact semisimple real Lie algebra,
Thm. [I] guarantees the existence of a Hermitian inner
product such that {&;; + é;;,1(é;; — €;;)[1 <i < j < N}
and {é;; — é;i+1,i+1|1 <i < N — 1} are all Hermitian, as
long as the state space is finite dimensional. But even if
the state space is infinite dimensional, we will see later
that the full state space can always be decomposed as
a direct sum of finite dimensional irreducible represen-
tations (irreps) of suy, and Thm. |1 still applies to each

irrep. As for the uy part, since n is proportional to the
identity operator in each irrep, with the proportional-
ity constant being the total particle number, it follows
that n is also Hermitian. Since Thm. [1] implies that
Gij + 50 = el + el and ey — é) = —i(el; — &),
it follows that ézj =éj, forall 1 <4,7 <N.

The Hermitian inner product on the state space can be
defined more explicitly as follows. The state space con-
structed in Egs. decomposes into a direct sum of
different particle number sectors, and 7 is proportional to
identity in each sector. Each particle number sector fur-
ther decomposes into a direct sum of irreps of suy. We
set (U|®) = 0 if |P),|P) lie in different irreps (i.e., in-
equivalent irreps or different copies of equivalent irreps)
of suy. In this way, n is automatically Hermitian (in-
deed, it is real and diagonal) and the problem reduces to
defining (...]|...) within each irrep of suy.

We now show that within each irrep, the inner product

between any two states is uniquely determined (up to a

multiplicative factor) by the requirement éj- = &j3, Vi, J.

We show this in the framework of highest weight the-
ory [2]. For every finite-dimensional irrep V of a finite-
dimensional semisimple Lie algebra g, there exists a
unique (up to a multiplicative constant) highest weight
vector |A) (a |A) that is annihilated by all positive root
operators é,|A) = 0), and all other weight vectors |A’)
in V can be constructed by applying negative root oper-
ators on [A), i.e. |A’) =[], é—al|A), where the product
is over some ordered set of positive roots. For the case
of suy, positive root operators are {&;;|]1 <i < j < N},
negative root operators are {€;;|]1 < i < j < N}, while
{€i; — éi41,i41|1 <i < N —1} spans the Cartan subalge-
bra. Without loss of generality we can assume (A|A) = 1.
Then for any two weight vectors |A1),|As) € V, their in-
ner product can be calculated as

(M]Az) = TJ(AlET se—alr)
a,B

= (A[]] ésé-alA), (S1)

a,B

and the last line can be calculated by using the CRs
between ég and é_, (to move all the positive root oper-
ators ég to the right). Notice that there may be several
different ways to represent [A; 2) in the form []  é_,|A),
and consequently there are different ways to compute the
same inner product (A;|A2). Thm. [I| guarantees that all
the different ways of computing (A1|A3) give the same
result.



S2. MATHEMATICAL DETAILS ON
STRUCTURE OF STATE SPACE

In this section we present the detailed construction of
the state space on a rigorous mathematical level, and
prove several claims we made in the main text. Specifi-
cally, we will (1) rigorously define the state space and the
action of @fb on it; (2) prove that the basis states con-
structed in Eq. are linearly independent [Note the
difference between the objectives (1) and (2) and that
of Sec. the latter studies the structure of the state
space as a representation of the Lie algebra generated
by the é;;s, which tells us the action of é;; on the state
space. However results of Sec. [S1] do not define the ac-
tion of 1[)?%, and they do not tell us how to determine the
structure of the full state space (e.g. the exclusion statis-
tics and the partition function) from the R-matrix. The
objectives (1) and (2) in this section solve these issues
rigorously.]. We will also show the relation between the
second and the first quantization formulation.

We begin by introducing some notations. Denote by
Xpr v the unital associative algebra over C generated
by {1/) o1 < i < N,1 <b < m} modulo all the re-

latlons in Eq. Define XR y as the (unital) subal-
gebra of Xr n generated by all the creation operators
{’(/Ji_b|1 < i < N,1 <b < m}, and similarly Xp N
the’(unital) subalgebra of Xr y generated by all the an-

nihilation operators {¢ bl <E<N,1<b<m}.
An important observation is that the algebra Xr y can
be obtained from Xr ; as

Xr.N = XnxR1, (52)

where II X R is the direct product R-matrix defined as

(MR R)EP = ;i?]lRCd’ (S3)
where we group the spgtial index ¢ = 1,2,..., N and
the internal index a in wfa into a single collective index:
A = (i,a), B = (5,b),C = (k,c) and D = (I,d). II acts

on the spatial part defined as II}}, = d;0,, and R acts
on the internal part. It is straightforward to check that
IIXR constructed this way also satisfies the YBE Eq. .
and Eq. (S2)) can be checked by comparing the deﬁnlng
CRs of both sides. For this reason, in Secs. and
we focus on the algebra Xr = Xg 1, but keep in
mind that any claim we make on X' applies equally well
to Xr,n by using the product R-matrix IIX R. We will
omit the mode labels 7, j and simply write Q/A}(:Lt when there
is no confusion.

A. Existence and uniqueness of vacuum state from
physical requirements

For the theory to make physical sense, the spectrum of
the total particle number operator n should be bounded

from below. This means that there exists at least one
state |nmin) with the smallest eigenvalue nmyi, of 2. Since
1&; decreases the eigenvalue of n by 1, the minimality
of nuyin requires that zﬁa’ [7min) = 0, Va, since otherwise
1[); ["min) would be an eigenstate of 7 with eigenvalue
Nmin — 1 < Nunin. Therefore n|nmin) = >, V7 [Mmin) =
0, i.e., nmin = 0. We call this state the vacuum state,
denoted by |0).

It can be proven that in an irrep V' of Xg, the vacuum
state must be unique. Here is a sketch of the proof by
contradiction: assume there exists two linearly indepen-
dent vacuum states, say |0),|0') € V. Then Vy = X}(0)
would be invariant under the action of Xg. To prove
this, it is enough to show that V4 is invariant under all
the generators z/?ff of Xg: 1/3; leaves V} invariant since
@j)ﬁg C X}, while @;X;{ C Xgiﬁa_ + X according to
the first relation in Eq. @, S0 1/3;‘/0 C Vp. Therefore, Vj
is a subrepresentation of V. Furthermore, |0") ¢ V; since
the only state in Vj annihilated by # is |0). Therefore,
Vo is a proper subrepresentation of V', contradicting the
irreducibility of V.

B. The state space generated by |0) and {1/;;r}

The algebra X'g is the special case of the quantum Weyl
algebras (QWAs) A,,(R) studied in Ref. [3] with ¢ = 1,
by identifying 2, with ¢ and 8, with ¢);, and Thm. 1.5
in Ref. [3] provides the rigorous mathematical foundation
for the construction of state space:

Theorem 2. (Thm. 1.5 in Ref. [3]) There is a vec-
tor space isomorphism Cr({}) @ Cr(y) =2 Xg, where
CR<77/;(1+> is the unital associative algebra generated by
{1 < b < m}, subject to the second relations in
Eq. @, and similarly (CRWAJG*) is the unital associative

algebra generated by {1/;;\1 < b < m}, subject to the
third relations in Eq.

This theorem extends the simpler fact that, as a vector
space, XR is spanned by X7t 5 ®X g, since for any monomial
Of% a"'awmawl 7"'71/) in Xr (eg w 770 Q;Z) wd) one
can always use the first relation in Eq. to “normal
order” all 1/J+S to the left and 7,/} s to the right, leading
to a sum of terms, each with at most m creation and
m annihilation operators. The non-trivial aspect of this
theorem is that X7 = Cr(yF), and X = Cr{iy), ie.
the relations in the first and third lines of Eq. (6) do not
imply any additional relations on the 1&2‘5 other than the
second line in Eq. (6)). See Ref. [3] for a detailed proof.

We now construct the state space as the representation
space of Xp, defined as the canonical left Xgr-module
U = Xr/[>, Xrty] (ie. the left Xp-module generated
by a vacuum state |0) satisfying the relation ;]0) = 0
for all @). Then Thm. |2 immediately implies that (see
the comment at the end of Sec. 1 in Ref. [3]), as a vector



space, U = Xg|0) = X;|0) = Cr(y}). Furthermore,
Thm. 3.2 of Ref. [3] proves that the representation U of
X is irreducible, and our discussion in Sec. [S2 A]implies
that it is the only irrep of X'z with the spectrum of n
bounded from below.

In the following we find a basis for the state space
U = X;1|0). We use the eigenvalues of the particle num-
ber operator 1 to decompose U into a direct sum of
eigenspaces of n: U = @, ~,P,. Each subspace U,
is spanned by states with fixed particle number

‘l]n—span{w 7,/1+ 0)1<a; <m,j=1,2,...,n}.
(54)
Notice, however, due to the CR in Eq. , the states

defined in the RHS of Eq. are linearly depen-
dent. For example, the state ¥4, |0) is the same as
>ed R%d}jﬂ;ﬂ@. A linearly independent basis for 2,
is established by the following theorem:

Theorem 3. The states {|n, @)}, defined by Egs. (@F
@) (for the case N = 1) form a complete linearly inde-
pendent basis for 0,,.

We now sketch the proof of Thm. [3] Following our
discussion in the previous paragraph, the n-particle space
2, of a single mode [defined in Eq. (S4)] can be identified

with (C%L) (1), the subspace of Cr(ih]) spanned by all
degree n monomials in ¥}s. So it remains to be proven

that (ng) (1F) is isomorphic (as a vector space) to the
space of solutions ¥,, ., to Eq. . For convenience,
we define a product vector space 2 = a®", where a is an
m-dimensional vector space with basis {vi,va,..., 0}
The tensor R’lel’ defines a linear map R in the product
space a ® a as R(ve @ vg) = Y., R%v, ® vp, and this
action is extended to a®” as

1®..0 1

R, .
WL ) G-1)

R ® 1 ®...91. (SH)
(4,5+1)  (§+2) (n)

Furthermore, we can associate a tensor ¥,,  ,, to a vec-
tor in a®” through =3 0 Yar .V ®Va, ®...®

. Then Eq. ( is equlvalent to

Rjit1P =V (ina®"), j=1,2,...,n— 1. (S6)

In short, we need to prove that Cg)@/}j) is isomor-
phic (as a vector space) to the common eigenspace (with
eigenvalue +1) of all R; ;1. We have, as a vector space,

a®n

CR () = ——
B2 (1 - Rjji1)a®n

1%

; (S7)

since C R(ﬁ[j) is, by definition, isomorphic to the quotient
of the tensor algebra T'(a) over the quadratic relations
Ra®a) = (a®a) [4], where a is an m-dimensional
vector space. We now prove the following lemma:

Lemma 4. Let Ry, Rs,..., Ry be Hermitian matrices
satisfying RJQ- = 1,7 = 1,2,...,k, acting on a vector

space V. Then

v

@)_,(1 - RV
(58)

Proof. For a Hilbert space H, and a subspace H; C H,
the quotient space H/H; is isomorphic to the orthogonal
complement Hi-. Therefore we have

span{|Y) € V | R;j[¢) = |[¢),1 < j < k} =

V k
@;_,(1—R;)V @1 )
k
= (@ - Rry)VI*+
j=1
k
= (1 + R;)V], (S9)

1

J

where in the second line we used (Vi @ Vo)* = Vi- NV,
and in the third line we used the fact that R; is Hermitian
and all its eigenvalues are +1. Note that (1 + R;)/2 is
the projector to the eigenspace of R; with eigenvalue +1,
therefore, the last line of Eq. (| is the same as the LHS

of Eq. ( . O

Although the R-matrices in our models are not always
Hermitian, there always exists a Hermitian inner product
on the space 2 = a®" with respect to which the matrices
{Rj’j+1};-7‘;11 are all Hermitian. This is because any finite-
dimensional representation of a finite group is isomorphic
to a unitary representation (Theorem 4.6.2 in Ref. [5]),
and in our case the matrices {Rj7j+1}?;11 generate the
finite group S, (notice that if R; ;41 is unitary then it is
Hermitian since R? .., = 1). Therefore Lemma [4] still
applies, implying that the RHS of Eq. lS isomorphic
to the common eigenspaces of {R; ]H} ! defined by
Eq. . This concludes the proof of Thm

C. Many particle state space

We now prove that the states defined in Eqgs.
form a linearly independent basis for the many particle
state space X 1{ ~0) for any positive integer N. We need
the following lemma:

Lemma 5. There is a vector space isomorphism Xp n =
XgN. In particular, Xg is isomorphic to the subalgebra
of Xr N generated by {Q;Ziaﬂ < a < m}, for any a €
{1,2,...,N}.

Proof. By Thm. ' we have (as vector spaces) Xp =
Cr(v})®Cr(¥, ), and Xp,n = Crggr(dd) ®Crmgr (v, ),
so we only need to prove that (as a vector space)
Curp(¥)) = Cr(@F)®N. This can be proven by in-
duction on N, where the induction step N — N + 1 can
be proven in a similar way as Thm. Alternatively,



it is straightforward to show that hpggr(z) = hr(z)Y,
and since for every R-matrix, dim Cr(¢)}) = hp(1), we
have dim Cpgg () = hr(1)N = dim Cr(4] )@V, so as
a vector space, Crmpg (17) = Cr(ih)ON. O

While Lemma [5| seems natural, the non-trivial part is
that the CRs @ involving any other modes z/?fa (with
j # i) do not give rise to any additional algebraic rela-
tions on {w |1 < a < m}. Thisis arigorous justification
that dlfferent modes are mutually independent. Lemmalj|
along with Thm. |3]immediately imply that the states de-
fined in Egs. form a linearly independent basis
for X 1‘{ ~10).

D. The relation between the second and the first
quantization formulation

We now show the relation between the second quan-
tized formulation of parastatistics and the first quantized
wavefunction formulation. To this end we first show
the relation between the R-matrix R and the coeffi-
cients (R;)’ appearing in Eq. (3). Let the index I (and
similarly for J) be a collection of n auxiliary indices
I =(a1,aq,...,a,) labeling the basis states of a product
vector space 2 = a®" (the internal space of wavefunc-
tions), where the basis of a is {v1,ve,..., v} Now let
(R;)% be the matrix element of the linear mapping R; j+1
defined in Eq. . With this choice of R;, Eq. be-
comes (take n = 3 and j = 1 for example)

Parazas (x27 1, $3) _ Z Rglla; \Pblbzaa (1.1’ T, .Tg).
b1,b2

(S10)
Then all the relations in Eq. reduce to Eq. . An iso-
morphism between the space of n-particle wavefunctions
in the first quantization formulation and the subspace
of n-particle states in the second quantization formula-
tion is defined as follows: each m-particle wavefunction

Ul(zy,...,z,) satisfying Eq. . [with the R-matrix in
Eq. . corresponds to the n-particle state
|y = Z Uy, .z o -] L 10),
Ixq,...,xyn
(S11)

That Eq. indeed defines an isomorphism between
the two vector spaces can be seen as follows. Note that
Eq. ( and Eq. . for the case N = 1) Wlth the R-
matrlx H@R is the same as Eq. (3)) and Eq. (S11)) with the
R-matrix R, respectively. Then Thm. 3] apphed to the
algebra Xnmp = Xr,n shows that a linearly independent
basis for the space of n-particle wavefunctions satisfying
Eq. correspond to a linearly independent basis for
the n-particle subspace 2,, of the Fock space Xﬁ'g rl0) =
X]};N|0> via the relation Eq. , thereby establishing
the isomorphism.

S3. DETAILS ON THE 1D SPIN MODEL AND
THE MPO JWT

In this section we provide mathematical details on the

1D spin model defined in Eqs. (17419).

A. DModel definition for an arbitrary R-matrix
We first define the local spin operators {#7 a,yZ )
that appears in the Hamiltonian in Eq. (17)), for any given
R-matrix. They are constructed to satisfy the following
algebraic relations (we omit the site label 4 since they all
act locally on the same site)

Ja 0 = Z RESGT 57 + Oab

T dn
045 = Z R I 04

P G~ A
Ya Yp = 2 :Rdcyc Ya

c,d
b, dyf = Z RG2Yd, + Oa
o E dCA + 4t
Lo Ty = Rba cTq

Ty, = g R difi;

Eoo Gy ] =0, 1=0. (S12)
While these CRs superficially resemble the CRs between
paraparticle operators in Eq. @, the difference is that
the spin operators here are strictly local in that they
commute on different sites, and therefore are in principle
realizable, while the paraparticle operators are generally
non-local operators. These CRs are shown graphically in
Fig.[52

We now define a local Hilbert space and a matrix
representation of these local spin operators. Notice
that the first three CRs in Eq. are exactly the
same as in Eq. @ for N = 1, therefore we can take
U = XF|0) = Cr(y}) to be the local Hilbert space
of the spin model [6], where the action of {§F}™, is

defined by §E|W) = F|V), V|¥) € Y. The action

of {&}7, on U is defined by & (v, ... 0y 10) =
¢b1¢b2 . wb 1P+|0> € X+|O> for any ¢;r11/};; . ¢b+ 0) €

X70).  The action of {#;}™, on U is defined by
z, (1/32'11% .. 1/);; 0)) = &, &) & xbl |0), where it is

understood that the RHS is snnphﬁed by moving Z_ all
the way to the right using the fourth relation in Eq. -;
for example, & (¢ 12}+|0>) E510) = (Sacdy +
Zd Rg?$$)|0> ( ac¢b + ZdR 1/)d )‘0> S }i‘0> It is
straightforward to check that the action of {&#F, gF}™
defined this way satisfy all the relations in Eq. (S12)).
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FIG. S1. The action of the operators 2, yf and 7 on the ba-

sis states |0), {|1,b)};%, |2), for the spin model corresponding
to the R-matrix in Ex. [l

Furthermore, we note that this definition implies the ad-
ditional CRs

(S13)

The Hilbert space of the whole system with N sites in
total is W&V, and {&7 a,ng £ 1m | act locally on the i-th
factor space as described above.

We can give the matrix elements of {#F, §F}™ ; more
explicitly for the R-matrices given in Tab. [ One finds
that for the R-matrices in Ex. [T and Ex. [2] the corre-
sponding spin models are simply m decoupled chains of
1D XY models (up to an on-site unitary transformation).
The spin model for the R-matrix in Ex. [3| has been pre-
sented in the main text. For the R-matrix in Ex. [} the
local Hilbert space U is m + 2-dimensional, with basis
states |0), {|1,0)}}",,]2); the non-zero matrix elements of
G are gr10) = [La), g, [1,6) = dap/0), 57[1,b) = coof2).
and g, [2) = Zb Aap|1,b); and the non-zero matrix el-
ements of #F are 27(0) = |1,a), 27|1,b) = du|0),
FH1,0) = cba\2>, and Z,(2) = Y, Mall,b). The action
of the operators xii, g}li and n on the orthonormal basis
states are shown in Fig.

The spin model Hamiltonian in Eq. is not Her-
mitian for the R-matrix in Ex. [4] for m Z 3 [7], since

it # (&), 95 # (97). However, H is parity-time sym-
metrlc [8 9] and therefore has real eigenvalues and gen-
erates unitary time evolution. To be precise, let P be the
parity operator that generates the chain reflection sym-
metry, and let T" be the time-reversal symmetry, which, in
our spin model, is simply complex conjugation. Using the
explicit representation of the matrices )\ab, Cqp In Tab. |I|
and footnote [I0], we see that A%, = g, ¢ty = cpa, and
therefore, the time- reversal operation T" simply swaps the
operators #F ¢ ¢ in the Hamiltonian H, which can
subsequently be undone by P. Thus, H is invariant un-
der the combined operation PT, and all eigenvalues of H
are real (as already seen from the exact solution of the
spectrum).

o q . . R
<‘h|ya ‘q2> :aﬁqz y(;'_:a T,= I>a JJ;FZ %a
(Dg, @ )

EEERER
2T RN

FIG. S2. Graphical representatlon of the CRs between the
local spin operators {Z, 4} 1 in Eq. ( - The matrix
elements of each operator {xf, Ya }a 1 is a tensor (represented
by the triangles) with two quantum indices (e.g. the indices
g1 and ¢2 shown in figure) and one auxiliary index (e.g. the
index a), and the R-matrix (represented by a square) is a
tensor with four auxiliary indices. Matrix multiplication goes
from top to bottom in the quantum space and from left to
right in the auxiliary space.

%i:i ( $o-58
Séb}b* <i}b a$b
4>b 1.

+

q2

FIG. S3. Graphical representation of the CRs between the
local spin operators S%°, 7% and {a:a JIET,.

B. Generalized Jordan-Wigner transformations

We now prove that the emergent paraparticles cre-
ation and annihilation operators defined by the MPO
JWT in Eq. ( . ) do satisfy the parastatistical CRs in
Eq. @ and the spin Hamiltonian in Eq. (17)) is mapped
to the free paraparticle Hamiltonian in Eq. (19). An im-
portant first step is to prove the algebraic relations be-
tween the local spin operators $*, T and {&F 9Fym
as shown graphically in Fig. For the R-matrices given
in Tab. [l all these relations can be explicitly checked
by hand, but to prove them for an arbitrary R-matrix,
we need to use some techniques of representation the-
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FIG. S4. The graphical proof of relations (S2.2) (right panel)
and (S2.5) (left panel) in Fig.

ory. Here we show the proof of relations (2) and (5) as
examples, while others can be proven in a similar way.
First, it is stralghtforward to verlfy that the operators

S+ = Z $1ay2a7 - Z $1ay2a7 S = (nl - nQ)/2
form a representation of the sly Lie algebra. This can be

checked by direct computation using Eqs. (S12}S13]). In
addition, we have [S*,&5,] = 0 and [$%,i5,] = #5,/2,
so under the adjoint action of this sly, 5, is a highest
weight state with S% = 1/2. The only finite dimensional
representation of sly corresponding to this highest weight
state is the spin-1/2 representation, in which we have
(57,187, i5,]] = 0. Relation (5) in Fig. can be proven
by expanding this equation and using the fifth relation
in Eq. , as shown in the left panel of Fig. Then
relation (2) can be proven from relation (5) as shown in
the right panel of Fig.[S4] using tensor graphical manip-
ulations.

With all those relations shown in Fig. Eq. () can
be proven. For example, in Fig. [S5| we show the proof of
the first parastatistical commutation relation in Eq. @
for the QZJZia defined in terms of the spin operators in
Eq. and the algebraic relations in Fig. Other
relations in Eq. are proven in a similar way. Further-
more, one can insert Eq. (| into Eq. ( . ) to reproduce
Eq. ., using the last two relations in Flg and a
similar graphical manipulation as in Fig. This proves
the exact mapping from the 1D spin model to free para-
particles.
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FIG. S5. The graphlcal proof of the first relation in Eq. @
using the definition of ¢ in Eq. ( and the algebraic rela-
tions in Fig. [S3]
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