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D.1. Polynomials as solution of the angular part of the Laplace equation in the SOS
coordinates

It was shown in the previous main text that s=fs/hg function is a basis for the found simple
solutions of the angular part of the Laplace equation in the SOS coordinates for K4=0 and 1.
Moreover, fs/hg function becomes sin(v) in the limit u=0. At the same time, it is known that
powers of sin(v) form (within the Legendre polynomials) the solution of the Laplace equation in
the spherical coordinates. Therefore, we test if the angular part of the Laplace equation in the
SOS coordinates for various Ky could be written generally in the form of Legendre-like
polynomials, which employ fs/hg (i.e. the generalized sine divided by the metric scale factor of R
coordinate) instead of the standard sine as an argument, i.e.
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Here ¢; are unknown constants, which ratio we are looking for, and B4, B, (B22B1) are some
integer numbers determining the number and power of the solution terms.

The angular part of the Laplace equation (see (68) in the main text) can be — with this model —
written in the form
d?F pp, (s)

[(A+w-s?I[A+w? —ps?lmgg— + s[-CBu+ 21 +w) + 21 + WKg + 3 -

dF 4., (s)
2K )P + Kal(Kg = 2)us? + (1 + Ky + (1 + 1) |Bag, ()| = 0 , (D2)



Calculation of the first derivative of the model function leads to
M _ v iej—1
= |2y s = 22 qis ™t L (D3)
The second derivative can be then written as

d%Fap,(s) _ d [dFap,(s) .21l _ B . i
Al = ST = 2, s = 20 G - sT (D4)

Then, we insert Fyz,(8) and its derivatives to (D2) with the following result:
[(1+ ) = 520 + )2 — s SR GG ST + s[-(3u +2)(1 + ) + 2u(1 + WKy +
13— 2K)s”| BREp QST + Kal(Ka — Dus? + (1 +0Kq + (1 + 2| BiZ 80 = 0, (D5)
By expanding, we get
[+ % = A+ 20 + p)s? + s BRE GG =D + [(—(Bu+2)(1+ ) +2u(1 +

IDKg}s + (3 — 2K,)s® | BHERNGISIEE + [Ky(Ky — 2)ps? + Ka{(1+ Ky + (1 + 1)) EENGSI =
0 . (D6)
In a series of subsequent steps of expansion and simplification, we receive

[ +wP 22, 6iG - D772 = A+ 20U+ W B2 G — DsI2 2 +u B2, i -
1)s/72 4] + [{ Gu+2)(1+p) +2u(1 + u)Kd}Z] 25, CiJsT s + u(3 — 2Kq) Zgi LCfsT! 53] +
[Kalka = D X2, 6557 + Kol + Ka + L+ 0B B2 ] =0, (07)

[+ w22, i —DsI2 = L+ 2 A+ W I G — DT +uE2, i - 1Ds72] &
[(=Gu+ 201 + ) + 2p(1 + DK T2y cjsT + 13 — 2K0) £2 5 €572 | o [Ka(Ka —
DuEfg 657 + Kal(l+ WKa + L+ W22, gsi| =0, (D8)

|+ w382, i - D72 & [~ + 20+ B2 G = 17 +{-GBu+2)(1 +p) +
20(1 + WK B2, ciisT + Kal(L+ WK + A+ WA E2 ¢sT| J (1225, G — DsT*2 +
W3 —2K) B2 ¢ijsT2 4+ Ka(Ka = D)2y 657+ = 0, (D9)

[(1 + w35, G- 1)sf‘2] + (14 [—(1 +2w) 25 i — DT+ {-Bu+2) +
2uKd}Z, 5. CisT + KalKg + L+ W} 22 B gs’| +
I [Zfﬁgl i — s/t + (3 - 2Ky) Z]-Z ¢ijsTt? 4+ Ky(Ky — 2) Z] 25,6 sf”] =0 , (D10)

[+ 82y GG~ D72 & A+ [~X2p 1+ 206G — Ds + 52, (~Gu+2) +
2uKg)cijst + 225 KalKa + (1 +wle;st| & w225 i = D72 + 224 3 - 2K )gjs7+? +
S5 Ka(Kq = 2)c;8%7| =0, (D11)

[ +wP 22, ¢iG - D72 (U +w) [2725 [~ + 206G — 1) + {~(Bu + 2) + 2uKq)ej +
KalKq + (1 + Yg]s] # 1 [272, [iG = 1) + B = 2Ka)eyj + KoKy — 2)gi]s*?| =0, (D12)



A+wP %2, i —DsT2 F A+ w X2, l(—(1+2m)j% + (1 +2m))) + {~Bu+2) +
2uKq}j + Ka{Kq + (L + 3]s/ + HZ] 25, GlG% =) + (3 = 2Kq)j + Ka(Kq — 2)]s/** =0, (D13)

A+ 22, i —1Ds/2 [+ (1+u)2, g, Gl=(Q+ 2w + {1+ 2) — Bu +2) + 2uKy}j +
Ka{Kg+ (1 + }s’ 1+ yzjzﬁl ilj? + (=143 — 2Ky)j + K4(Kg — 2)]s’*?> =0 , (D14)

1 +w? Zfi[gl G —Ds/2 + (1 +w) Z, g, Gl= (1 +2w)j% + {2uKy — (1 + )} + KafKy +
1+ mwils’ + MZj:/;l ¢ilj? +2(1 = Kg)j + Kg(Kg — 2)]s/*2 =0 , (D15)

Z, 2 G(L+ %G - Ds/™% & 2‘.] 2,6 (1 + W[-1 +2w)j? + {2uKy — (1 + WY + KafKq +
(1 + )}]s%s/ 2 Z,-z,;l culj?+2(1 = Kpj + Kq(Kq — 2)]s*s’"2 =0 , (D16)

225 {+ 3G — DF A + [~ + 212 + 2Ky — (1 + Y + KylKq + (1 + )]]s2 [+

uli? +2(1 — Kp)j + Ky (Kg — 2)Is*}s’2 =0 . (D17)
This is the angular part of the Laplace equation in SOS coordinates when (D1) polynomial is used
as a solution model.

First, test the case when u is equal to zero (u=0), i.e. the pure spherical case. Then the last term
in (D17) equals to zero and we have the reduced equation:

S i — 1D+ [-j% —j + KglKq +1]]s?}s/2 =0,  (D18)
If we select B,>PB; (it could be done equwalently in an opposite way, only the counting direction
would change), it can be seen that the term with the pre-factor j(j — 1) is always the term with
the lowest power when j is equal to B;, and — moreover — it cannot be compensated by any
other term as no other has that low power of s. Therefore, this term has to be zero for j equal to
B1. This restricts the bottom limit of the sum (i.e. B;) to either 0 or 1. We conservatively select
B,=0
Further, it can be seen that the term with the second power in s will always give in the sum the
term with the largest power in s when j is equal to B,. Moreover, it cannot be compensated by
any other term as no other has that large power. Therefore, the pre-factor has to be zero itself
(in order the particular cg, could be nonzero). Then

—B,% — B + Ky[Kg +1] =0 . (D19)
It can be easily shown that two possible values of the upper limit B, exist in case u=0:
B2=Kq or py=—-(Kz+1) - (D20)

According to our condition B,2B;, and as we found that B; is zero, therefore K4 has to be a
positive integer or zero in the first case, while it has to be a negative integer in the second case.
The first case equation is thus

it cliG =D + -2 —j + KalKg +1]]s3}s'2 =0, (D21)
while the second case equation is

Yo GG — D+ [-j% - + KalKq + 1]]s?}s/2 =0 . (D22)
When we substitute K’4=—(Kq+1) to the second case, i.e. K’y is positive integer or zero, we obtain



S GUG = 1)+ [=2 —j + [Ky + 1KsDs72 =0, (D23)
which is formally the same relation as the first case (D21), only the transformation between the
variables K’q and Ky has to be taken into account when solving the the full Laplace equation (i.e.
also the radial part). This findings lead to the well-known result for the spherical case which
allows both the positive and the negative integer exponent for the radial coordinate in the
solution of the radial part of the separated Laplace equation, and thus both solution for the
interior region and for the exterior region up to infinity.

Now, we come back to the general case, i.e. to nonzero value of the parameter u (u#0), and
thus to the solution in SOS coordinates. Situation is here significantly different than for the
spherical case, as the term with s* in (D17) is now non-zero.
It can be seen that the term with the pre-factor j(j — 1)(1 + )3 in (D17) will be always the term
with the lowest power when j is equal to B1, and — moreover — it cannot be compensated by any
other term in the sum as no other has that low power. Therefore, it has to be zero for j equal to
B1. Similarly, this term cannot be compensated by any other term (as no other has that power of
s) also for j equal to B1+1. This restricts the bottom limit of the sum B4 to 0. In such case (f:=0),
both abovementioned terms are zero thanks to the pre factor j(j — 1). Thus, we select B1=0 in
what follows.
Further, it can be seen that the term with the fourth power in s will always give in the sum the
term with the largest power in s=fs/hg when j is equal to B,. Moreover, it cannot be
compensated by any other term in the sum as no other has that large power. Therefore, the
pre-factor has to be zero itself (in order the particular cg, could be nonzero). It can be easily
shown that in order to fulfill
ulBs +2(1 = KB, + K4(Kg —2)] =0,  (D24)

the roots has to be B,=Ky or B,=K4-2. Moreover, it can be seen that the term with the fourth
power in s in (D17) will always give in the sum the term with the second largest power in s when
j is equal to B,—1. It cannot be compensated by any other term as no other has that power. It
can be easily shown that, in order to fulfill

ul(Br —1D? +2(1 - K)(Bo — D + Kg(Kg —2)] =0, (D25)
then the roots has to be B,=Kyt1, or cg,-1 has to be zero. As the roots for the abovementioned
cases j=B, and j=B>—1 are mutually incompatible, it is clear that cg,_; has to be zero, and the
upper limit of the sum B, is either Ky or K4—2.
This restricts the upper limit of the sum B, to either Ky or K—2. We conservatively select the
larger one, i.e. K4. Moreover, as the upper limit of the sum B, has to be an integer number, then
Kq has to be integer, too. Further, it has to be positive or zero (i.e. K4=0), according to our
condition B,>B1. Thus, unlike in the spherical case, K4 cannot be negative. This is a significant
result, as it is different from the spherical case where negative Kj is also allowed. It means that
(D1) model polynomial cannot lead to a solution for any negative separation constant Ky, and
further search for solutions with negative exponents Ky in the radial part (i.e. in fact for the
exterior points) has still later to be done for the spheroidal case.

We further employ the above derived limits in the sum of (D17), and we then have the basic
equation for (D1) model in the form



23y {(L+ %G = D+ (L + [~ + 202 + (2uKg — (1 + W) + KalKg + (1 + w]]s* +
uliz+2(1 - Kp)j + Kg(Kg — 2)Is*}s’2 =0, (D26)

D.2. Special cases: Kq=2, Kq=3, K4=4, K4=5 and Kq=6

We already know the solution in the form of polynomial for K4=0 and 1 (see (71) and (67) in the
main text). Now, we try to find, using (D26) the solutions for higher values of the positive
integer separation constant Kg.
First, let’s search for a solution for Ky4=2. For this value of the separation constant, (D26)
becomes
YioglQ+ w3 -+ @ +w[-(1+2wj*+{2u-2 - A+ W} +2[2+ A + w]]s? +
pliz+2(1-2)j+22-2)s*}s’2=0 ) (D27)
and subsequent algebraic manipulations lead to
Yioc{A+w3G—D+ A +wW[-1+2wj2 + {4 — A+ W} + 2B + w]s? + ufj* -
2j1s*}s’=2 =0, (D28)

Yioc {1+ w3 — D+ A+ w[-1+2w)j* + Bu— 1Y + (6 + 2)]s* + ulj* — 2j]s*)s/ 7% =
0, (D29)

{1+ w300 -1+ @A+ w[-1+2w02%+ {Bu—130+ (6 + 2u)]s? + u[0% — 2 - 0]s*}s772 +
q{A+wW2A-D+A+w[-A+2w)12+Bu—1}+ (6 + 2w)]s? + u[1? — 2]s*}st=2 +
A+ w32QR -1+ A +w[-A+2wW22+Bu—1312+ (6 + 2u)]s? + u[2? — 2- 2]s*}s272 = 0,
(D30)

co{l(1+ (6 +2m)s*}s™? + ¢ {(1 + w30 + (1 + ) [~ (1 + 2p) + {3 — 1} + (6 + 2p)]s* —
us*IsTl+ {20+ w2 + A+ w41+ 2p) + 283y — 1} + (6 + 2p)]s? + u[0]s*}s® =0 ,
(D31)

co(1+ (6 +2p) + ¢ {(1 + )[4 +3uls? —us*}s™ ' + {2(1 + w)* + (1 + W [(—4 - 8w) +
{6u—2}+ (6 +2w]s?} =0 ,(D32)

co(1+ (6 +2p) + {c; (1 + )[4 + 3uls — cius®} + e {2(1 + w)* + (1 + W[0]s*} = 0

(D33)
co(1+w)(6+2w) +c;(1+ w4+ 3uls —cyus®+2c,(1+u)3=0 , (D34)
co(1+mw)(6+21) +c;(1+ w4+ 3uls —cyus® +2c,(1+u)3=0 , (D35)

The pre-factors by the first and the third power of s have to be clearly zero. Therefore, ¢;=0 and
co(1+mw)(6+2w) +2c,(1+w3=0. (D36)
Then we have the equation for the coefficients in the form
B+ +c,(1+w?=0 , (D37)
which results in the ratio of the coefficients
C2 _ __u+3
o +w? (D38)



Then, for K4=2 and with an initial normalization which is for u=0 the same as for the spherical
case (i.e. the polynomial has value 1 when the variable is 1),

co=-31+w% =0 c=3;(u+3). (D39)
Then, the polynomial solution is
Fip(s) =2 [(u+3)s2— A+ w? . (D40)

Secondly, we perform the same procedure for K4=3. By inserting this value to (D26), we obtain
Yol + w3 —D+A+w[-(+2wj*+2u-3-A+wY +3B+A+w]|s*+
uli?+2(1-3)j+33B-2ls*}s’2=0, (D41)

Yool +m3G -1+ @ +wW[-1+2w)j% + {(5u— 13 + 3(4 + w]s® + u(* — 4j +
3)s*}s/2 =0, (D42)

co{l(1+ w300 -1+ @ +w[-(1+2w0%+{5u—130+3(4 + w)]s? +u(0?2—4-0+
3)s*Ys% 2+ {1 +wWA-D+A+wW[-A+2wW)12+{5u—1}+ 34+ wW]s? +u(1? — 4 +
s st 2+, {1+ w32 -1D+ A+ W[ +2W2% + Bu—132 + 34 + Wls? + u(22 —4-
24 3)sMs2 2 + {1+ w33C@ -1+ A +w)[-1+ 232+ {5u—1}3+ 34+ w)]s® +
u(32—4-3+3)s*}s32=0 , (D43)

ol + w34 +wls? +3us*}s 2+ ;{1 +w)[-1—-2u+5u—1+12 + 3u]s? + u(0)s*}s~1 +
20+ w3+ A+ W[4 +8u) +{10u — 2} + (12 + 3u)]s? — us*}s® + c3{6(1 + w)3 +
(1+u)[-9—18u+15u— 3+ 12 + 3u]s? + u(0)s*}st =0 , (D44)

o3+ W@+ ws? +3us*ts 2+ {1+ w6p+10)s?}s 1+ 21+ w3+ A+ w[-4 -
8u+10p—2+ 12+ 3uls? —us*} + c3{6(1 + )3 + (1 + wW[0]s?}s =0 , (D45)

{3co(1+ )4+ 1) +3cous?t+ c;(1+ W) (6u + 10)s + {21+ w3 + (1 + W[5 + 6]s? —
us*}+c36(1+u)3s=0, (D46)

3co(1+ ) (4 + 1) + 3cous? + c; (1 + ) (6 + 10)s + 2c, (1 + p)3 + (1 + ) (5u + 6)s? — cous* +
6c;(1+w3s=0, (D47)
The pre-factors by the fourth power of s has to be clearly zero, as the term with that power is
only one, and cannot thus re-combine with another one. Therefore, ¢,=0. We also put together
the same power terms of s and have
3co(1+ ) (4 + 1) +3cous? + ¢, (1 + u)(6u+10)s + 6c3(1+u)3s =0, (D48)
It is further clear that cg=0, as the second power term cannot be zero otherwise. Then the
remaining relation is
c;(1+w)(6p+10)s + 6c5(1+w)3s =0, (D49)
and thus

3 _ 3u+5
o = Taaen? (D50)

Then, for K;=3 and with normalization selected in such a way that it is for u=0 the same as for the
spherical case (i.e. the polynomial has value 1 when the variable is 1), we have the coefficients

=0 ¢ = —%3(1 +w? =0, 3= %(3;1 +5) , (D51)
Then, the polynomial solution is




Fas(s) = 5 [Bu +5)s® = 3(1 + )] . (D52)

Further, let’s search for a solution for Ky=4. For this value of the separation constant, (D26)

becomes
Fo il + w3 - D+ A+ W[~ +2wj* + 2u-4— L+ W} +4-[4+ 1+ w]]s* +
pli?+21-4)j+4-(4—-2ls*}s’"2=0, (D53)

it {+w3G - 1)+ A+ W[+ 2w+ {8u— (L + )} + 4~ [5 + ul]s? + ulj? +
2(-3)j+4-@ls*}s’2=0, (D54)

Yioc{+ w3 — 1)+ @+ w[-+2w)j% + {7u— 13 + 20 + 4uls® + u[j* — 6j +
8]s*}s/2 =0 , (D55)

{1+ w20-(0-1D+@+wW[-@+2u) 0%+ {7u—1}-0+20+ 4uls? + u[0? —6-0 + 8]s*}s° 2|
{A+31-A-D+A+wW[-A+2w) - 12 +{7u—1}-1+4+ 20+ 4u]s? + u[1? — 6 -1 + 8]s*}s' 2
A +we2-R-D+A+wW[-A+2w) 22 +{7u—1}-2+20 + 4u]s? + u[22 — 6 -2 + 8]s*}s*’|R
IA+w33- B-D+A+W[-Q+2w) 32+ {7u—1}-3+20 +4u]s? + u[32 —6-3 + 8]s*}s*’ R
@+ -G -D+Q+wW[-A+21) 4%+ {7Tu—1}-4+20 + 4uls? + u[4> — 6 -4+ 8]s*}s* 2 =0 ,
(D56)

{1+ w20 (D + @ +w[—(1+2u)-0+0+20+4uls? + u[0— 0+ 8]s*}s 2B, {(1 + w)31-(0) +
A+wW[-A+2w) 1+ {7u—1}+20+4uls? +u[1 — 6 +8]s*}s W, {1+ )32 - (D + A +w[-1 +
20) 4+ {14u — 2} + 20 + 4uls? + u[4 — 12 + 8]s*}s Bl {(1 + w33 Q)+ A+ w[-(1 +2w) -9 +
21— 3} 4+ 20+ 4uls? + u[9 — 18 + 8]s"}s Wlc {(1 + 34 -3 + A + W[—(1 +2u) - 16 + {28u — 4} +
20 + 4u]s? + u[16 — 24 + 8]s*}s2 =0 , (D57)

{0+ (1 +)[0+0+ 20+ 4uls? + u[8ls*}s ?Bc, {0+ (1 + ) [—(1 +2p) + {7u — 1} + 20 + 4uls? +
ull —6+8ls*}s T Blc{2(1 + 1) + (1 + w)[—(4 + 8u) + {14 — 2} + 20 + 4u]s? + u[4 — 12 + 8]s*}s°
c3{6(1+ )3+ A+ wW[—(9+18u) + {21u — 3} + 20 + 4u]s? + u[9 — 18 + 8]s*}s W c,{12(1 + p)® +
(14 w[—(16 +32u) + {28u — 4} + 20 + 4u]s? + u[16 — 24 + 8]s*}s> =0 , (D58)

co{(1 + w)[20 + 4uls? + 8us*}s2Mc {(1 + w)[18 + 9uls? + u[3]s*}s T M, 21 + W3 + 1 + wW[14 +
10u]s? + u[0]s*}s* Bl cs{6(1 + )® + (1 + w)[8 + 7uls® + u[—1]s*}s* M, {12(1 + p)* + (1 + W[0]s* +
u[0]s*}s? =0 , (D59)

co{(1 + w)[20 + 4u)s?s™2 + 8us*s 2} c, {(1 + p)[18 + 9u]s?s™t + 3us*s M, {2(1 + p)3s° +
1+ w14 + 10u]s?s B cs{6(1 + u)3s* + (1 + w)[8 + 7uls?st — us*s*}@c,{12(1 + p)3s?} =0 , (D6O)

{(1 +w[20 + 4plcy + Bus?co )1 + )[18 + 9pulc st + 3uc; s> 21 + e, + (1 + W[14 +
10u]c,s*JE{6(1 + W)3c3s™ + (1 + W)[8 + 7plcss® — pess® M{12(1 + w)3cus?} =0, (D61)

{1+ w[20 + 4plco + 2(1 + p)’c, } {1 + )[18 + 9pule;s' + 6(1 + ) c;s Y E{Bucys® + (1 + w[14 +
10u]cys? + 12(1 + ) 3c,s? M {+3uc;s® + (1 + w)[8 + 7ulcys3}Blucss® =0 (D62)

{(1 + (20 + 4plco + 2(1 + p)*c, L + )[18 + Yuley + 6(1 + p)3cs}s' M{8Bucy + (1 + w)[14 + 10u]c, +
12(1 + p)3c, }s? B {+3uc, + (1 + w)[8 + 7ulcs}s® Blucss® =0 , (D63)



The pre-factors by the last term has to be clearly zero, as the term with that power is only one,
and cannot thus re-combine with another one. Therefore,

—pc3sS =0 = ;=0 , (D64)
Then

{(1 + w)[20 + 4plco + 2(1 + ), ML + )[18 + Yulcy + 6(1 + p)® - 0}s* Ml {8Buc, + (1 + w)[14 +
10u]cy + 12(1 + w)3c,}s?M{+3uc, + (1 + w8+ 7ul - 0}s* Bl -0s5 =0 , (D65)
{(1 + W[20 + 4plco + 2(1 + ), } {1 + w)[18 + ulc; + 0™ Bl{8uco + (1 + w)[14 + 10u]c, +
12(1 + w)3c,)s? BB {+3uc, +0}s*Elo =0 , (D66)

and thus
{+3uc; + 0} =0 = =0 |, (D67)

Further simplification of the equation leads to
{1+ w20 + 4plcy +2(1 + w)3c, {1 + w)[18 + 9u] - 0 + 0}s* B {8ucy, + (1 + wW)[14 + 10u]c, +
12(1 4+ w)3c,}s? @ {+3u-0+0}s*o =0 , (D68)

{1+ w[20 + 4ulcy +2(1 + p)3c,} EHOBR {8ucy + (1 + p)[14 + 10u]c, + 12(1 + p)3c,}s* BHORE0 = 0

(D69)
where clearly the first term has to fulfill
{1+ w[20 + 4ulcy + 2(1 + W3¢} =0 (D70)
and then
2 2[5+
2= (1[+M’)‘§ . (D71)
The power two in s of (D69) has to be zero as well; thus
{8uco + (1 + w14 + 10u]c, + 12(1 + w)3c,}s? =0 (D72)
8ucy + (1 + p)[14 + 10pu] {— (21[:’)‘;} co+12A + w3, =0 , (D73)

2|5
{8u— 217 + 5u1 =8 ¢y + 121+ wlc, =0, (D74)
{su(1+u)—z[7+5u]2[5+u]} ¢o +12(1 + p)Pc, = 0 (D75)
(1+p) I
4(2u+2uu)(—1i;:;—32u—35 o +12(1+ 3%, =0 , (D76)
‘”‘%ﬁ“”co+3(1+u)3c4 =0, (D77)
Ca _ 1 (Buu+30u+35) (D78)

co 3 (1+up)*
Then, for K4=4, and with an initial normalization which is for u=0 the same as for the spherical
case (i.e. the polynomial has value 1 when the variable is 1),

_ 4 _ _ 2[5+u] _ _ l(3,u,u+30,u+35)
CO - 3(1 + :u) )] €1 = 0, Cy = (1+#)2 Co» C3 - Ol Cy = 3 (1+#)4 0 - (D79)
Therefore, one solution is (by inserting to (D63))
1(Buu+30u+3s) 4 2(5+w) 2 4
[3 et 08T TGS +3(1+w ] , (D80)
and the general polynomial solution for K4=4 is
Fy4(s) = const. [(Bup + 301 + 35)s* —2-3(u+5)(1 + w)?s2 +3(1 + w4l . (D82)

Let’s search also for the solution for K4=5. For this value of the separation constant, (D26)

becomes
Yool +w%G - D+ @ +w[-(1+2w)% + {2188 — (1 + W} + BE[E + (1 + wl]s? +
pli?+2(1-8)j+BEE - 2)]s*}s/2=0 , (D83)



Pl + w30 =D+ (@ +@[-(1+2w)j% + {10u — (1 + @)}j + 5 [6 + ul]s? + ulj* +
2(-4)j+5-Q)ls*}s’2=0, (D84)

Yool + 3G — 1)+ A+ w[—(1 + 22 + {10 — (1 + w)}j + 30 + 5uls® + ulj* +
2(—4)j + 15]s*}s’=2 =0, (D85)

{1+ w30-O0—-1D+@A+w[-(1+2u)-0%+{9u—1}-0+30 +5u]s? + u[0> —8-0+ 15]s*}s°* |
q{+wi1-A-D+A+wW[-@+2w)-12+{Ou—1}-1+30+5u]s? + u[12 —8-1+ 15]s*}s** |
A+ 2Q-D+A+W[-1+2w)-22+{9u—1}-2+30 +5u]s? + u[22 — 8- 2+ 15]s*}s** ||
A+ 3-D+A+wW[-1+2w)-3°+{9u—1}-3+30+5u]s®+ u[3%2 —8-3+ 15]s*}s° ||
{A+ w2 4l -D+A+W[-1+2w)-4*>+{9u—1}-4+30 +5u]s? + u[4?> — 8- 4 + 15]s*}s** ||
{1+ w3 56-D+A+w[-1+2u)-52+{10u— (1 +u)}-5+30+5u]s2+u[52—-8-5+
15]s*}s52 =0 , (D86)

co{l0+ (1 + )0+ 0+30+5u]s®+ul0—0+15]s*}s2

a{@+wi1-0+Q+wW[-A+2u)+{9u—1}+ 30+ 5uls? +

ull =8+ 15]s*}s "M, {1 + w3 -2+ A +w[-A +2w) - 4+{9u—1}-2+ 30+ 5u]s? + u[4 — 16 + 15]s*}s° B
a{A+w3-3-2+A+wW[-A+2w)-9+{9u—1}-3+30+5uls?+u[9—24+ 15]s*}s Blc, {1+ )3 -4-3 +
A+wW[-1+2w)-16+{9u—1}-4+30+5u]s?+ u[16 —32 + 15]s*}s?Wcs{(1 + )3 54+ (1 + wW[-(1 + 2p) -
254+ {91 —1}-5+ 30+ 5u]s% + u[25 - 40+ 15]s*}s3 =0 , (D87)

col(1+ )[30 + 5u]s?s72 + u[15]s*s 2} c, {(1 + wW[12u + 28]s%2s™ 1 + u[8]s*s M, {(1 + w3 - 2s° + (1 +
W[—(4+8u) + {18y — 2} + 30 + 5u]s?s® + u[3]s*s M cs{(1 + w)3 - 65 + (1 + w[—(9 + 18u) + {27u — 3} + 30 +
5uls?st + u[0]s*s I Bl {(1 + )3 - 1252 + (1 + w)[(—=16 — 32u) + {36u — 4} + 30 + 5uls?s? + u[—1]s*s*} @

cs{(1 4+ w3 - 2053 + (1 4+ ) [—(1 +2u) - 25 + {4514 — 5} + 30 + 5u]s2s3 + u[0]s*s3} =0 , (D88)

{1 + wI[30 + 5ulcy + 15ucos?IM{(1 + W [12u + 28]cyst + 8ucys3HB{(1 + w3 - 2¢c, + (1 + W[15u + 24]c,s? +
3uc,sIB{(1 + )3 - 6c35* + (1 + p)[14u + 18]c3s® + u[0]css {1 + )3 - 12¢,5% + (1 + w)[9u + 10]c,s* —
ucysSI {1 + )3 - 20c5s3 + (1 + p)[0]css® + u0]css’} =0 , (D89)

{1+ W30 +5ulco+ (1 + )3 - 2c, {1 + wW[12u + 28]y st + (1 + u)3 - 6¢35 {+15uces? + (1 + w)[15u +
24]cy8% + (1 4 )3 - 12c,s2}{+8ucys® + (1 + w)[14pu + 18]c3s® + (1 + )3 - 20css B {+3uc,s* + (1 + w)[9u +
10]c,s*}E{—nuc,s6} =0 .(D90)

The last term with s-power of six has to be zero and then

{—pc,s®} =0 = c,=0 . (D91)

The term with with s-power of four in (D88) has to be zero as well:

{+3uc,s* + (1 +w)[9u + 10]c,s*} =0 = ;=0 ) (D92)

The term with with s-power of two in (D88) also has to be zero:

{+15uces? + (1 + wW[15u + 24]cys? + (1 4+ p)3 - 12¢48%3 =0 = cp=0, (D93)

Thus (D88) simplifies to

{1+ wW[12p + 28]eyst + (1 + )3 - 6035 B {+8ucys® + (1 + w)[14p + 18]css3 + (1 + )3 - 20css33 =0 , (D94)

Then the two equations arise from (D92):

{A+w[12u + 28]c;st+ (1 + )2 - 6c3s'}=0 (D95)
{48ucys3 + (1 + ) [14u + 18]c3s3 + (1 4+ p)3 - 20css3} =0 , (D96)

and simplification leads to

[6u+14]c; + (1 +p)?-3¢c;=0 , (D97)
dpc; + A+ w7 +9lc; + 1+ w3 -10cs =0 . (D98)



The ratio of the third and the first coefficient is then
e _ _ l6u+14]

e (D99)
and (D96) is modified as follows:
4“+(1+/‘)[7#+9]E—f+(1+ﬂ)3'10?=0 , (D100)
L0(1+ 1) £ =~y + (1 + [ 71+ 9] s’l‘ﬁ;‘;] . (D101)
cs _ —4p3(+w)+2[3u+71[7u+9] _ ., —6pu(A+w)+[3u+71[7u+9] _ . (—6pu—6up)+[21up+270+49u+63] _  [154p+704+63]
A+ S = =50, e e T I S Y =2
(D102)
Then the ratio of the fifth and the first coefficient is
Cs _ [15pu+70u+63]
c1 - 15(1+u)* (D103)
Therefore (by inserting to (D26)) the polynomial
[15uu+70p+63] 5 _ [6u+14] 3 1
[ 15(1+p)* $ 3(1+,u)2-s ts ] (D104)
represents one solution, and the general polynomial solution for K4=5 is
Fys(s) = const. [(15up + 70 + 63)s> — 10(3u + 7)(1 + p)?s3 + 15(1 + w)*s'] . (D105)

Further, we try to find, using (D26), the solutions for K4=6 value of the positive integer
separation constant Ky. For this value of the separation constant, (D26) becomes

foocl(L+ w3 — 1D+ @+ w1+ 2w + (20886 — (1 + )} + BH[6 + (1 + w]]s* +

ulji? +2(1—6)j + 686 — 2)]s*}s’"2 =0, (D106)

Yool + 3G — D+ A+ +2w)j* + {12u — (1 + @} + 6 [7 + ul]s? + ulj* +
2(=5)j+6-@]s*}s/2=0, (D107)

e oc{+ w30 — D+ @+ W[+ 2w)j% + {11 — 1}j + [42 + 6u]]s? + u[j? — 10j +
24]s*}s’72 =0 , (D108)

cof X+ %000 —1) + (1 + w)[—(1+21)0% + {11 — 1} - 0 + [42 + 6u]]s? + u[0? — 10 - 0 + 24]s*}s° 2§
a{@+w?-10-D+Q+w[-Q+21% + {11u — 1} - 1 + [42 + 6p]]s? + u[12 — 10 - 1 + 24]s*}s* 2 [
o{Q+wd 22—+ @ +w[—(1+2w)2% + {11u— 1} -2 + [42 + 6u]]s? + u[22 — 10 - 2 + 24]s*}s* 2|
{1 +p3-3B3-1+ @ +p|[-(1+2w)3%+ {11u — 1} -3 + [42 + 6p]]s? + u[3% — 10 - 3 + 24]s*}s> 2 [
a{Q+w2 4@ -+ A+ W[ +2w)4% + {11p — 1} - 4 + [42 + 6p]]s? + u[4? — 10 - 4 + 24]s*}s* 2 [
cs{(1+ w3551+ @ +p)|[—(+2u)5%+ {11u — 1} -5 + [42 + 6p]]s? + u[5% — 10 - 5 + 24]s*}s52 [
{1+ 12 6(6—1)+(1+wW[-(1+2u)6%+ {11u— 1} -6 + [42 + 6u]]s? + u[6% — 10 - 6 + 24]s*}s~2 =

0, (D109)

co{(X+ w3 0(-1)+ (A +w)[—(1+21)-0+0+[42 + 6p]]s? + u[0 — 0 + 24]s*}s 2 [, {(1 + w2 - 1(0) +
A+ w[-Q+2p) +{11p— 1} + [42 + 6p]]s? + pu[1 — 10 + 24]s*}s W {1 + W3- 2D+ (1 +

W[-1 +2u) -4+ {220 — 2} + [42 + 6p]]s? + u[4 — 20 + 24]s* }s" Bl {1 + 02 -3 + A+ wW[-1 +
2u) -9+ {33u — 3} + [42 + 6p]s? + u[9 — 30 + 24]s*}s Wl {(1 + W3- 4B3) + 1+ W[~ +2p) - 16 +
{44p — 4} + [42 + 6p]s? + pu[16 — 40 + 24]s*}s? Bl es{(1 + )% - 5(4) + (1 + wW[-(1 + 2p) - 25+

{551 — 5} + [42 + 6p]]s? + u[25 — 50 + 24]s*}s* Wlce{(1 + )% - 6(5) + (1 + wW[-(1 + 2p) - 36 +

{66u — 6} + [42 + 6u]]s? + u[36 — 60 + 24]s*}s* =0 , (D110)
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cof0s™2 + (1 + @)[0 + 0 + [42 + 6u]]s?s™2 + p[24]s* s‘z}lcl{Os‘l + (1 4+ p)[40 + 15u]s?s71 +

u[151s*s Ml c{(1 + )% - 2s° + (1 + w[-(4 + 8w) + [40 +28u]]s%s° + u[8]s*s* s {(1 + w3 - 65 +
1+ u)[ C + 18u) + [39 + 39u]]s2s + u[3]s*s e {(1 + ) - 125 + (1 + u)[ (16 + 32#) +

[38 + 50ul]s?s? + u[0]s*s?} B cs{(1 + )® - 20s% + (1 + w)[-(25 + 50w) + [37 + 61p]|s2s® + u[—1]s*s*} [
ce{(1+ p)®-30s* + (1 + pw)[—(36 + 72p) + [36 + 72u]]s%s* + u[0]s*s*} =0 , (D111)

col(1 + )42 + 6u] + 24us?} e, {(1 + W[40 + 15u]s* + 15us* B, {(1 + )3 -2 + (1 + w)[36 + 20u]s? +
Sus I {(1 + 1) - 65+ (1 + w)[30 + 21u]s® + 3usS} e, {(1 + )3 - 12s? + (1 + p)[22 + 18u]s* + O}
cs{(1+u)? 2053 + (1 + )12 + 11u]s® — us” B ce{(1 + )3 - 30s* + (1 + w)[0]s® + u[0]s®} =0 ,
(D112)

{1+ w42 + 6ulcy + 24ucys® {1 + w)[40 + 15u]c st + 15uc;s3IB{(A + w3 - 2¢, + (1 + W[36 +
20u]cys? + 8uc,s* {1 + )3 - 6c3st + (1 + w)[30 + 21u]cys® + 3ucysSH{(1 + 1)3 - 12¢,52% +

1+ w[22 + 18ulc,s* {1 + )3 - 20c5s® + (1 + w)[12 + 11u]cgs® — pcss” HB{(1 + u)® - 30¢ces*} =0 ,
(D113)

{1+ w42 +6plco + (1 + w)® - 2, } {1 + W[40 + 15u]cys*+(1 + ) - 6035} B{+24ucys? +
(1 + w[36 + 20u]cys? + (1 4 )3 - 12¢c,s2}B{+15uc;s® + (1 + w)[30 + 21u]css® + (1 + p)® - 20css*} R
{+8ucys* + (1 + u)[22 + 18ulcys* + (1 + p)® - 30ces* M {+3ucss® + (1 + w)[12 + 11u]css®}{—pcss”} =

0 . D114

The coefficients by the individual powers of s in (D114) has to equal zero; thus ( )
{—ucss’}=0 > cs=0 , (D115)

{+3ucss® + (1 + w12 + 11u]ess°3 =0 = ;=0 , (D116)

{+15uc;s® + (1 + w30 + 21p]c3s® + (1 + p)3 - 20css33 =0 = ¢, =0 .(D117)

Only even-index ¢; remain; thus
{@+ w42 + 6ulcy + (1 + )3 - 2¢,}B{24ucys? + (1 + w)[36 + 20u]cys? + (1 + )3 - 12¢,523

{8ucys* + (1 + w)[22 + 18ulcys* + (1 + )3 - 30¢es*} =0 , (D118)
Therefore
{(A+ w42 +6ulco+ A+ w3-2c,}=0 = S [(211::)*;] ,  (D119)
and from the second term of (D118) we get
{24uces? + (1 + w[36 + 20ulc,s? + (1 + )3 - 12¢,521 =0 , (D120)
24u+(1+u)[36+20u] +(1+u)3 1264 =0, (D121)

24p — (1 + W[36 + 204] (2:3)‘;] +(1+p3-122=0 , (D122)

(1 +m)3 3% = —6u+[9+5u ]3”“‘] , (D123)

( )(7+u) (e
Cy . —24 9+5u)(7+u
o @ T et (D124)
[ (—2p—2ppu)+(63+35u+9u+5uu) (D125)
co (1+p)* ’
cy _ (63+42u+3up)
o= amt (D126)
From the last term of (D118) we finally get
8,uc—2+(1+u)2[11+9u]z—4+(1+y)3-302—6=0 , (D127)
0 0
_ [21+3u] (63+42u+3uu) 3, C6 _
4u—-"- ae T (1 + w11 +9u] T 1+ p?3-15 o ,(D128)
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ce _  (A+w[-421pu—43uu] (11-63+11-42u+11-3upu+63-9u+42-9uu+3-9upuu)

co (1+u)6-15 (1+p)6-15
[—421u—4-3up—4-21pup—4-3pupupul+(11-63+11-42u+11-3upu+63-9u+42-9upu+3-9upup)
(1+p)6-15 -
[-84p—96uu—12pupup]+(693+1029u+411up+270pupt) (693+945u+315uu+15upu) (D129)
15(1+p)6 - 15(1+p)8 ’
ce _  [s5u3+105pu%+315u+231] (D130)
co 5(1+u)6 ’

Then, one particular polynomial solution is
_ [5u3+1054%+315u+231] g | (63+42u+3up) 4 [21+434] §2
[ 5(14u)8 (1+w)* (141 )2 + 1] ! (D131)
and the general polynomial solution for K4=6 is
Fy6(s) = const.[(5u® + 105u% + 315u + 231)s® — 5(63 + 42u + 3u?)(1 + p)?s* +3-5(u +
7)1+ w*s? —5(1 + w)°]. (D132)

For the found polynomial solutions with various K;, normalization factors have to be used which
enable the use of a recursion formula which is to be found later.

D.3. Bonnet-like recursion formula application

In this section, the Bonnet-like recursion formula

2n+1) 1
PEA(s) = S s Bs) — i (1 — ez s?) BEL(S) (D133)

(see (91) in the main text) is applied onto the first two (K4=0, 1) found generalized Legendre
polynomials, and — recursively — the higher degree polynomials (K4=2, 3, 4, 5 and 6) are
determined. This is a test that the formula brings the same result as the already determined
solutions of the angular part of the Laplace equation of the first kind (Egs. (84), (85), (86), (87),
(88) in the main text).

For n=1 used in (D133), we obtain

SI _(2'1+1)L PSI(s) — 1 __ M 2\psi
PR () = s P9 a5l -Ges) P (D134)

Pyl(s) = EF s P (s) _%(1 - (1fu)252) By'(s) - (b135)

When we insert Py” and P;® according to (71) of the main text with normalization factor equal
to 1/(1+u), and (67) of the main text with normalization factor equal to 1, we obtain

SI 1 1 _ u 2\
Pr(s) = 21+us(1+u) N 2(1 IR ) 1 , (D136)
SI 1 2 l 1 u 2
P2 ( ) 2 (1+u)2 s t3 2 (1+#)2 S ’ (D137)
P'(s) = Sler G + u)s : (D138)
and finally
PSI(s) = [me 5 (3 + ws? —(@E@2] (D139)

which is, except the normalization factor, the same as the solution (84) in the main text.

Similarly, we have for n=2

2:2+1) 1 2
Pfia(s) = ((zjl))w P o (1 - qizs?) P . (D140)
PI6) =5 PO =5 (1 -l PP (D141)
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P =315 S0 — 2 (1 - 2 s?) PRS) (D142)
When we insert Pls' according to formula (67) of the main text with normalization factor equal
to 1/(1+u), and P,° according to formula (D139), we obtain

PES) = 375 p (3 + 0s? — (R — 3 (1 - 2ys?) s . (D143)
Pis) = 35 [RG + ws® — ] — 5 (s - o s™s) ,  (D144)
PS'(s) = ——-(3 +ws® — ——_s - %11—Hs + §(1fﬂ)3s3 : (D145)
P') = (G G+ 0 +sae)  ~ Gt 300 - (D146)
pic) - (. - () 147
7o) = () ~ (o) (0148)
PSI(s) = (ﬂ)s3 - (-)s , (D149)
and finally
PSI(s) = [ps ‘5 (B + 5)s® — BENEMZs] (D150)
which is, except the normalization factor, the same as the solution (85) in the main text.
For n=3, we get from (D133)
SROE (g?j:l?ﬁl” P — o (1 e s?) BEL() . (D151)
Pl (s ) —Zﬁngl(s) -2 ~ st P (D152)

When we insert P,* and P3 , We obtain

P = s S B+ SRS (1 ) SR+ o

) (D153)
PY'(s) = {3 | Br + B)s* — BERIES] — 53 (e — =) B + ws? — (2]
(D154)
P () = 3 x| Bu + B)s* — BURIDRS?] — 5 (WA - ps)[G3 + pys” — (2]}
(D155)
P (s) = s ' s Bu + Bs* — BRARDAs” — 3 [ARRDEG3 + s — (SRIDRESRIDE -
ps(3 + w)s? + ps* (DR (D156)

Pi(s) = [gmn 5 Br + B)s* — BRARMWZ? — WA + ws? + J@AEWE + S 13 + ws* —
Sus@+w?} (D157)
PI(s) = s i 5 BH + B)s* + 3B + ws* — BRAFWEs? — JAFWAG + ws? — ulEHPs* +
axpf . (0159)

—RARR7 + G+ + s + D)

(D159)
P{I(s) = pms 5 3 (@ + 38) + (9 + 3p2)]s* —FAF W10 + 244)s? + A F W1} (D160)
PSI(s) =-|{% (312 +80u +38)s* —SA+ w2 +5)s* + A+t (D161)

and finally

PEICs) = B (302 + B0 + 35)s* - ZEGGEESIAMR + S@HDY . (0162)

P{(s) = gt 5 5 7B+ B +3u + pls*
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which is, except the normalization factor, the same as the solution (86) in the main text.

For n=4, we obtain from (D133)

sI _ (244D 1 PSI(s) — 4 M 2\ psi
Ppii(s) = (4+1) 1+u Py (s) @D (1 a+p? S )P4—1(S) , (D163)
SI — SI _ 4 U 2\ pSI
PS'(s ) =) == O (D164)
When we insert P5* and P,*, we obtain

9 1

PIG) = 3§ (B2 + 301+ 35)5* = 23+ DA+ W 430+ 0% -2 (1 -
PI) = e 355 (BH2 4 300+ 35)5° =23+ 5)(1 + 0257 + 30+ ')~ g 5
(14 02 - ) (AR RERR

réco - [_s1 B
B 1+u , (D167)

P) -5{9[_s1 s 4[Gu+
S)(1 + RSB S S GERSEE SAFRE]) | (D168)

PS) = s 3 O3 4 30+ 35)s5 — 239U+ 5L +4026% 4391 + s — 4+
ACGES) (L + )7 B AT ACDTS + 430 GEESS =B @FWE) . (D169)
PE1(s) = gt s 24 L ([o(B2F B0535) + 454y (B 5= 20 D2 B0 (U3 2y +
24 @EE+S)]s® + 3(1 + Wt [9=m4E4]s) , (D170)

P = 32 L2712 + 2700+ 315) + (48t + 805" — 201 + WP T+ 135) + 244 +
(4p+40)]s® + 3(1 + 1)*[25]s} ) (D171)

P = e b H{(75K2 + 3504+ 315)5% = 201+ A5+ 175)5% + 3 25(1 + 's).
(D172)

and finally
PI(5) = s 5 (B 5HE 4275 7p+3:3:7)s® =253+ 7)(1 + w?s* +3 51+ w's)
(D175)
which is, except the normalization factor, the same as the solution (87) in the main text.
For n=5, we get from (D133)
25+1) 1 I
Pg—{-l( ) (5+1) 1+” Pgl( ) _m(l_(lﬂl)z Sz)Pgil(s) ’ (D176)
1
P = T PO — 2 (1 - g s?) B ) : (D177)

When we insert P, and Ps*, we obtain
sI 1nm 1
PO =SS g e (375K 425 Tu43:3:7)5° = 2- 51 + B+ 75+ 3-
_ _KH 2
5A+w*s} =3 (1 - ") 33 (B 4300+ 35)s* = 2-3(u + ) +wPs* + 301 + %)

, (D178)

ol
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PEI(s) = R T (352 205 T 4303 )50 — 2051+ )23+ )5t +3-
5(1+W)*s?] — i 2 2 2 (1 02— s + 300+ 35)s* = 23+ 5)(1 + w25 +
s@E@t |, (0179)

PI(s) = Lok L L 11352+ 275 Tu + 33 7)s® — 251+ )2 (Bu+ Vst +
351 +)*s?] - 5[(1 + 102(3u? + 30 +35)s* = 2+ 3Gu + )L+ W) + 31+ )°
us?(BEE B0 35)5 s B S) AP - o B@HMY]) . (D180)
PSI(s) = bt L L ([10(3 52 4 275 T + 373 7)s® — 11-2+ 51+ 1) (3u+ 7)s* +

11-3-5(1 +w)*s?] — [S(1 + 102(3u? + 304 +35)s* = 52+ 3(u + 5)(A + W)*s? +5+3(1 + )° -
5+ (32 + 304 +35)s5 452 3u(u+ (L + st~ 5 w3+ w7y (D18Y)
PI(s) = bt L L ([11(3 52 4 275 Tu+3+37) + 5 (3% + 304 + 35)]s° —

6

S(L+w?[11-2-Bu+7) + Bu? + 301 +35) +2-3u(u+5)]s* +5- (L + w*[11-3 +2-
BB +Buls® - SE3@+WE | (D182)
PS() = copms 3 5 (16547 +770u + 693) + (154° + 15042 + 175 — 5(1 + w664 +

154) + (3u® + 30 + 35) + (64 + 30p)]s* + 5 (1 + 1)*[33 + (6 + 30) + 3uls? —5-3(1 + )¢}
, (D183)

PE'(s) = ﬁ-{_SI
1+ m*O9u+63)s* —5-3(1 +w°} , (D184)

P! (s) =-§{_
3u2+2-3-3-7u+3-3-3-7Ns*+5-(1+w*B-3u+3-3-7)s* - 5-3(1 +n)°} ,
(D185)

PSS = i L L L35 4315 T2 #3357 w4 347+ 11058 = 3+ 51+ w23 + 2+
3:7u+3-3-7)s*+3-5-(1+mw*@Bu+3-7)s*-5-31+w° (D186)
PE(5) = e 3 3 13 4375 TU2 #3375 744371155 = 5(1 + w2347 +2-3-
Tu+3-3-7s* + 51+ w*Bu+3-7)s* =51 + )¢} , (D187)
P3'(s) =-{—
3:3-Ns*+ 51+ w*Bu+3-7)s* =51 +w° (D188)

and finally

PS'(5) = grpe 5u (5K + 10542 + 3154 + 231)s® — 5(1 + )% (3u? + 42u + 63)s* + 3+
SAFDEEFDs? - s@FW . (D189)

which is, except the normalization factor, the same as the solution (88) in the main text.
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