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E.1. The second-degree second-kind solution

Let’s simplify the notation of the generalized Legendre equation (68), i.e.,

[(1+ ) = 521+ )” — us?] R +
S[=Bu+ 2 + 1) + 2u(u + DKy + p(3 — 2K)s? 1B + Ko[(Kg — Dps® + (u+ DK, +
1+ w?EE)=0 . (E1)
It can be rewritten in the following way:

2
Hy(5) s + Hi(5) 2 + Hy(s) @) =0 ,  (E2)

where H denote specific polynomials, particularly
Hy(s) = [(1+p) = s?)[(1 + w)? — ps?] = [(A + 1) — Cu+ DA + p)s* + us?] (E3)
Hi(s) = s[=Gu+2)(u+1) + 2u(u + DKy + u(3 — 2K4)s?] (E4)
Ho(s) = Kal(Kq — 2)ps® + (u + DKy + (1 + )] (ES)

Model function

Further, let’s use particular shape of the model function. For the second kind solution of higher
degree of the generalized Legendre equation (E1), we select the test function on the basis of the
already found solutions for K4=0 and 1, and also based on the experience with the spherical
case. The test function in terms of s is



inh™ 1
Frest2(s) = (As® + B) sinh™ (ﬁ = s )+ (Cs7 + D) A

a o1 1 s v (1+p)?-ps? 1
(As®* + B) sinh (—m \/—m)+(65 + D) . T , (E6)

Where A, B, C, D, a, y are constants to be found. Note that the expression for the model
function through the logarithm is

Frestz(W) = (As“ + B) §ln(

The solution of (E6) is extensive, and it is thus split into some subsections. It begins with the
calculation of the derivatives of the test function followed by their insertion to the generalized
Legendre equation.

2
[s+1/(1+u)2—u52] (CsY+D) 5 5
)+ —JA+w? - ps (E7)

(1+p) [(1+p)-52]

Calculation of the derivatives of the test function

The first derivative of the test function is

AFeest2(s)| _ i a L1 -1 1 s y (1+u)? _ i o
— B ds[(AS + B) sinh (m m)+(€s + D) f u]—ds[(As +

. -1 1 S a i . -1 1 N
B)] sinh (rF T I(As +B) [smh <_1+ —ﬁlﬂt)—Sz)]I

L1(cs” +D)] (“’” I(CSV +D)= [ EDa ] (E8)

To continue, we need some particular derivatives.

Derivative of the sinh™ part is

4 [sinh‘1 ( ! s )] = A+ - (1+p) _ (1+;4) _ (1+w) _
d 1 1 2 3 2_p5? —s2)J(1+1)%—pus2
° o) ((1+u)—sz)2\ju+((1il;’fsz) (A+m)-s2)2 J (“E(’:i;z);()“") (a+m-s2)? Ji“gﬁ)_g‘i (@r-s2)/Hw?-us

(1+p) 1
(A+w)-s2) Ja+mw)Z-ps? * (E9)

The derivative of the square root part is

da| |a+w? _ d [Ja+w?-ps? | _ 1[(1+u)2—u52 1 ] _ o a+wr a+w* (1+u)? __ asw? 1
ds s2 s ds s ds s (1+p)2—ps? S3J(1+u)2_u 53\](1+[l)2—}4$2 s2(1+p)2—ps? s2 (1+p)2—ps?
sz sz

. (E10)
The derivative of the reciprocal square root function from the above derivative is
1 —2us us us 1
a -1 = = ) E11
ds [\/(H#)Z—MZ] 2 [+ 2—ps2lV (+)?—ps? [+)2=us? ] ()2t [+ 2-us?] /(L) 2—ps? ( )
The first derivative of the test function is thus
AFese2 ()|
ds _
a1 -1 1 s « [ (1+1) 1 ] y—1 ()’ 1 ¥ [(w)z 1 ] _
ahs sinh <“1+‘u (1+u)—52>I(AS +B) (Q+w)—s?) Ja+w)?—ps? I]/CS s v +)2—ps? (Cs"+ D) s2 A+ 2—us?
a1 i1 1 s {(1+;4)(As‘7‘+3) y—2 221 (1+y)Z(CsV+D)} 1
aAs sinh J_l_ﬂl \/(1_‘_#)_32 (Q+)-s2) + VCS [(1 + ,u) us ] 2 )P —us? ’ (E12)
which — in a more compact form — can be written as
dFgest2(S) a—1 1 —1 ( 1 s ) {(1+u)(As“+B) -2 2 2
—82 = @As* * sinh Cs? 1 —us<] —
ds V1tu J(+p)-s? ((1+p)-s2) ty [+ ps’l
(1+u)?(CcsY+D) } 1 (E13)
s? JA+u)?-ps?

Further, the second derivative of the test function is:



d2F og(5) d dFtestg(S) d a1 i1 —1 1 s {(1+y)(As“+B) y—2 2 2 (1+,4)2(cgy+n)} 1
Lest S ] —-|aAs®! sinh = J(1+u)—s2 ) +yCsY™2 [(1 + )% — us?] = Tome

d a—1 cip—1 (1+y)(As“+B) y—2 221 (1+M)Z(CSV+D)} 1 ]
—-|aAs* ' sinh \/F T }Ids D) +yCs" % [(1 + p)? — us?] . T

d [ 17 wint—1 1 s —1d | -1 1 s
—|aAs”® ]smh — ——— |+ aAs* 1 —|sinh _—
ds V1+u (A4p)—s? ds Ji+u (4w —s2

d [a+)(4s*+B) y—2 22 (1+H)Z(CSV+D)] 1 {(1+;4)(A5“+B)I y—2 22 I (1+u)2(CSy+D)}i[ 1 ]I
sl ((+w)-s?) Tyes [+ 0 -] st V@)2—ps? * ((+-s?) yes [+~ ps”] st ds |/ (+w)?—ps?

1 s a—l[ (1+4) ] d (As“+B)]ly y-2 2_ 2 I
VI [4p—s2 A (@)~ wm (1+#) ((+-5) Cd [S L1+ 4) s ]]

zi (CsY+D) 1 (1+1)(As*+B) _2 2 2 (14+1)?(CsY+D) us

1+w ds[ 2 ]}m"’{ (Gr-s2) IYCSY [(1+w ﬂS]I 2 } () —as?] W] , (E14)
where we used the derivative of the reciprocal square root (E11) in the last term. Then, the
second derivative is

[a(a — 1)As*2] sinh™"

d d
d?Fpest2(s) _ a2 s _1( 1 s ) a—1[ (1+1) 1 ] 251 As*+B1((1+10)-5") - (As*+B) 7 (1+1) —°]
st I“(“ DA sinh ™ o o ) 4 G T O+ (@27

a 2 _ (csV +D) L2 «
4 ry-2 22y, 24 2 2] 2 |aslCs? +Dls* — (CsV+D)gls*] 1 (+)(As“+B) _ ws
144 [ds [s772 ] (@ + W) —us®) + 877 —[(1+ )" —us’] | (1 + 1) = Tora T U () e
y-2 2 _ 2 us I (1+1)*(CsY +D) us } 1 I
O (CR DR Irevw ey g (10252 J G Pps?

(1+) As* 1 ((1+)-5*)+(As*+B)2 _
Bl sl 0 s -

_ a-2 -1 1 S
a(a — 1)As* “sinh (m TR

2us” 1l @+ 54

(1+u)(ASa+B) us y-2 2 2 us I (1+/1)Z(CSY+D) us } 1 I
(@) (G —s] Ist (Gt sl e EX TP eamerl | B revon o

3 Y 't o (1+0) @As®™ (1+y)aAs“_l—aAs“+1)+(2As”‘+1+ZBs) 2 y-3 _
a(a — 1)As* 2 sinh (m m) {((w) 3 I[(l o) +yC[ (A +w*(y —2)s

Y+1_ y+1 a 4
u(y — 2)s71) —2us"" 1] — (14 w)? LS (2¢s +2DS)] WF [(( )il +5)2 z]IVCHSy 1I K (CsT D) } - 2Ia(a -

)2 stV+1—(Csy+D)2$] 4

s* 14)—s2) [(14+0) 2ps s[(1+1)?-ps?] V)2 —ps
a-1 2 2 a-1 a+1
14522 si h_l( 1 s ) {(1+;4)0{As (Q+w)-s2) [l (1+)%aAs* L+ A(1+) (2-a)s +2(1+;1)le o _ y—1
)As®? sin o Jame + o) (s } (o) [VC( 2-(y 2))115 +
_ v+l (Ap(+)s 1+ Bu(1+1)s) - (Cu(1+1)?sY +Du(1+1)?) 1
e 2oy—3 I L , —2Ds+C(y—2)s u ly y—1 }
v =DCa+w's ] J (1 + 0 s GGy Y STCe)et] TG
(E15)
Therefore
A2 Frest2(s) _ a2 _1( 1 s ) {(1+M)Z(xAs“_1—(1+u)afAs“+1 (1+1)2aAs® 11 A(1+) (2-) s®H 1 +2(1+4) Bs 2, y—1
—ar Ia(a 1)As* % sinh Wrerirermr 4F (o) (o), I]/ Cus I

Yy —2)C0+w sl + u)22D5‘3I(1 +w)?Cly —2)s"° &
1 1 -1
(AM(I+M)S(:+ +BMZ(I+M)S) IyCﬂSy_l (C/t(lﬂt)z V=14 Du(1+p)%s ) :|} ) (E16)
(Q4)-s2)[(141)%—ps?] [(+1)?-ps?] V)2 —ps?
The expression in the curl bracket is further expanded individually:
2 a-1_ a+1 2 a-1 e+l
{(Hu) S H&f )aAsz)z LGS +2(1+”)ley2Cusy‘llyCusV‘l +yy—-2)c1+ u)zsy—3l(1 + w2y —2)s¥3 I
W—s
(AH(1+H)Sa+1+BI’-(1+H)S)_((1+I4)—52)(Cﬂ(1+ﬂ)25y_1+DM(1+ﬂ)25_1) {2(1+u)2aAs“‘1+A(1+u)(2—2a)s“+1+2(1+/,¢)Bs (1= y)Cus?
(@ -s2)A+w?—ps?] (+w-52) LSt
_ _ a+l - 3sY"14pu(1+p)3s —Ccu(1+p)2sY 1 —Du(1+p)%s|
Clv— 1)y — 20y 3. 2 3 [(Au(lﬂt)s +Bu(1+p)s)=[cu(1+p)3s u ]}I
r-DF-2)A+p?s (1+w?2Ds™>+ (Gt —pes?]
{2(1+u)zuAs“_1+A(1+u)(2—2u)s“+1+2(1+u)BsI[y(l Y)CusY "1 +C(y—1)(y-2)(1+u)?sY~ 3+(1+u)22Ds_3]((1+u)2—2(1+u)s +s4)
(a+w-s2)* (t+w)-s2)"
[Au(lw)sa“+[B+D(1+u)]u(1+u)s—[Cu(1+u)3 Y L4Dpu(1+p)3s ™ —Cp(1+p)?s7 1] ]}I
((1+w)-s2)[(1+p)2-ps?]

(1 +u)?2Ds™3 +




[2(1+w)2aAs® 1+ A +p) (2-2a)s* 1 +2(1+w) Bs|[(1+pw) % —us?]
(4w -s2)’[(1+p)2-ps?]
[ya-Pcu@+m2sYH+c(y-D (y=2)A+m)*s¥ 3 +(1+w)*2Ds ™3] [2¢y 1-p)p(1+w)sV 1420 (=D (=2 (1+w)3sY 1 +4D (14435~ + [y (1-p) CusY B+ -D (y=2) (1+p) 25V +1 +(1+u)22D5]
(+w-s2)°
[Au(1+u)s'“1+[B+D(1+u)]u(1+u)s—Cu(1+u)3sV‘1-Du(1+u)3s‘1+Cu(1+u)st+1]((1+u)—sz)
(+w-s2) [ +w)?—ps?]
{[2(1+u)4aAs“‘1+A(1+u)3(2—Zu)s””'l+2(1+u)3Bs]—[2(1+u)2aAus“+1+A(1+u)(2—2a)us“+3+2(1+;1.)Bp.s3]
((+1)-52) [(1+1)2—pus?]
[y(1-y)Ccu@+p)?sY 1 —2¢(y-1) (y—2) (1 +w)3sY " J+[-2Cy (1-y)u(1+u)sY 1 +C(y-1) (y—2) (1 +p)%s V+1]+[+C(y—1)(y—2)(1+u)“ Y34y (1-y)Cus’*3 +(1+p)*2Ds 3 -4D(1+p)3s ‘1+(1+/t)22DS]
(Q+w- 52)
[[Au(1+u)zs“+1+[B+D(1+u)]u(l+;4)2s—Cu(1+u)4sV‘1—Du(l+u)“5‘1+6u(1+u)3sy“] [4p(14+)s™ 3 +[B+D 1+ p(1+0)s3 = Cu(1+1w)3sV 1 —Du(1+p)3s+Cu(1+1)? sV 3] ]} (E17)
(+w)-s2) [ +w)?—ps?]
Simplifications of the particular terms in the expression can be done separately:
[2(1 + W*ads® T + A1 + )32 — 2a)s** + 2(1 + u)3Bs] — [2(1 + wW2adus®tt + A1 + ) (2 — 2a)us**3 + 2(1 + w)Bus?]
B2+ w*ads®  + 2A[(1 + (1 — @) — ap](1 + w)?s** ] — A1 + ) (2 — 2)us®+3 + 2(1 + p)®Bs — 2(1 + w)Bus®
B2+ w*ads®* 1t + 240 + p—a — 2ap)(1 + p)?s*™ — A1 + ) (2 — 2a)us*™3 + 2(1 + u)®Bs — 2(1 + w)Bus?

YA —=py)Cu@ + st =2C( — D@ —2DA + p)3s" ™ 1+ [-2CyA —pu@ + wWsY* + Cy — Dy — 2)(A + p)?s7+]
+[+CH—-DF—=2)A+w*s" 3 +y(A —y)Cus’3 + (1 +w)*2Ds™3 —4D(1 + u)3s~* + (1 + p)?2Ds]
BchyQ-pu-20-Dy-2)A+p) 1A+ w2s" 1+ Cl2yp+ ¥ —2DA + W]y — DA + p)sr*?
+[+CH-DF-2)A+w*s" 32 +y(A —y)Cus’® + (1 +w)*2Ds 3 —4D(1 + u)3s~1 + (1 + u)?2Ds]
BIC[(-3yu—2y+4+4w) 1y - DA+ w2 + C2yp+ (y —2)A + Wy — DA + p)sr*?
+[+CH-DF—=-2)A+w*s" 3 +Ccy(1 —p)us’ 3 +2D(A + w*s™3 —4D(1 + p)3s~t + 2D (1 + p)?s]

[Ap( + 2™ + [B+ DA + w]u( + p)*s — Cu(1 + )*s?™* — Du(1 + p)*s™* + Cu(1 + p)3s7*1]
—[Ap(1 + W3 + [B+ D(1 + w]u( + p)s® — Cu(1 + p)3s"** — Du(1 + 1)3s + Cu(1 + p)?sr*3]
= Ap(1 + )% — Ap(1 + w)s* 3 — Cu(1 + w)*s?=t + 2Cu(1 + p)3s"+ — Cu(1 + w)?s¥*3 — Du(1 + pw)*s=?
+[B+2D(1+ Wu(1 +w2s - [B+ DA+ w)]u( + p)s?
We can then continue with modifications of (E17)
{2(1+u)4aAs“_1+2A(1+u—a—2au)(1+u)zs“+1—A(1+u)(2—20()[15“"’3+2(1+u)3Bs—2(1+u)Bus3
(4 -52)°[(1+)?-ps?)
Cl(=3yu—2y+4+4p) 1(y—1)(1+w)%sY 1 +C[2ypu+(y—2) A+ -1 A+@)s" P14 [+C (- 1) (y=2) A+ *sY 3 +Cy (1-y)us¥+3 +2D(1+p)*s~3-4D(1+p)3s -1+zu(1+u)2s]
(1+p)-s?
[Ap.(1+/,t)23"‘“—Ap.(1+/,t)s"‘+3—Cu(1+;¢)4sy‘1+ZC,u(1+,u)3sy+1—Cu§1+u)Zsy+2 —Du(1+w)*s™ 1+ [B+2D(1+w)  u(1+p)2s—[B+D(1+p)|u(1+u)s3 ]} (E18)
((+w=52) [(1+w2-ps?]
The numerator of the second term multiplied by (1 + )2 — us? is:
[ + p)? — ps2[{CCSyI=R2y AN A=) (1 + )Y S IIC [2yEse=2) ()| (EEs 1) (1 + p)s" 8
+ [HC (R (/) (1 + w)*s" ¥ + Cy (UEDus”*8 W2D(1 + w)*s > — 4D(1 + w)’s ' 2D (1 + w)?s]}
{ClCSyr=ny g =) (1 + 1)*s* 1 IIC Ryrr(y=2) (=) ] (Es1) (1 + @)’y
+ [lC(y-l)(y-)(l + s 8 + Cy (UL + s *8 W2D(1 + w)°s > — 4D(1 + s W2D (1 + p)*s]}
(1 + w)?ps” M IC Ry (F=2) T+ 0] @1 (1 + pus’?
+ [IC(y-l)(y-)(l + ) tus’ ™t + Cy(UEmp*s"+ 2D (1 + @w*us™ — 4D(1 + p)3usll2D (1 + p)?us®]}
= (1 + w*s* T IIC (vE1) () (1 + p)*us?
B¢ Ry aGr=2) (0| @) (1 + w3 s' I 372y AN (=) (1 + p)®us? e
+ [EC(/ED) (V) (1 + p)°s" 8 + Cy (I u (1 + w)*s" 8 IIC [2yeaGA=2) (19w (@) (1 + wus?** W2D (1 + p)°s~3
—4D(1+ p)°s ' 2D (1 + p)*ps~ E2D (1 + 1) sEB4D (1 + 1) ps] + [HCy (L) p?s"+ 2D (1 + p)*us?]
Blc{{Esyp=nyrarani] | (/ER) G (1 + p)*s' !
Hc{R2vpr=2@+@n] (1 + ») BIESyE=2y 4+ 40 ] =101 + p)*s" T HC (B (V) (1 + 1)°s7 8
+ C{—y(1 + 1) H Ry =)0 | @@= 1) (1 + p)s'** lcy (i) p*s" > l2D(1 + 1)°s™3 — 4D(1 4 p)°s™*
W20+ p)tus~ E2D{(1 + ) M2} (1 + 10)*s 2D (1 + p)?ps®
B¢ (=aym=nyraopd) (=) (1 + )*s" " IC (6ysry==i2r=8 + 6y =161} (=) (1 + )*s7*8
Hcm) (vEm) (1 + w)°sY I GyprErye=ze=nn (@=1) e + p)s'* lcy (s s> Bl2D (1 + 1)°s™3
—2D2+3wW)A+w*s ' E 2D + 3w (1 + w)3s 2D (1 + pw)?us?

Then, the expression in curl bracket (the pre-factor of the reciprocal square root in the second

derivative) is (note: the second term of it has to be split in order the ratio fits one line):
{2(1+u)4aAs”“1+2A(1+u—a—2au)(1+u)zs”‘+1—A(1+/,¢)(2—2a)us”“'3+2(1+u)3Bs—2(1+u)Bu53
(A+w)-s2)* [(A+)2—ps?]
C{=ayp=2ysepa) (=D (1+1)*s" ' Hc (oypry=2=8p +6vp/=6.p)[7=1) (1+1)*s" "Blic (yED) (vm) (1+u)°s" “Slic (eypszy=z=2p) @1 p(1+p)s" 3 Wy (Emu?sY+> +
(A+w)-s2)* [ +w)2—ps?]




l2D(1+/,L)65_3—2D(2+3u)(1+u)4s_1.2D(1+3u)(1+u)3sl2D(1+u)2us3+
(A+w)-52)* (1402 —ps?]
[All-(l+M)25"”’1—All-(l+u)s“+3—C/J.(1+p.)4sy‘1+2Cu(1+u)357+1—C/J.(1+/4)ZSY+3—D#(1+#)4S‘1+[B+2D(1+/4)]u(1+ﬂ)25—[B+D(1+#)]H(1+#)53 ]} (E19)
() -s2)* [ +w)2—ps?]

Now, put together the same power in s (as there is the same denominator in all four terms, we

can move the terms in the numerator from one ratio to the other):
{2(1+u)4aAs“‘1+2A(1+u—a—2au)(1+u)zs““+Au(1+u)zs“+1—A(1+u)(2—2a)us“+3—Au(1+u)s“+3
(+m)-s2)* [ +w)2—ps?]
C(=ayp=2yema) (=1 (1+1)*sY " Bop(1+)*sY ~ Wc (6vmry=2=8u+ 6yp =6 i) Z=1) (1+1)* s "B+ 2cu(1+p)3sY Hlc (yED (vEm) (1+1) °sY ~Blc (aypeezy=z=2p) (W= 1) p(1+0)sY 3 —cu(1+p)2sV 3 ey QEm) p? sV +
((+p)-52) [(1+1)2 - ps?]
[+2D(1+u)55_3—Dp.(1+p.)4s‘1—2D(2+3;l.)(1+u)4s_1+[B+2D(1+p.)]p.(1+/,t)25+2(1+u)3Bs+2D(1+3#)(1+u)3S—[B+D(1+p.)]u(1+p.)s3—2(1+u)Bus3—2D(1+u)zus3 ]} (EZO)
(+w)-52) [ +1)2—pis?]

Join the same power terms

{2(1+u)4aAs“‘1+A(2+3u—2a—40m)(1+u)2s“+1—A(3—2a)(1+u)us“+3
((1+)=-52) [ +)2—ps?]
C [=ayyp=2yy=noyprey —7e=4] (1+1)*sY ~IC [6yymEyy=3y=14va + 6Vyi =12 py=2s10pEs ] (1+1) *sY +  Hc (vE) (vam) (1+4) s ~Bllc [=aymp=2ya + 6virav=3=3p] (1+ ) us"+> Wcy LEm u?s¥*5 +
(A+)-52) [ +)2-pis?]
[+2D(1+u)65_3—D(4+7p.)(1+u)4s_1+{B(2+3p.)+ZD(1+4p.)(1+p.)}(1+p.)25—3{B+D(1+u)}(1+u)us3 ]} ( E2 1)
(+w)-52) [ +1)?—ps?]

The second derivative is thus
d?Fresta(s)
ds?
1

_ a-2 cinh—1 S
a(a —1)As* “sinh (1+u m)+

{7A(372a)(1+u)usa+3 +AQ2+3u—2a—4ap) (1+p) 2s* 1+2(1+p) *ads™ !

2
(+0)—-s2) [ +w)2-ps?]
Moy (1mm) s 5+ [z + svperav=3=3p) (1+1) us" W [ovvmrvv=sv=nmva + svvn =12 pyezsaomes,u) (1+1) *s" ' W c [=avm=eyvaovmesy—rp=a) (1+1)*s' ' Bc(v@1) () (1+4)°s' 8 N

(14w =s2) " [(1+1)?=ps?]
—3{B+D(1+/,¢)}(1+;4)ys3+{B(2+3;4)+2D(1+4u)(21+u)}(1+,u)25—D(4+7;4)(1+,u)4s_1+2D(1+,u)6s_3 ]} 1 (E22)
(A+0-52) [A+w)?-ps?] V+2—ps? ’

which can be rewritten with a help of a set of substitutions
M3 = -AG - 20) (1 + 1D, Mou =R + 30— 20 — 4a) (1 + ) Moy =201 + W ad}, {0 B —Cr( =i, My =
Cl—4yyu — 2yy + 6yu + 4y — 3 = 3ul(1 + W, My41 = Cl6yyu + vy — 3y — ldyp + 6yyup — 12upy + 2 + 10 + 8up] (1 + )?, M, [=
Cl—ayyu — 2yy + 10y + 6y = 7u— 41 + 0%, 0,3 = - D@ -2DA+w)°}, W= -3(8+ 001+ W} +wp, My =
(B2 +3w) +20(1 + 4)(1 + i)} + w2 n-1E-D + 7)1 + 1)*, m-3=+20(1 + 1)} (E23)

to

sztestz (s)
ds?

_ a—2 .: 1 1 S
a(a — 1)As* “sinh (—m —m) +
1

{Uoz+3 ST 415 4N 157 40y 15V P4y 43SV 34y 11 SV 4 1SV T4y 3V T3 4ma s34 s _gsT! +7I—35_3}
((1+1)=52) [(1+w)2=pis?] V@) —ps?
(E24)

Inserting the found derivatives to the generalized Legendre equation

Thus, for the new test function (E6), and its first derivative (E14), and its second derivative (E22),

where E23) substitutions are used, the generalized Legendre equation (E2) becomes the form
_ a—2 -1 1 S
H,(s) [a(a 1)As®# sinh ( = —m) +
{na+35a+3+77a+15a+1+7]:x715a71+77y+55y+5+77y+35y+3+ny+lsy+1+77}/715}/71+nyf35y73+77353+7715+77—1571+77—3573} 1 ]
(4w -52) [+ 2-ps?] Va+)2ps?




a=1 =1 1 s (1+1)(As*+B) y-2 22 (1+w)*(CsY+D) 1

a s -1 1 s y (1+p)%—ps? 1 ]I
Hy(s) [(As + B) sinh (1+u J—W)I(CS + D) - T 0 . (E25)

As sinh™* and the reciprocal-square root are distinct functions and cannot combine to mutually
cancel out, both parts of the equation after substitution of the derivatives and the function itself
(the one with sinh™ and the one with the reciprocal-square root) has to hold separately.

Solving the part of the equation with sinh™

The part of the equation with sinh™ (which is the simpler part) is:
H,(s) a(a — 1)As* 2 sinh™! (ﬁ \/ﬁ). H,(s) aAs* 1sinh~! (\/%# ﬁ)lH0 (s) (As® +

3 — 1 s
B) sinh™! (J1_+—u W).O . (E26)
Divide it by sinh™ function and we obtain
Hy(s) a(a — 1)As* 2|l H,(s) aAs* [l H,(s) (As* + B)EI0 . (E27)
Then (by inserting (E3), (E4) and (E5)) we get
[(1+w)° = Qu+ DA+ ws* + us*la(a — DAs“ > Il s[-GBu+2)(u+ 1) + 2u(u + DK, +u(3 -
2K,)s? aAs* TP K [(Ky — 2us? + (u+ DK, + (1 + w)?](4s* + BYEIo , (E28)

1+ pwiala—1DAs* 2 — Qu+ DA+ wala — 1DAs* + pa(a — DAs* I [-Cu+2)(u+ 1) +
2[1([1 + 1)Kd]aASa.‘Ll(3 - ZKd)aASa+2.Kd(Kd - Z)HASOH.Z + [Kd + (1 + [_l)](l + M)KdASa + BKd(Kd -
2)us* + B[Kq + (1 +w](1 + WK, B0 (E29)

pa(a — DAs* 2 JuG — 2K ads* K, (K — 2)uds*2BRu+ DA + wa(a — DAs*l[-Gu +
2)(u+ 1)+ 2u(u + DK laAs*BIK; + (1 + w1 + WK As*I (A + w3a(a — DA 2BBK, (K, —
2us? + B[K, + 1+ w]A +wK, B0, (E30)

A{a(a — DG — 2K) oK, (Kq — 2)}us“ P BIA{-Qu + Da(a — 1) M[-GBu + 2) + 2uK,] ol
[Kq + (1 + w]K 31+ w)s“IlAQ + wPa(a — Ds**MIBK, (Kq — 2)us®* BIB[K, + (1 + w)](1 + K, BHo
, (E31)

Now, test several possibilities for a values.

In the case when a=0:
AK4(Kg — 2)us® BA[K, + (1 + w]Kq(1 + ) BBK(Ky — 2)us® BB[Ky + (1 + w)](1 + WK, B0

E32)

Zero-power terms (as well as power-two terms) mutually cancel when B=—A, which means trivial

solution regardless of the value of K,,.

Even when K;=2 or K;,=—(1+u), the condition B=—A has to be fulfilled.

Second (different) possibility is when Kz=0: then, A and B are arbitrary (but as a=0, they form

together only one parameter A+B). This is the already well known solution for K,=0.

In the case when a=1:
A{(?’ - ZKd).Kd(Kd - 2)}#53 + A{[_(3.U +2) + zlle] + [Kd +(1+ .U)]Kd}(l + #)S + BKd(Kd - Z)MSZ +
B[Ks + (1 + W] +wK, B0 (E33)



A[3 — 4K, + K K lus? BBA[K Ky + (1 + 31)K, — 3u — 2](1 + w)sEBK (K, — 2)us?BEB[K, +
1+ W]+ WK, Eo . (E34)

Power-two term is zero when B=0 or when K,;=0 or when Kz=2.
Zero-power term is zero when B=0 or when Kz=0 or when Ky=—(1+u).
Then either B=0 or K;z=0.
Power term one is zero when A=0 or when K;=1.
Power term three is zero when A=0 or when K,=1 or when K;z=3.
All the conditions are fulfilled for K,=0, A=0, B arbitrary — but this is the same solution as in the
previous paragraph for a=0.
All the conditions are fulfilled also for K;=1, B=0, A arbitrary —this is the already known solution
(part of it) for K,=1 — the one following from the general solution of the Ricatti equation.

In the case when a=2:
A{ZEN2(3 — 2K,) MK, (Ky — 2)}us*BA{-22u + DI2[-Bu + 2) + 2uK, ]l[K; + (1 + w]K,3(1 +

ws?B2A(1 + ) BBK,(K; — 2)us*BIB[K, + (1 + w11 + wK, B0 , (E35)
B[Ks+ (1 + w1 +wK, B0 (E36)
[B(1 + 1)K, K, BB (1 + 1)?K, + 24(1 + 1)*] B0 . (E37)

Power term four is zero when A=0 or when K;=2 or when K;=4.
A=0: then the equation simplifies to
BuKy{Kq — 2}s* BB (1 + w)K4[Kq + (1 + )] B8O , (E38)
and either K;=0 or B=0, which both are equivalent to previously discussed cases (as also A=0).

Ky=4: then the equation simplifies to
A us*BB{A( + u) + Bu]16 + [A(1 + 5u)(1 + p) — 2Bul4 — A(10u + 6)(1 + w)}s?BR[B(1 + )16 +

B(1+ w24+ 2401+ 3B . (E39)
The power term four is zero.
From the power two term, we have
{[A(Q + ) + Bu]16 + [A(1 + 5u)(1 + p) — 2Bul4 — A(10u + 6)(1 + )} EBHO , (E40)
{[16A(1 + u) + 16Bu] + [4A(1 + 5u)(1 + u) — 8Bu] — A(10u + 6 + 10uu + 6p)} EHO , (E41)
{16A(1 + w) + 4A(1 + 6p + 5up) — A(16u + 6 + 10uu) + 16Bu — 8Bu} B0 , (E42)
(164 + 16Ap) + (44 + 24Ap + 20Aup) — (16Au + 6A + 10Aup) + 8BUEHO , (E43)
2A(7 + 12u + 5uu) + 8BuEI0 , (E44)
2 L (E45)

B 7+12u+5up
From the zero-th power term, we have

[B(1+ w16+ B(1+ u)?4+ 2401 + )3 B0 , (E46)

[8B+2B(1+ ) + A1 + w)? B0 , E47)
ﬂ — —8+2(1;u) ) (E48)
B (1+w)

which is different than for the power term two. Then, there is no solution for K;=4 in this case
(i.e. a=2).
Ks=2: then the equation simplifies to
A4 —12+8)us*B{[AQ + ) + Bul4 + [AQ +5u)(1 + p) — 2Bu]2 — A(10u + 6)(1 + p)}s*BE
[B(1+ w4 +2B(1+u)?+ 2401+ w)3BI0 , (E49)
AO)us*BR{4A(1 + u) + 4Bu + 2A(1 +5u)(1 + p) — 4Bu — A(10u + 6)(1 + )}s?BB[2(3 + W)B +
241+ w11+ wBlo . (E50)



The power term four is zero.
From the power term two, we have

{4A1+p) +4Bu+2A1+50) (1 +u) —4Bu — A(Q0u+6)(1+ W)} =0 , (E51)
{A[4+2(1 +5u) — (10u + 6)](1 4+ ) + 4Bu —4Bu} =0 , (E52)
{A[6 + 10u — (10u + 6)](1 + ) + 4Bu — 4Bu} = 0 , (E53)

which is always fulfilled.
From the zero-th power term, we have

A 3
2G+mB+241+w? =0 = Z=- ((1:;))2 . (E54)
Then, we have a partial solution for K;=2 in the case when a=2, with the given ratio of A and B

constants.
Summary: The tests with a=0 and a=1 led to no solution. In case a=2, a possible solution was
found. This solution is to be tested for the second part (square root) of the equation.

Solving the part of the equation with the reciprocal square root

The second part of the equation with the reciprocal square root is:
H,(s) {na+3s"+3+na+1s““+na_1s“‘1+ny+ss7*5+ny+3s’*3+ny+1sy“+ ny_ls"l+ny_3sV‘3+n3s3+n1s+n—1s‘1+n—3s‘3} 1
2 (A+)-52)*[(1+0)?—ps?] V)2 —ps?

(1+4) (As%+B) y—2 22 I(1+;4)2(CSV+D)} 1 I
Hy (o) {S2 0 My 0672 [ - ] e
2_ .2
Ho(s) (Cs? + D) LIt 1 lo . (ES5)

J@+p)2—ps?

where

M3 = -4 - 20) 1+ 1D, Moud ZAQ +3p — 2a — 4a) (1 + ) My =201 + W *ad}, {0 B —Cr( =i, my4s =
Cl—4yyu — 2yy + 6yu + 4y — 3 = 3ul (1 + W, M4 = Cl6yyu + vy — 3y — ldyp + 6yyup — 12upy + 2 + 10 + 8up] (1 + )?, m,_, [=
Cl—ayyu—2yy + 10y + 6y = 7u— 411 + 0%, M= - DG -2DA+w)°}, W= -3(8+ 001+ W} +wWp, My =
(B2 +3w) +20(1 + 4) (1 + )} + % n-1E-D + 7)1 + 1)*, M3 =+20(1 + 1)} : (E56)

Multiply (E55) by the reciprocal square root and receive

H,(s) {nn+3s“*3+na+1s““+mHs‘H+ny+ss“5+ny+3sy*3+ny;1sy“+ an“+ny73s”3+n3s3+n1s+n—1s’1+n—3s’3}I Hy (s) {(1+u)(As"‘+B)
(40 —-s2) [+ 2-ps?] ((+w-5?)

2 2_ .2
VCsY2 [(1 + ) _”SZ]IM}.HO(S) (Cs” + D) (1”‘)%.0 . (E57)

For the sinh™ part, it was found (see (E54)) that a possible solution with - and Kz=2 has to
have A and B ratio

A_ G __ a+w?
5= Tt B = G A . (E58)
Now test this for the second part (square root) equation by inserting the B parameter according

to (E58) to (E57):

243 2+1 2—-1 5 3 1 —1 -3 3 -1 -3
H,(s) Nar3s a1 Hac15" Hyss’ 4138 408" 4 0y g T, a8 T s A st 15T 43S
2\S 2)% 2,2
(+w)-52) [(1+m)2-ps?]

(1+p)(Asz— ((1;“))2/1) (1+1)*(CsY +D) (1+p)?—ps?
Hi(s){——— 2B CsY2 [(1 + p)? — us?] — Hy(s) (Cs” + D) — 0 . (E59)

((l+p)—sz)

where the H, polynomials are given by (E3 (E4) and (E5) and where
Mess = -4G - 22) A+ Wy Mo FAQ +3p— 22 - 42.0) (A + )N My E2(0 + )% 2.4}, {1452 -Cr(1 -V, 132
Cl—4yyu —2yy + 6yu + 4y — 3 = 3u] (1 + W, My41 /= Cloyyu + vy — 3y — ldyu + 6yyppu — 12ppy + 2 + 10p + 8up] (1 + )*, M,



2
Cl—4yyu = 2yy + 10yu + 6y — 7Tu — 4]1(1 + )*, m,s=Eclr - D& - 2)A +0)°}, {713 =-3 {_%A +D(1+ u)} A+wu m =

{—%A(z +3u) +2D(1 + 40) (1 + M)} (1+0)?% Moy =D + 7)1 + )" n_s=+2D(1 + u)6} ) (E60)

which can be further simplified to
Mars 2AQ + D1, Mot 2AG51—2)(1+ W4 0oy E 44+ )Y, {105/ = —Cr(1 = Vi, s = Cl-4yyu — 2yy + 6yu + 4y —
3-3u](1 + W, Myss B CloVY + vy — 3y — L4yp + 6yyup — 12upy + 2 + 10 + 8up] (1 + )%, M, [= C[—4yyu — 2yy + 10yu + 6y — 7u —
A0 +0 B0 - D0 -0 +0%, fn=-3{-52A+d} 1+ M = {- 2 A2 +30) +20(1 + 40} (1 + ),

G+0) T

B DG+ T+ 0" ns B0 (E61)
After inserting H polynomials, the equation is

_ {na+355+na+153+na7151+77y+5SY+5+ny+3SY+3+ny+15Y+l+ 77y—15y71+77y—35y73+77353+7715+77—1571*’77—3573} I

() —52) [+ 2—ps?]

2
(1+w) ASZ—(1+u) -A G )Z(C V+D)
-{% GG (cs” +
2,02

p) dHzis lo . (E62)

and simplified

5 3 1 +5 +3 +1 —1 -3 3 -1 —
Na+35° +Na+15” HMa=15" +1y+58" 1y 1387414187+ 15" 417357 0357 415+ 157 4735

((+w)-s?) S}I

(+w)( As?- a+w? 20sY
s—( (B+p) ) yCsY (1 + w)? — us’] () (€s74+D) (CsY +
((+w)-s2) s
1)—s

D) M.o . (E63)

Multiply it by s with the result

6 4 2 +6 +4 +2 —2 4 2 -2
Na+35° +Na+15” HMa—15"+1y 458" +1y 4387 414187 "+ 0157 +07 357" +035 115"+ 1 +1) 35
((+w-s?)

A(1+ ) S4_M52
-{% yCsT[ 4+ )" i) G+ W (Cs” + D) (s +
1) =S’

D) [(1+ w)?* — us*]EHO . (E64)
Expand and simplify the middle term, and expand the last term:

6 4 2 y+6 y+4 y+2 Y. y—2 4 2 -2
Na+35 tMa+1S tNa—15"+1y455 +1y435" " +1y41S" "+ Ny—15 +1y—35" “+735 +115"+7—1+7]—35
((+w-s?)

A+ (s%- (1*’1‘-)252
-{“(((1*;;10) Clr =D +w)’s” = Cyus" ? B (1 +u)*D

BY(C(1 + w)?sY + D(1 + p)? — Cus’*? — Dus?) B0 . (E65)
Multiply it by ((1 + w) — s2), which results in the equation
{Marss® + Wasr + 05" + Moy + 0157 + 1580 41008 41,0082 + 1,008 + 1,55 + 0y + 0352l

_{(A(1 st — A %SZ)I(@ 1) =) C - DA + s’ — (1 +) - SZ)nysmI
((1+w) - s2)(1+w?D }_(C(1 + w)2sY + D(1 + w)? — Cus?*2 — Dus?)((1 + ) — %) .o )

(E66)

where
(1+@)u

(1) (2+34)
{ass = 4G+ 0, M + 15 = [AC=50-2) + 3452~ 30| (1 4+ 0%, Moy + 1 = [44(1 4+ ) — AL

u)3}, {452 —cy(1 = Vi, My =ICl—4yyu— 2yy + 6yu+ 4y — 3 = 3u] (1 + Wi, Mysr = Cl6yym + vy — 3y — dyu + 6yyup — 12uny +
2+ 10 + 8upl (1 + W% My [E Cl—4yyu—2yy + 10yu+ 6y = Tu— 411+ W, M, 5=l - DG -2)Q+p°, {nq=
-D(4+ 7)1+ w*, m_s=E+20(1+ W . (E67)

+2D(1 + 4;1)] 1+

Expand the terms of the equation:



{Nas35® + (ass +02)s* + (g +01)S% + 115870 + 135" + 10,0082 + 1,y + 10,5572 + 1y + 13572} |
1
=i =2 =t { (40 + 05t — 4252 ) Bt - DG +0's7 - € - D+ w5772 - (1 +

B+u)

WCyus"*? + Cyus" B +0°D + (1 + wDs* | RUFD@ES) (c (1 + 13s” + DU+ )P - c(1 +

wus’2 — DA+ wus? —C(A + w)?s¥*2 —D(1 + p)?s* + Cus?* + Dus*) B0 .  (E6S8)
Combine the same power terms:
Marss® + Marr + 05" + Wy +11)5% + 10,0557 + 1,387 41,0052 + 1,18 + 1,552+ _q + 135} [}

[(u—2)(u+ 1) — ps?] {+Cwsy+4 —Cly-1-p+2yu](+ u)sV”IC(y D@ +p?’s” + A+ st +
|- 4 ((31:‘;)) +D](1+ u)zszl(l +1)°D }.2(,1 FO@+3)(Cus" — COL+ W + 20+ + C(1 + p)3s” +
Dus* — D1 +w@+2wWs?+DA+w) BIo . (E69)

Still expand:
{Merss® + Wans + 05" + My +M1)5% + M5S0 410008 41,0082 + 1,008 + 1,582 + 0y + 0352
{+Cy(u =2)(u+ Dus"™* - Cly -1 - p+2yul(u - 2)(1 + )’ sY 2 EC(y - D(u—2)(1 + w)'s? + A(u —

D+ st + [~ AgT+ D] (= D+ s [ - 20+ w0 J{reruts e - cly -1 -wr v+

wus"*BC@ - DG+ s + A+ st + [~ A+ D] 1+ wrus [ G+ s J G+ DG+
3)Cus’™ —2C(u+3)(1 + (1 +2u)s" 2 + 2C(u + 3)(A + w)*sY + 2D(u + 1D (u + 3)us* — 2D(u +

DA+ WA+ 2ws?+2D(+3)1 +w*] Blo .(E70)

Put together the same power terms:

(nesss’ P+ us P s+ 15" + 4G =D+t~ [~ A5+ D] st + 2D G+ D+

Dus s +n0st + [~ 455+ D] =D +'s? = 2D+ D+ + 2057 + (1 + w0 Dps? [
Nyess' 0 = Cyus" S [P, a8 + Cy(u —2)(u+ Dus"™ + Cly — 1 - p+ 2yul 1 + wus *B2(u + D +
3)Cus?  Wn,15 = Cly —1—u+2yul(u —2) A + )" = C(y - D@ + w)’us?*? = 2C(u + 3)(1 + W*(1 +
205" 2 W, BC - D — DA+ )'s” +2C(u +3)(A + w*s” W, Mn- B — 2 +0)'D +
2D(u +3)(1 + ) Min_os} B0 . (E71)

Combine the same power terms:

[ess = AG + s [ [ ecs +19) + AW =D+ + (455 -D) G+ + 2D+ D + 3 s*|]

ey +1) + (~A G2+ D) (0 =21+ 0)° = 2D(u + 3+ (1 + 200 + (1 +* D] 52 [ 5 -

Cyp?]s" o [myss + CYu— 2D+ Du+ Cy —1-u+2y) @+ wp + 2+ D + 3)Culs** P[0 -
Choy-1-p+2y)u—2)A+ > = Coy - DA +wu—2C+3)A+w*A +2w)|s" R [n,.. + C&y -
Du—20+m*+2C+3)1+w*]s" W, -1 - w—20+w'D + 2D +3)1 + w*1}
n_ss2BI0 . (E72)

Simplify and input the n terms from (E67):

[A( 5u—2) +34 51 (”")" - 3Du] A+ +AQ + #)2[ w} +Du(u+ D+

[AQ+wWu— A+ #).U]SGI G

4 g G (2430) 3_» (1+4) 3 _ _
5)]5 I[[4A(1+u) AT +zn(1+4u)] (1+0)° = A (= 2+ 0 + D(1+ W) (~2upt — 1p

8)] SZI[—CV(l -’ = CWZ]S”GI[C[—‘WW —2yy+6yu+4y —3-3u](1+Wu+ CA+wuByu—y+u+
5)Is"** W [cl6yyu + vy — 3y — 14y + 6yyup — 12upy + 2 + 10p + 8pp] (1 + 1)* + C(A + w)*(=3yup — 2pup + 2ypu —
14+ 2y — 8)]s" 2 [c[-4yyu—2vy + 10yu+ 6y = Tu—4](A + w* + CA + ) *yu — 2y + 1+ 8)1s" A
CG-DG -2+ M[-0G+7W)A+*+ DA+ w*(u+8)|Mll2p(1 + s> Mo . (E73)

Then



[O]s6l

_ @43 G4y 2 _ _ _ 2 20, _ Y+6
W= "G G & 2)]+D(1+u) O +w@+4w) + (—2pp — 14u 8)]]5 I[Cw (r—=2)]s I

C(L+@ul(—4yyu—2yy +6yu+4y —3-3uw) + Gyu—y +p+5)]s"**WCQ + w)*[(6yyu + vy — 3y — 14yu +

6yyuu — 12upy + 2 + 10p + 8up) + (=3ypp — 2pp + 2yp — 14p + 2y — 8)|s" 2 C(1 + )* [(—4yyu — 2yy +

1oyu+6y—7u—4)+(u—2y+u+8)]s"Mctr- DG -0 +°s D +W*[-4+70) + (1 + 8)]H

2D(1 + p)°s2 B0 . (E74)

Before continuation with the algebraic manipulations of the equation as a whole, a part of the
pre-factor by s is simplified separately:

(1+w)(2+3u) (1+u) (2+3u) |, (u-2) —4(3+pu)+(2+3u)+(u-2)
[4(1 1) - G (3+u) 2)]I_(1 + 1 [ G GB+w + (3+u)]._(1 0 [ G+w) ]I
(E75)

—(1+ )[( 12 4M)+(4u)]l 1+ )[( 12)]I(1 )[

(3+u) (B+u)

2 (+wu (utpp—3) 4
AL+ ) [(_5;1 —2) + 3 + 2 ] +D(u+ Dul=3(1 + 1) + (u + 5)]] s I

A +p)? [4(1 +

(B+p)

Then

[A(1 + )2 (‘1(%";)“) +2D(u + Du(1 — u)] s4I[A(1 +u)* [(;fm] +D(1+ u)2(—6 — 4u + 6/,¢/,¢)] 52I

[Cyu?(y — 2)]s"* IC (1 + wu(—4yyp — 2yy + 9yu + 3y + 2 — 2p)s"*IC(A + w?(6yyu +yy —y —
12yp + 6yyup — 15upy — 6 — 4p + 6pp)s" 2 C(1 + ) *(—4yyu — 2yy + 1lyu + 4y — 6u + 4)s"ll
Coy—-Dr-2)A+wss" MDA+ wW* -4+ 7w+ (u+8)| 2D +woss™Eo .  (E76)
If y=—2 or lower, then — from the term with power y—2 (which cannot combine with others) —
follows that C=0. Then also D=0, as follows from the last term. Then also A=0. This is a trivial
solution which we are not presently searching for.
If y=0, then — from the term with power y+6 (which cannot combine with others) — it follows
that C=0. Then also D=0, as follows from the last two terms. Then also A=0. This is again the
trivial solution.
If y=4, then — from the terms with power —2 and 0 (which cannot combine with others) —
follows that D=0 and also C=0. Then also A=0. This is once more a trivial solution.
Similarly for y>4.
When y=2, the term with power y-2 is zero thanks to the pre-factor part (y—2), and C need not
to be zero. On the other hand, D=0, as follows from the last term (which cannot combine with
others). We now try this possibility (i.e. y=2, D=0). The equation simplifies in several steps:

[A(1 + M)Z gfj‘;)” ] I[A(l w?* [(3+#) ] I [c2u?(2 — 2)]s2+6 IC(1 +u(—4220— 222 +92u+ 3.2 +

2-2)s* M IC(1 + W3 (6.2.2u+22 -2 —122u + 6.2.2up — 15up.2 — 6 — 4u + 6up)s* T C(1 + w*(—4.2.2u —
222+ 112u+42—-6u+ 4)s’llcC - 1)@ -2)(1 + wWos*?Blo ,  (E77)

[A(l + )2 ;32(";)1) ] I[A(l + ) [(3+#)]] I IC(1 + Wu(~160 — 8 + 181 + 6 + 2 — 2u)s® I

C(L+w)?(24p+4—2—24pu+ 24up —30uu — 6 — 4u + 6up)s* I C(L + w)*(—16p — 8 + 22u + 8 — 6+ 4)s* |}

OBl ,  (E78)

A+ 57 )]] I(o)s IC(1+u)( 4- 4M)SIC(1+#)4(+4)SI :

E79)
[ ()] lc( . msl

[A(l +u)2( g%;)l) ] I

A(1+u)2[(3 )]] IC(1+,u)2(+4)52I0. (E80)



Now divide by 4:

-3(u+1) 3
{A (W) —c+ u)}s"I{A(l +u)? (W)I c(1+ u)Z}SZ.O . (E81)
Then the pre-factors by s* and by s* both have to be zero. l.e.,
—-3(u+1) —n -3(u+1)\ _ ~ _ -34
A (Tu)) —CA+p=0 => A (—(w) ) =C(1+ ) = = 5 (E82)
and
5 3 2 _ __ 34
A1+ ) G + C1l+w?=0 = C G (E83)
Both equations are thus fulfilled for the same C/A ratio. Therefore, the selected model function
(1+p)?

led to the solution for K4=2. The found parameters are a=2, y=2, D=0, B = —A
3A

G+w’
Thus the model function (divided by the constant A) with input the found parameters is

TG’
2
Frest2(8) ) ' (wa 4 B o _1( 1 s ) ¢, D\ Yarw?-us?|_|( 4 , B\1 [s+ (1+,¢)2_usz]
/A_ (S +A)Smh J1+p J(Q+p)-s? +(AS +A) s _(S + ) In (1+p) [(1+p)—s?] +

Al 2
(%SY + %) 7V(1+“)2_“52 — (52 + E)lll’l ( [5+\/(1+#)2—H52]2> N (%SZ 4 %) [(A+u)2-ps? _

s Al 2 (1+u) [(A+u)—s2] s

o _ sy (G JA+wE— ps?
(s (3+u))zln< a+m [(1+u)—52]) G VA7 = ps? ' (E84)
The second degree Legendre-like function of the second kind (not yet properly normalized,

however) is the above solution multiplied by a suitable constant (3+u)/2:

2
(3+p) G+w) 1+ 1 S+ (1+p)2—ps? G+w) 3
QZS(S)N(_” 2 _LrHLTH )—ln([ ] _ B+

s 2\ @ (rm-s?) 2 G+

2 2 (G+w
2
(3+p)s?—(1+u)? ll < [s+\/(1+u)2—u52]

sy (L+pw)? — us?

_3 2 _ o2

> > o) e =o7] ) >S \/(1 +u) us? . (E85)
Note that, when u=0, the solution reduces, as expected, to the second kind Legendre function
of the second degree, for which C=—3/2=—A=—(3+u)/2=—(3+0)/2.

Further note, that the first term in the function (E85) is proportional to (see Table 1 and (92))

< [s+\/(1+u)2—usz]2>

1+ [(1+p)—s?]

(B+u)s?-(1+w)?1
PS(s) Qf (s) = S0 Ly

(ES6)

E.2. Third degree second kind solution
Model function

In the model function for the second kind third degree solution, we assume that the first part
(i.e. sinh™, or logarithm part) is equal to P5>(s) multiplied by Qq°(s). Equivalent relations are valid
for the lower degree solution functions (see (92), (93) and compare with Table 1 of the main
text, and see also (E86) in the previous section of this Supplement); therefore, we test it also for
the third degree solution.

Then, the unknown in the model function remains only the polynomial by the square root. We
assume its power to be two, and thus the model function is



1 5 2 1 +3
Fregs () B P(9) Q5(8) + e (— 3 Es® + 56) VAT W7 = 87 |8 e oo (5 + 3u)s° -

3(1+ u)zs)%ln( [s+/aromps?] )I (-2Bs? +26) YT+ w2 — pis? , (E87)

1+ [A+p)-s?] a+me

where E and G are constants to be found. The following derivation has an intention to test if the
above - is a real solution of the angular part of the Laplace equation in the SOS
coordinates (68), i.e. if the following equation

[+ ) = 521+ )2 — ps?| RS + 5[—(3u + 2) (1 + 1) + 20k + DK + (3 — 2K)s7| GBS +

Ka[(Kgq — 2)us® + (u+ DKy + (1 + p)* | Fiesz S0 (E88)

holds, and under which conditions (for which Ky, and for which multiplication parameters E and
G).
The equation can be rewritten in the following way:

i) EEES .o Bl RS OB (E89)

where H; denotes specific polynomials (see (E3), (E4), (E5)).
The derivatives of the model function

The first derivative of the model function is

s+ (1+p)2—pus? :
[s+/ |

@+p) [(1+m)—s?]

s+ (1+p)2—ps? :
[s+/ |

@+p) [(1+pw)-s?]

[s+ /@757 )

@+w) [A+p)-s?]

[s+\/(1+u)2—usz] B (1 = ﬂ)z — ,LLSZ

@+p) [A+w)-s?]

2
(-2 + B S+ — sl = 1 (/R
-k +3I (1 +u)? — ps 3(5+3w)s*—3(1 + | s

(E90)
where the derivative of the logarithm function and the derivative of square root in the above
relation can be either derived or found using internet portals which calculate derivatives.

Then

/@] \ B @ra)am  (G+3ws2-3G+02)
(o) ()] 6 lamNGmi e

; lln(

(1+u)8 2 2

The second part of it (i.e. with square root, not In) is



(u+3)(1+u)s ((5+3u)52—3(1+#) I IS\/(l ) — l : EI
6 RN cEmps usz & S TGt ust

uenew)  (G+3ws2-301+0)?) WI I i 2I
S{ s T V(T —us? PV A+ w2 — us
2 4
ae e | VA +w? -

[(A+u)2—us?]

1{(u+3)(1+u)((5+3u)s2—3(1+u)2)ISO (15Bus? _4"‘)}3\/(1 P ”SZI

6 [A+w)—s2][(1+u)%—us?] [(A+u)2—us?]

1 { (#u+4u+3)((5+3u)sz—3(1+M)Z)I30|[(1+u)—s2][(1+u)2—ysz]I
6

[+ =21 +r)2—pus7] [T+ =52 [ +wZ—ps7]

(+p)—s?]|(15Mus?*—48u
N =

[A+w—s?][(1+p)?
1 { ([uu(5+3u)+4u(5+3u)+3(5+3u)]52—3uu(1+u)2—12u(1+u)2—9(1+u)2)I
6

[(1+p)—s?][(1+pm)2—ps?]
[30M(1+4)3—30Mu(1+p)s%—30M(1+1)%s2+30Mus*| I

(s n Bt lls?) [(A+p)-s2][(1+p)2—ps?]
1501 +p) ps2 —48(1+p) u—15Bus* +4@us 7 2I
it s A+ 17 = us? B (w5 + 31 + 4u(5 + 30) +
3(5+3w]s? = 3up(1 +w)? = 12u(1 + W? =91 + W») M[-300(1 + 1) + [30Mu(1 + ) +
30M(1 + p)?]s? — 30Mus*|
2_ 2
(—48(1 + wu + [158A + u + 48u]s? — 150us™)} 6[(1+SM;£1;]’E21+5;_W]I{ ([up(5 +3w) +
4u(5+3w) +3(5 + 3u)]s? + [30Mu(1 + ) + 30W(1 + w)?])s? + [150(1 + wpu + 48u]ls*>) B
[—30Mus* — 150us*] B8 (—3upu(1 + w)? — 12u(1 + 1) —9(1 + 1)* — 30M(1 + w)° — 48(1 +
2_ 2
i) g et B sl B[S+ 3p) + (204 +120) + (15 + 9] +
[(30Mu + 30Mu) + 30M(1 + 2 + p)] + [(15Hu + 158uw) + 48u])s* Il (—3uu(1 + p) —

12u(1 + 1) — 9(1 + 1) — 30W(1 + 1)? — 4B) (1 + pr)} —— L hw o is” (E92)

= 6[(1+p)=s?][(1+p)2-ps?]
The pre-factor of s can be simplified as follows:

([(Sup + 3ppp) + (20p + 12pp) + (15 + 9p)] + [(30Mu + 30Wuw) + 30B(L + 2u + )] + [(15Hy + 150pw) + 48p]) = Guup +
[(5uw) + (12puu) + 30Mup + 30Muu + 15Buu] + [20p + 91 + (30Mu) + (60Mw) + 150y + 48u] + [30M + 15]) = Buup + [17 + 75W]uu +

[29 + 1058 + 48]x + [30H + 15]) . (E93)

The constant term can be expanded as follows:
(—3pp(1 +p) — 12u(1 + ) — 91 + ) — 300(1 + p)? — 48p) = ((—3pp — 3ups) + (—12p — 12pp) + (=9 — 9u) + (—30H — 60Hu —
30Mup) — 48u) = (—3ppp + (—3pup — 12up — 30Mup) + (—12p — 9u — 60Mu — 48u) + (—9) + (—30M)) = (—3pup — (15 + 30M)up —
(21 + 60M + 48)u — (9 + 30W)) i (E94)

Thus the second part (i.e. with square root) of the derivative (E92) is
{—a5lus' B GGupp + [17 + 750 ppe + [29 + 1058 + 48] + [30m + 15])s* [ (=3 pepen -

(15 + 30m)papt - (21 + 60M + 481 — (9 + 30M) (1 + )} = Sj)(“"[);j;j_ 5 (E95)

Then the first derivative is
MI : {(‘”3) [(5 +3u)s” = (1 + )] 21 <[ G )I[ 45lus B Gup + (17 + 75Wpp +

ds (1+p)® (1+) [(+)—s
[29 + 1050 + 48] + [30H + 15])s? I(_3W“ — (15 + 30Mpu — (21 + 60M + 4B — (9 + 30l))(1 +
W i } . (E96)

(+m)-s?][(1+1) % —ps?]




The second derivative is
dz—dsz I% [(1 — {(” 2 [(5 + 3w)s* ~ (1 + w31 ([S+‘ SET >I[ 45flus* B Gupp + [17 + 75H] up +

(+) [Q+p)—s

[29 + 1050 + 48]y + [30H + 15])SZI(—3M‘HM — (15 + 30Muu — (21 + 60H + 4B)u — (9 + 30l))(1 +

g -
V(A+p)?— ps? 1 (M+3) [5+\/(1+u) uS]
)] 6] | | B @t | as [ +3ms* — @+ )] (o) (1) [ — 450"

Guuu + [17 + 75E pp + [29 + 1050 + 48] ¢ + [30M + 15])s? I(—3uuu - (15 + 30l)uu (21 + 60H +

4B — (9 + 30M)) (1 + )| L=k ]}I L {“‘;”l" [(5 + 31)5% — (1 + ) ][ <[”V(”“)Z‘“Z] )]+

[C+) =] [Qti) 2 =ps?] a+m)e @) [+ —s?]

[(5+3uw)s?—(1+ u)z] [ ([(;M)(l[:ﬁ:" i >”I[d5 [ 45Rus* B Gupuu + [17 + 75E pp + [29 + 1050 +
48] + [30H + 15))s% |}

(= 3pptse — (15 + 30M)pape — (21 + 60M + 481 — (9 + 30M)) (1 + )| [6[(1— Vg”‘]‘[)(l")‘]] + [ —4shus'

Guuu + [17 + 75E pup + [29 + 1050 + 4@] e + [308 + 15])52I(—3uuu — (15 + 30M)uu — (21 + 60M +

sy (1+p)2 = ps? 1 )u+3) 1 [S+\/ (1+u)2—u52]2
mp -9+ 30l))(1 + u)] = [6[(1“) 20 (Hu)z_wz]”}l(w)é{ 5—|2(5 +3w)s [2 In (7(“#) T

[30M+ 15])s] | o0~k W] + | —45Bus" B Guupap + (17 + 75Mpe + (29 + 1050 + 48]y + [30M +

15])s? I(—3#MH — (15 +30Muu - (21 + 600 + 48)u — (9 + 30l))(1 + u)]

—

2
[/ G " 2 i SO =
2(5 +3p)s [ 1“( () [e—7] )]I[(S +30)s” = (407 ( o] Y L+ 8 s )

[[ —180us® + 2Guup + [17 + 75Mup + [29 + 1050 + 48 + [30M + 15])s] [6[(Sl+ﬂ()1+2‘]‘)(21+:)‘f;2]]I

[—45Iys4l(3yuy +[17 + 75Bup + [29 + 1050 + 48] u + [30H + 15])52I(—3‘Llﬂ;1 — (15 + 30 up —

a1 ol - 930w + ) [ —— | (c57

where the particular derivatives were found using internet portals which calculate derivatives.
The second derivative is thus

azz-ds2 I(1+1u)" {(‘u + 3)(5 + 3u)s [% In ( [s+y/ G >]I[(u+3) (5 4 31052 — (1 + 0] - Z]I

a+we | 2

1 {(u+3)

(+0) [Q+)—s [Q+)=s?] [ +m)2—ps
[—180Mks® + 2(3pptp + [17 + 75BIpp + [29 + 105H + 48] + [30M + 15])s] & (1+#)—52]S[(1+u)2—ﬂ52]l[ —45us* B
Guup + [17 + 75 up + [29 + 1050 + 48] u + [308 + 15])52I(—3Mllu — (15 +30Muu — (21 + 60M +

=0 om0 ) 5

s+\/(1+u)2 — s’ 14
(1+”)6 {(‘u + 3)(5 + 3,[1,)5 [— <[ ] ]I[(ﬂ+3) (5 + 3”)5 _ (1 + ﬂ) ] WI[ _180IH'S4 +

(1+) [+ —s?] [+ s



1

[17 + 75H]up + [29 + 1050 + 48] u + [30H + 15])s? I( 3Wu (15 + 30l)/,¢u — (21 + 60H + 4By —
O+ som)+ 0] SREEER] Gy | (699
where the following identity was used in the last numerator:

(2] (1 + p)? — ps?] FESA [(ES2] = (1 + w)® —[([@FDps® + (14 p)?8% — ps*) D ES2=ES] = (1 + p)® +
{(—u + (1 + ) (NDSZDES? — ps*BEst] = [(1 + w)? + (DS DES =205 = [(1+ w)® + (1 + p)*5*E2Ese]

(E99)

The factor by square root is:
230+ 35 + 30)s* - (14 7] LA RO IR ot 4 2 (g + [17 + 75M]pup +

[Gr) =T [ () 2-s?]?

(29 + 1058 + 48] + [30 + 151])?] Bt G allst B (3ppuu + [17 + 75M ]t +

[29 + 1050 + 4&@]u + [30m + 15])s* [ (—3 e — (15 + 30M)pp — (21 + 600 + 4B)p — (9 + 30W) ) (1 +
(1+1)°#(1+1) s ~2ps 1

W R S L [[3(1+ ) (1 + 3)(5 + 3B~ 30 + )+ ] [+ ) -

Bl[(1+n)? - BB -1800us" + 2Gupuu + [17 + 75W]pp + [29 + 1050 + 48@]u + [30m + 15])s*][(1 +

W) B+ ) - BB -45Mus' B G + [17 + 75M) gt + [29 + 1050 + 48] + [308 + 15])s2 [l

(—3pptu— (15 + 30M)ppt — (21 + 60M + 4B)pt — (9 + 30M) (1 + )] [(1+ ) + (1 + ) ]| |

e (3014 07(u + 3G + 30 - 30+ D+ ) - 30+ W+ )G+ 30

3(u+3)(1+ W’BI( +w)?* - ] B [ —180W(1 + )+ 2(1 + ) Gupp + [17 + 750 ppt +

[29 + 1050 + 4@]u + [30m + 15])88 + 180088 - 2(3upu + [17 + 75@]up + [29 + 1050 + 48] u +
[30m + 15])BE][(1 + w)? - ,4.].[—45|(1 + )88+ Guup + [17 + 75B]pp + [29 + 1050 + 48] p +
[30m + 15 + B+ (—3ppu — (15 + 30M)pp — (21 + 600 + 4B)p — (9 + 30H)) (1 + w)* -
45l(1 + )il + Gups + [17 + 758 pp + [29 + 1050 + @] + [308 + 15]) (1 + ) B8+ (—3ppn -
(15 + 30M)pp — (21 + 600 + 4B)u — (9 + 30M)) (@ + B + ool - 2Gpeppe + [17 + 75W e +
[29 + 1058 + 48] u + [30m + 15])uf8 - 2(—3upu — (15 + 30E)pp — (21 + 600 + 4B)p —

-+ 30m) @+ il | B i |30+ 07 (1 + 3G+ 30+ 31+ 0w+ 3)(1+
WB-3w+3)a+w* -30+w)(+3)6+ 3B [+ ) - (8] B [ 18088 + (—180Hu —
180Mu) 8l - 2(3upu + [17 + 75W]up + [29 + 1050 + 48] p + [30m + 158+ 2(1 + ) Gupp +

[17 + 75@]uu + [29 + 1058 + 4&@]u + [308 + 15])BI[(1 + 1)* — B8] B [+ 9OMELxB8 — (45 + ool +
450u) 88 - (6ppp + [34 + 150M]up + [58 + 2100 + s8] + [60m + 30] ) 88 — (450 + 90l +
45Mu)u( + DB+ Guup + [17 + 750 pp + [29 + 1050 + 48] + [30m + 15]) (@ + G + DB+
(6uupp + (30 + 60M) ppp + (42 + 1200 + s@)pup + (18 + 60M) ) (1 + wWBH + (Guuu + [17 +
758 up + [29 + 1050 + 4@]u + [30m + 15]) (1 + u)Sl + (—3;1,11# — (15 + 30M)up — (21 + 60M +
m)u -9+ 30l))(1 - u)3.+ (—3;41# — (15 + 30M)pp — (21 + 60M + 4@)u — (9 + 30I))(1 + y)4]],
(E100)

which is, with the help of the following partial expansions
(—180Hu — 180Muw )88 — 2(3upp + [17 + 75W]pu + [29 + 1050 + 4@]x + [30M + 15])88 = — (180 + 180Mup + 6uup + [34 +
150M]up + [58 + 2100 + 88]u + [60H + 30])88 = —(+6uuu + [34 + 1500 + 180M]uu + [58 + 210HEEE180H + 88]u + [60H + 30])8# =
—(+6puu + [34 + 330M]uu + [58 + 390 + 8]y + [60H + 30])EH , (E101)
— (450 + 90Wu + 45Buw) 88— (6puu + [34 + 150M]uu + [58 + 210M + 8B]u + [60M + 30]) S8l = — (4580 + 90Wu + 45Wuu + 6uup +
[34 + 150M]uu + [58 + 210M + 88]y + [60M + 30]) B8l = —(6uup + [34 + 150M + 45H]uu + [58 + 2100 + 90M + 88]x + [60M + 458 +

30])B8l = —(6ppp + [34 + 195M]up + [58 + 300 + 8@y + [105H + 30]) B8 , (E102)



possible to modify to

1 2 —
e [[-3(1 4 ) ( + 3)(5 + 3B+ 3(1+ 0P (u + 3) (6 + 4l 3(u +

N+ w][(+w? - B[ 180088 — (+oppu + [34 + 330W]uu + [58 + 3900 + s@]u +

[60m + 30 )88+ 2(1 + ) Guuu + [17 + 75W]pp + [29 + 1050 + 48] + [30m + 15]))B][(1 + )* - B] B
[+ 9oMi 88 — (oppe + [34 + 195M] e + [58 + 300M + @]y + [1058 + 30]) B8 + {—(45H + ooMu +
45Bu)u + Gupp + [17 + 75W] e + [29 + 1050 + 48] u + [308 + 15] + 3pppp + [17 + 750 ppp +
[29 + 1050 + 4@]pup + [30m + 15]w) + (6uppp + (30 + 6oM) ey + (42 + 1200 + s@) up +

(18 + 6om))} (1 + B8+ {(Bupe + [17 + 75M] e + [29 + 1050 + 4&]p + [308 + 15]) +

(—3uupn — (15 + 30M)pp — (21 + 600 + 48)p — (9 + 30M)) }(1 + 1)° B+ (—3ppn — (15 + 30W) s -
21 + 60l + 4Byt — (9 + 30M) (1 + ' | B oy | (F3G P (e # 3) 5+ 3108 +

6(1+ 1) (u+3)G+2)8-3(p+3)(1+w)° +3(+w)(p+3)(5+30) 88— 60+ (u+3)E+
2) B8+ 3(u+3)(1 + w* B B[ 1800(x + )%l - (1 + W) (+6ppu + [34 + 330 up + [58 + 390M +
s@|u + [60M + 30 )8+ 2(1 + ) Guup + [17 + 75 up + [29 + 1050 + 48] + [308 + 15]) 8 -
180088 + (+oppu + [34 + 330y + [58 + 390M + s@]u + [60m + 30]).88 - 2(1 + 1) Bupu +

[17 + 75@]up + [29 + 1050 + 4@]p + [30m + 15]),]].[+ 9ol B8 — (eppp + [34 + 195H]| pp +
[58 + 300M + s@]u + [1058 + 30] )88 + {Ouupp + (50 + 9OM) puup + [88 + 210M + 128 ] upu +
[62 + 1500 + 4@]x + [30M + 15]}(1 + )88+ ([2 + 45W]up + [8 + 45H]u + 6) (1 + ) B+

(—3ppt— (15 + 30M)pe — (21 + 60M + 4Byt — (9 + 30M)) (1 + )] | Ié[(w)_sz]1 |[+3G:+

Ty’
) (p+3)(5 + 30) =305 + 140 + 7p) (1 + 1)*(p + 3)8H + 3 (6 + ) (e + 3) (1 + W) 'H-
3(u+3)(1+w)° M -1800u 88+ (+ouup + [34 + 510M|pp + [58 + 7500 + s8] + [2408 +
30+  {-(1+p)(+6pupu + [34 + 330M]up + [58 + 3900 + 8@ + [60m + 30]) — 2(3upu +
[17 + 75E]pp + [29 + 1050 + 48] + [30W + 15])u} (1 + B8+ 2(1 + ) Gupp + [17 + 75W] up +
[29 + 1050 + 4&@]u + [30m + 15]) 58] [ [+ 908l — (opp + [34 + 195M]up + [58 + 300M + 8]y +
[1058 + 30]) 88 + {9puup + (50 + 9OM) uup + [88 + 210M + 12G]up + [62 + 1500 + 4G]u +
[30M + 15]}(1 + u).+ ([2 + 45H]pup + [8 + 45H]u + 6) (1 + ;1)3I+ (—3,uuy — (15 + 30M)up -
(21 + 60M + 4B) — (9 + 30M)) (1 + ,4)4]], (E103)

where the following partial expansions were used:
{—(450 + 90u + 45Buw)u + Buup + [17 + 75Wpup + [29 + 1050 + 4@&]p + [30W + 15] + Supup + [17 + 75| upp + [29 + 1050 +
A8 up + [308 + 15]u) + (6pppu + (30 + 60M)upp + (42 + 1200 + 8@)up + (18 + 60M)u)} = {Bupup + 6ppup + Guup — 45Bupu +
(30 + 60M) ppp + [17 + 75M]pupp + [17 + 750 — 90M] iy + (42 + 1200 + 8@)up + [29 + 1050 + 4@]up + [29 + 1050 — 450 + 4@y +
[30M + 15]u + (18 + 60M)u + [30M + 15])} = {upuu + (50 + 90M)upp + [88 + 2100 + 12@]uu + [62 + 1500 + 48]y + [30H + 15]}

, E104
{Gupp + [17 + 758 pp + [29 + 1058 + 48]x + [30H + 15]) + (—3ppp — (15 + 30M)pp — (21 + 600 + 4B)p — (9 + 30H))}(1 +(u)3l=)
([2 + 45 pp + [8 + 45H|x + 6)(1 + 1)BR , (E105)
(=301 + 1) (u+3)(5 + 3Bl — 6(1 + )* (1 + 3)(3 + 2p) ] = —3[(1 + ) (5 + 3w) + 2(3 + 2p)u] (e + 3)(1 + p)*B# = —3[(5 + 3u +
Su+ 3ppr) + (61 + 4]+ 3) (1 + )88 = —3(5 + 14p + ) (u + 3)(1 + 1) B, (E106)
[6(1+@w*(u+3)(3 + 288+ 3(u + 3)(1 + p)*1l] = 3[2(3 +2) + pu](u+3)(1 + w)*B=36 +5)+3DA +W'E ,
(E107)

[ 180M(1 + p)? BB + (+6puuu + [34 + 330M]pu + [58 + 390M + 8@]u + [60M + 30]) 58] = [ (180 + 360Hu + 180Muy) + (+6puu +
[34 + 330M]uu + [58 + 390M + 8@]x + [60M + 30])] 88l = [(+6uuy + [34 + 330H + 180M]uyu + [58 + 390H + 360H + SB]u +

[60H + 180 + 30])] B8 = [(+61uu + [34 + 510M]uu + [58 + 750 + 8B]y + [240H + 30])] .58 , (E108)

—(1 + w)?(+6upup + [34 + 330M]up + [58 + 3900 + 8&]y + [60M + 3088 — 2(1 + w) Guup + [17 + 75W]pu + [29 + 1050 + 4@]u +
[30M + 15]) 88 = {—(+6ppup + [34 + 330W]pu + [58 + 390M + SE]u + [60M + 30] + 6uupp + [34 + 330M]ppp + [58 + 390M + 8B]uu +
[60M + 30]) — (6uuup + [34 + 150M upp + [58 + 2100 + 8&]uu + [60H + 30]p)}(1 + Bl = {—(+6puuup + 6uupp + 6uup +

[34 + 330M]upu + [34 + 150M]ppp + [34 + 330M]up + [58 + 390M + 8@]uu + [58 + 210M + 8@]pu + [58 + 390 + 8@y + [60H +



30]u + [60H + 30]u + [60H + 301)}(1 + )88 = {—(+12pppp + [74 + 480M]uup + [150 + 930M + 16@]uu + [118 + 510 + 8&]u +
[60M + 30])}(1 + )8l : (E109)

Now, put together the-same-power terms:

: [~ 180Ml + 0B+ [+3(1 + 1) (u + 3) (5 + 3y0) i+ (+opupuue + [34 +
6 [+ =212 [ ) =s?]?

510M]pp + [58 + 7500 + 8@]u + [2408 + 30]) B8 - (6ppp + [34 + 195@]up + [58 + 300 + 8@]u +
[105H + 30])/1.]. [—3(5 + 14p + 7up) (1 + (U + 3). + {=(+120ppp + [74 + 480m] e +

[150 + 930m + 168 + [118 + 5108 + 88| + [60m + 30]) }(1 + B+ {Quppu + (50 + 9OM) uup +

[88 + 2108 + 12@]uy + [62 + 1508 + 48]u + [30M + 15]}(1 + ) B B[ +2(1 + 0)* Gpape +

[17 + 75 up + [29 + 1050 + 48] p + [30m + 158+ ([2 + 45H]pp + [8 + 45H]u + 6) (1 + )@+

36 +B)(u+3)(1+)'B] -3(u+3)1+w)° + (—3;1/1” — (15 + 30M)up — (21 + 60M + 48 —
(9 +30M)(1+1)"]. (E110)

When we employ the following expansions
[+3(1 + wW)(u+3)(5 + 3u) B8+ (+6puu + [34 + 510M]puu + [58 + 750M + 8&]u + [240M + 30]) B8 — (6pup + [34 + 195M]uu +
[58 + 300M + 8&]u + [105H + 30]) B8] =
[+3(1 + p)(5u + 3up + 15 + 9u) + (+[+510M]pu + [+7500 + 8&]y + [240H]) — (+[+195M]up + [+300H + SE]u + [105H])] .88 =
[+(3 4+ 3uw)(14p + 3up + 15) + (+[+315MWpp + [+450M]p + [135W]) ] B8 = [(42u + up + 45 + 42up + Yppu + 45u) + (+[+315W up +
[+450M] + [135H])] B8 = (9uup + [51 + 315W]up + [87 + 450y + [45 + 135H]) .58 , (E111)
[=3(5 + 14u + 7up)(1 + w)?(u + 3)58 + {=(+12pppu + [74 + 480M]pup + [150 + 930M + 16@]uu + [118 + 510 + 8&]u +
[60M + 30])}(1 + )88 + {Quupp + (50 + 90M)puu + [88 + 210H + 12@]uu + [62 + 1508 + 48]y + [300 + 15]13(1 + w)El] =
[—=3(5+ 14 + 7uw)(u + 3)(A + w) — (+12puppp + [74 + 480M]pupp + [150 + 930M + 16@]uu + [118 + 510M + 8@]u + [60H + 30]) +
{9uppp + (50 + 90M)uuy + [88 + 210M + 12@]up + [62 + 1500 + 48]y + [30M + 1511(1 + )88 = [ —3(+7uup + 15 + 47u +
35uu)(1 + 1) — Guuuu + [24 + 390Wuup + [62 + 7208 + 4B up + [56 + 3600 + 48]y + [300 + 15])]1(1 + Bl == [ —Q1uupp +
126puu + 246uu + 186y + 45) — Buppp + [24 + 390M]uuu + [62 + 7208 + 4@ up + [56 + 360H + 48]y + [300 + 15])](1 + wEll =
[ —(24pppp + [150 + 390M]ppp + [308 + 7208 + 48] up + [242 + 360M + 48]y + [30H + 60])](1 + wEH, (E112)

[+36 +Bw)(u+3)(1 + w)*Bl + 2(1 + w)3Guup + [17 + 75Wpp + [29 + 1050 + 48]y + [30H + 15])ER+ ([2 + 45W]pu + [8 + 45H]u +
6) (1+ )88 = {+3(6u + Bup + 18 + 15u)(1 + 1) + (6pup + [34 + 150M]up + [58 + 210M + 8@]y + [60H + 30]) + ([2 + 45Huu +

[8 + 45M]u + 6) (1 + )88l = {+3(@uy + Blu + 18)(1 + 1) + (6uup + [34 + 150M]upu + [58 + 210M + 8]y + [60H + 30]) +

([2 + 45Mpp + [8 + 45M]u + 6) 3(1 + )88l = {(@Buy + BBy + 54)(1 + 1) + (6uup + [36 + 195M]up + [66 + 2550 + 8Bu +

[60M + 36]) (1 + )’ B8l = {(WEny + BBk + 54 + (@Bupy + BBup + 54p)) + (6ppp + [36 + 1950y + [66 + 2550 + 8E]u +
[60M + 36]) }(1 + )88 = {(WBuuu + MBuy + BlL + 54) + (6ppu + [36 + 195H]pup + [66 + 2550 + 8@]u + [60H + 36]) }(1 + w)° Bl =

(Bl + (W + 195M]uy + (W88 + 2550 + 88y + [60M + 90]) (1 + 1) , (E113)

=3 +3)(1+ p)° + (—3ppp — (15 + 30M)up — (21 + 600 + 4By — (9 + 30W))(1 + )* = [-3(u+ 3)(A + p)? + (—3pup —

(15 + 30M)up — (21 + 60H + 4@)u — (9 + 30M))| (1 + 1)* = [-Bu + DA + 2p + pp) + (—3ppp — (15 + 30M)pp — (21 + 608 + 4B)p —
(9+30M)](1 + w)* = [-Bp + 6up + 3ppp + 9 + 18u + ) + (—3ppp — (15 + 30M)up — (21 + 60H + 4B)p — (9 + 30M))|(1 + w)* =
(—6upp — (15 + 15 + 30M)up — (21 + 21 + 60M + 48)p — (9 + 9 + 30M)) (1 + p)* = (—6pup — (30 + 30M)uy — (42 + 60H + 4B)p —
(18 + 30M) (1 + w)*, (E114)

then we obtain

1
) [— 9OMEKBE + (9uup + [51 + 315M] e + [87 + 450m] + [45 + 135] ) SR B (24 ppppt +

[150 + 390 ppp + [308 + 7200 + 4@]up + [242 + 3600 + 48 p + [30H + 60])(1 + )58 B (@mpepn +

(I - 195H) . + (BB + 2550 + s8] + [90 + 60M]) (1 + 1) BRI (—61up — (30 + 30M) -

(42 + 600 + 4B)p — (18 + 30H)) (1 + w)*| . (E115)

The factor by the square root can be thus filled to the overall second derivative relation, and we
have it finally in the form

2 s+ (1+p)%—ps?

- F;esszts(s)lm{(# G e [%ln < [(1m]] )]I6 [(1+u)—s2]2;(1+u)2—uszl2 [_ ORI +

(9uup + [51 + 315M]up + [87 + 450m]u + [45 + 135m]) S| B (24ppup + [150 + 390M] pupp + [308 + 7200 +

48Jpup + [242 + 3600 + 48] 1 + [30M + 60]) (1 + 1) B (BMloepep + [MNDER + 195H] ey + BB + 2550 +

8@ + [90 + 60H]) (1 + 1) BRI (—6upu — (30 + 30M)up — (42 + 600 + 4B — (18 + 30M)) (1 +

WNAFDOT =) (el




Logarithm part of the angular part of the Laplace equation

Now, let’s focus on the In part of the angular Laplace equation for the model function, for which
we suppose that it has to be separately equal to zero. When we put together the corresponding
logarithm parts of the second (E116) and the first derivatives, and the function itself, we have:

1 (1+3) 1 [s+\/ (+u)2—ps? ]
Ha(9) e {_2 [2(5 *3u)s [El“ ) [(1+u)-sz]

Hl(s)ufme{@[(ﬂ3u)s2—(1 +u)2]§ln(—[s+m] >}IH0(5) L) (5 + 35~ 301 +

(+0) [(1+0)-5?] a+p)®

u)zs)§1n<[”—“(”“)z"“z])lo . (E117)

(1+0) [Q+w)—5?]
Divide it by the common factors of all terms, which results in
1) {51265 + 3ws [ 1.0 (316 + 352 = @+ w2} o ) 2 (6 +305° =30+ w%5) Bo
(E118)
Then input the H; polynomials according to (E3), (E4) and (E5):

(10 0+ 0 5+ 301 B o D0+ + 203+ DK = 26713 5+
vt -1+ IR -+ 07 201+ B . (6119

Dividing by s leads to

(0 0+ 102 s = B Gt D0 D+ 2 D #4025
vt~ +10) IR DR (+ 0+ 2+ ) o - (6120

Now expand the terms

[A+w° = A+ mps® — A+ w2 + s[5 + 3] Il -G + 2+ 1) + 2u(u + DK} +

U@ = 2K)s% [5 (5 + 35> — 5. (1 + )] (3G +3ws* -
%(1 + u)z).O ,

(E121)
[+ = G+ na+20s s + 301l [ 6 + 30 ECRED @D+ 20+ DE

(5 +3w) 21+ p? 2(1+p)?
L (5 +3) (5 +3p) 1@+ Ta+

SZ
R D SARO]E  (12)

Still expand and start to put together the-same-power s terms:

15+3w) +1(5+
2

30) 1+ 15 +3p)

S
- *25 0+ w0 Kala = US| = 5 (1 + 1 (=EEEE R G
Lo+ 50 G BRI s + L

REGEEDKD = ; (1 + WK (DK Bo (E123)

1 1
[+ R+ 0 BT -3+ 1
1 2 1 2l
;A+w) _2 5+ 3“)_S I6 G+ 3”)_




O 2 - ] I + 0 2 -+ G ST

la+w? 0, (E124)

BRI G + 30 =30+ B
_3(5 0 3#)_ G+ 3#)-m-3(1 + u)_(l +ws?
(5 + 30 0 , (E125)

1 1
Sl 16) : SukaKa =61 (3018,

B0E=136jiu) + (5 O+ 6Ky =9+ 6 15 + 9 15 +9u 5Ka +

3uka) o (1 + 10 GKa + 3uKa) 3 uk] (1 + 05 510 e ¥

{Bu +2) — 2uKa} + {=KaKq — A + KA + w)° =0, (E126)

2GS a5 ) g e L [(=80=87,0=450x) + (HO)Ky + 6K

(45127 1300=118y1) BF (30K + 180uKg) B (SKaKG + 3uKaKg) B (5Ka + 31Kaeks Kyl + 3uukg) B

3 kDl + 052 I 102+ 90 0

, (E127)

L mm B m el(=60=150, =721 + (50K + 33Kari) +
<1+#>ll2_

[HE_ (E128)

75 +45 24y 3u cl(=60=150.=72) +(5 33y

=ikt o8 B D SRRl (129)

Then we have (from the term with s with power 4)

(75 + 45u) HE(=40=124/)Kg| + (S#B3)KaKa=0 ,  (E130)

(@0%24,0) + @R 240 — 4GB (75-+450) M J-E'Elz—4(375+225u+225u+135uu)I
2((5%31) 2[6F3M)
20121+ 2, (H00F 480 144 22) — (375-+4504+1350441) -EIWW -+JT
4+ 1833 or 5 .
2(5%30)
(E131)

and thus

We have from the term with s with power 2

[(=60=150,=727iu) +[(sHS0/H3 3K (=3 KaKz]B80 , (E132)

--i I5-33ul2—4-3lul(_u-u)l
25230
ez R e il ] I L G B AL |
2A5=3)
(hs0ut33.0)+ (3 S50 AASB00 A 1089l +(_M_u-720IuI1800luul864Iulu)I
=3
-7 . S — 0 S— 7081500 A

and thus

2630
-(CHS0MR33, + (_ul3550lu+1500luu+225lulu)l (SRS 0733 i) 25 WS40 13 14 2+ 60Hyes-+ i)
25230 2630




~ (A0 33 i) +/25 (710

3”8 —(SHRS 0 3 3 i) + 5 (70 L H 3l

2(E=3E4 2(E=3E)
—(5H50#3 3 4@) + (B5F50 .H 1 5w) or —(5H50/#3 3 .4) - (855501 # 15 Il BO=18Ew) or — (40100, %48HL)
A= G=3Ew (2-3=gl2l ) 2-3& H1200 s

6 U W U _ w W

T I = l3 or 7-3‘1. . (E133)
And —finally — we have from the term with s with power 0

112 + 9p) @ FB WKy = KaKz B0 |, (E134)

and thus

--+\/_2 —4ED (2+9) [ 810 + / EFGRFOmM) + (48-+364) I -+\/ I -+\/ I

o e, o GRS o3 . (£135)

Common for all three power terms is the solution with Kd 3. It confirms that this part of the
equation is fulfilled with (and only with) K4=3

For the second part of the equation, i.e. the square root part (which is more complicated), K4
can be thus set firmly to Kyg=3.

The square root part of the equation

Further, let’s focus on the square root part of the equation, for which we suppose that it has to

be separately equal to zero. When we put together the corresponding square root parts of the
second and the first derivatives (see (E96) and (E116)), and of the test function itself (see (E87)),

we obtain

H,(s) (1+1;l.)6 {6 _21_2 [~ 9OMEEE + (9uuu + [51 + 315B]up + [87 + 450m]y: + [45 + 135m] ) kRl BB
Qapppp + (150 + 390M] ppp + [308 + 7200 + 48] pp + [242 + 3600 + 48] p + [30H + 60])(1 + )58 B
(Blepey + (MR + 195H) iy + (M8 + 2550 + 8@ + [90 + 60M]) (1 + 1) BRI (—6uup — (30 + 30M)uu —
(42 + 60l + 4@)u — (18 + 30M) (1 + u)‘*]W}. Hy(s) @{[ —45Rus* BB Guup +
[17 + 75H]up + [29 + 1058 + 48]y + [308 + 15]1)s? [ (—3uun — (15 + 30M)up — (21 + 60H + 4B)u —

s (14— ps? _ 1 (_5@-2,2 2 _ o2
(9 + 30m)(1 +u)]6[(“#‘/)_52][(H#)Z_#SZ]}.HO(s) (H#)&( 3 3 +3|),/(1+y) us? =0 . (E136)

Divide it by the common factors of all the terms:

H,(s) {6 _21 > [— QOMELBE + (9uuu + [51 + 315M]up + [87 + 450M]u + [45 + 135m] ) il B8

4pppu + [150 + 390M ppp + [308 + 7200 + 4@ pup + [242 + 3600 + 48] u + [30H + 60])(1 + w)EH BB
(Blppey + (MR + 195H] iy + (I8 + 2550 + 8@ + [90 + 60M]) (1 + 1) BB (—6pup — (30 + 30M)upu -
(42 + 60M + B — (18 + 30M) (1 + )| 1. (o) {[ —45Mus* BB Guse + 117 + 75Bups + [29 + 1058 +
4@y + [30M + 15])s2

(—3uup — (15 + 30M)uu — (21 + 60M + 48 — (9 + 30W)(1 + )] 6[(1”)_52]?(“”)2_”52]}.Ho(s) (—gls2 +

§|).o . (E137)
Multiply by 6 and by the rest of the denominator of the middle term:

H,(s) { [(1+u)—sz][1(1+u)2—usz] [~ 9OMEEE + (9uuu + [51 + 315B]up + [87 + 450m]y + [45 + 1358]) iRl BB
4pppu + [150 + 390M ppp + [308 + 7200 + 4@y + [242 + 3600 + 48] u + [30H + 60])(1 + w)EH BB
(Blpey + (MR 1 195H) iy + (M8 + 2550 + 8@ + [90 + 60M]) (1 + 1) BRI (—6uuu — (30 + 30M) -
(42 + 60M + 4B — (18 + 30M) (1 + u)“]}. Hy () {[ —45Bus* B8 Guup + [17 + 75W]uy + [29 + 1058 +
48]u + [308 + 15])s? [ (—3uup — (15 + 30M)up — (21 + 600 + 4B)p — (9 + 30M) (1 + )]s} I

1H,(s) (—~15Ms? + 4@)[(1 + 1) — s?][(1 + w)? — us?|BIo . (E138)




The last-term expansion leads to

H,(s) { [(1+u)—sz][tl+u)2—uszl [— 9OMMLBE + (9uup + [51 + 315y + [87 + 450m]u + [45 + 135m] ) Bkl B
4ppup + [150 + 390M] ppp + [308 + 7200 + 48y + [242 + 3600 + 48] u + [30H + 60])(1 + ) BB

(g + (IR - 195H]py + (MBB + 2550 + 881 + [90 + 60H]) (1 + 1) BRI (— 6 — (30 + 30M)up —
(42 + 60l + 48)p — (18 + 30M)) (1 + y)‘*]}. H,y (5) {[ —45Mus* B8 Guup + [17 + 75W]up + [29 + 1058 +
48]u + [308 + 15])s? [ (—3upp — (15 + 30M)up — (21 + 60 + 4@)p — (9 + 30W)(1 + )]s} I}
1H,(s) (—15Ms? + 4@)[(1 + 1)° — (1 + 20) (@ + )s* + us* ] BHO . (E139)

With the help of the expansion in the last term
(—15Ms? + 4@)[(1 + )% — (1 + 2u) (1 + w)s? + us*] = [—15Ws2(1 + w)® + 15Ws?(1 + 21) (1 + p)s? — 15Ws%us* + 4@(1 + pw)° —
481 + 2w)(A + w)s? + 48us*] = [—15Bus® + 1501 + 21)(1 + w)s* + 48us* — 1501 + w)3s% — 48(1 + 2u) (1 + w)s? + 48(1 + W3] =
[—15Mus® + {15M(1 + 2p) (1 + p) + 48uts* + {(—15W(1 + p)? — 481 + 2)3(1 + pw)s? + 481 + w)3] = [-15Mus® + {15W(1 + 2u + pu +
2up) + 48u)s* + {(—(15H + 30Mx + 15Wup) — (48 + 881)}(A + )s? + 48(1 + )°] = [-15Mus® + (150 + [45H + 48]y + 30Wuw)s* —
([158 + 48] + [30M + 88y + 15Wu) (1 + )s? + 4B(1 + w)°], (E140)

we get
H,(s) { [(1+y.)—sz][1(1+y.)2—y.sz] [— 9OMABE + (9uup + [51 + 315W]up + [87 + 450M]u + [45 + 1350]) Bk B
Qapppp + 1150 + 390M] ppp + [308 + 7200 + 48] up + [242 + 3600 + 48] p + [30H + 60])(1 + )58 B
(Blpep + (MR - 195H]py + (IBB + 2550 + 8@ 1 + [90 + 60M]) (1 + w) BRI (— 6 — (30 + 30M)pp —
(42 + 60M + 4B)p — (18 + 30M) (1 + y)‘*]}. H,y (s) {[ —45Mus* B8 Guup + [17 + 75W]uu + [29 + 1058 +
48)u + 308 + 15])s? [ (—3pup — (15 + 30M)up — (21 + 600 + 4B)p — (9 + 30m) (1 + )]s} Il
14, (s) [-15Mus® + (150 + [45H + 48]y + 30Muw)s* — ([15H + 48] + [30M + 88]u + 15Wup) (1 + p)s® + 481 + )’ | BH0 .
(E141)

Then insert the polynomials (E3), (E4) and (E5),
_{ [(1+u)—sz][1(1+u)2—usz] [~ QOMELEE + (uup + [51 + 3158y + [87 + 450m]u +
[45 + 135m] ) 8| B (24 peppe + [150 + 390 et + [308 + 7200 + 48] pp + [242 + 360 + 48] u +
[30M + 60])(1 + 1) B (BllLeptwe + [MNDER + 195y + [MIBE + 2550 + 8@)u + [90 + 60H]) (1 + w) FREE
(=6t — (30 + 30M)up — (42 + 60M + 4B)p — (18 + 30M) (1 + )*] |
2+ DK, + 1 =2K)s?I{[ —45Bus* B8 Guup + [17 + 758 pp + [29 + 1058 + 48]u + [30H + 15])s> [l
(—3pupp — (15 + 30M)up — (21 + 60H + 4@)u — (9 + 30M)) (1 + ) | s} KKy = 2)us®> ¥ (0 + DK, +
=21 - 15Bus® + (150 + [458 + 48]z + 30Wuw)s* — ([15H + 48] + [30M + 88]x + 15Wuw) (1 + w)s* + 4801 + )* 1 B0
) (E142)
to which we substitute K4=3 (an abbreviation [....] is used for the repeated parts of the
equation):
[+ =21+ w? —ps?][ ]I s[-Gp +2)(u + 1) + 6p(p + 1) + p(=3)s?1[.... | B ps? +
3+ D+ A +wAl.-.1=0 (E143)

[+ ) = s21[A +)? — us?][.... | s[—Bup + 5p +2) + (6 + 6) — 3ps?] ... | IBIus® +
W+ D@+ 1=0 (E144)
and thus

1
TR [ - M+ G 5 v o+ s

[45 + 135m] ) B8] B (24 peupe + [150 + 390M pppt + [308 + 720 + 4@ pup + [242 + 360 + 4@y +
[30M + 60])(1 + 1) 588 B (BMle oty + [MIER + 195y + [IBE + 2550 + 8@ 1 + [90 + 60H]) (1 + w) ERER
(—6upu — (30 + 30M)up — (42 + 608 + 4B — (18 + 30M) (1 + 1*]} |}
SIGue+=2)=3us?{[ —45Hus" B Guup + [17 + 758 pp + [29 + 1058 + 48]u + [308 + 15])s2 [l
(—3ppup — (15 + 30M)up — (21 + 600 + 48)u — (9 + 30M) (1 + ) | s} B + (W D + D] [ 15Wes° +

(150 + 458 + 4@]x + 30Wu)s* — ([15H + 48] + [30M + 88]x + 15Wuw) (1 + w)s* + 481 + w?’]BI0 . (E145)




In the first term, mutual cancellations in the numerator and the denominator lead to a
simplification. Thus
{[— 9OMELBE + (9uup + [51 + 315W] e + [87 + 450M]u + [45 + 135m] ) B8] B (24 pppept + [150 + 390M] puppt +
[308 + 7200 + 48] pup + [242 + 3600 + 48] 1 + [30M + 60]) (1 + 1) 58 B (BMloepen + [MNDER + 195H]pu +
(MBS + 2550 + 8@ + [90 + 60H]) (1 + 1) BRI (—6uup — (30 + 30M)u — (42 + 600 + 4@ —
(18 +30M) (1 + w* |} IR G+ i =2)s*=3us*]{| —45Mus* B Guup + [17 + 75Hup + [29 + 1058 +
48)u + [308 + 15])s? [ (—3upp — (15 + 30M)up — (21 + 600 + 48)p — (9 + 30W)) (1 + w) |} HBEs® +
B ()] [ - 158us® + (150 + [458 + 48]y + 30Wuw)s* — ([150 + 4@] + [30M + 8@]yx + 15Wup) (1 + w)s® +
/(1 + B . (E146)
Further expand the terms:
{[— 9O0Wu1B8 + (uup + [51 + 315M] e + [87 + 450M]y + [45 + 135m]) /58] B (24 pppept + [150 + 390M] puppt +
[308 + 7200 + 4@)up + [242 + 3600 + 48] + [30H + 60]) (1 + 1) 58 B (BMlepen + [N + 195M)up +
(MBS + 2550 + 81 + [90 + 60H]) (1 + 1) BRI (—6uup — (30 + 30M)uu — (42 + 60H + 4@) 1 —
(18 +30M) (1 + w* |} {[ —45GuEFE=2)0.s° B Guup + [17 + 75H]up + [29 + 1058 + 48]u +
[30M + 151 Bup + 1 — 2)s* [ (—3upr — (15 + 30M)uu — (21 + 60H + 4B)u — (9 + 30W)) (1 + ) BUEF =
2)82] — [ — 135 uus® BB Buup + [17 + 758 up + [29 + 1058 + 48]u + [30W + 15]) s B (—3uup —
(15 + 30M)uu — (21 + 608 + 48)u — (9 + 30W)) (1 + 1) us* ]} - 45Wus® + B(1sH + [45H + 48]u +
30Mu) 88 — B([15M + 48] + [30M + 88]x + 15Wuw) (1 + ) uSH + 128(1 + ) S2] Bl [ 4sHEE D ED) us® +
3(u+ D) (u + 4) (15l + [450 + 48] x + 30Wuw)s* — B ([150 + 48] + [30M + s8] + 15BWup) (1 + 1)%s? +
2EEED (1 + B0 . (E147)
Put together the-same-power terms (also take into the account that Buu +p—2) = Bu—-2)(1 +
w):

— 90 LB8 + 135758 — 5MES® + (BB (ouuu + [51 + 315M]uu + [87 + 450M]u + [45 + 135H]) LB (3uuu +
[17 + 75M]pup + [29 + 1050 + 4G]x + [30M + 15])iEs® — 45EUEE=2)0.5% + 3 (150 + [45H + 48]u +

30Mu)is® — ST D (LT E) s }. {BQ24upupp + [150 + 390M]upp + [308 + 7208 + 4B]uu +
[242 + 360H + 4G]u + [30H + 60])(1 + )SEBE (Buup + [17 + 75M]up + [29 + 1050 + 4G]u + [30H +
15DEBE=2)A + )s* B3 (—3puu — (15 + 30M)up — (21 + 600 + 4@)p — (9 + 30W)) (1 + w)ps* -
3([15M + 4&] + [30M + 8&]u + 15Wue) (1 + is® + BEFD@F2) (150 + [458 + 48] + 30Wu)s*} I{(—3pun —
(15 + 30M)up — (21 + 60H + 4@)u — (9 + 30W)) (1 + p)BE=2)(1 + 1)s* B (Bl + [0 + 195H]pup +
[MBS + 2550 + 8@]x + [90 + 60M]) (1 + )88 + 128(1 + »)°[is? — B(F4) ([158 + 48] + [30M + sG]y +
15Bu) (1 + )% I B (—6ppm — (30 + 30M)pp — (42 + 60H + 4@)u — (18 + 30W)) (1 + p)* + 12B(EFA) (1 +
W' | Bl . (E148)
Combine the same power terms:
[O]WEES® + (BB (ouuu + [51 + 315W]up + [87 + 450M]u + [45 + 1350)) BB (Buup + [17 + 75MW]up + [29 + 1050 +
4@y + [300 + 15]) B45@uEEE=2)0E3 (150 + [45H + 48] + 300w B4 BEED @2 JEs°
{B(24pppp + [150 + 390 upu + [308 + 720 + 48]up + [242 + 360M + 48]u + [30H + 60]) B
Guup + [17 + 75Hpup + [29 + 1058 + 48] + [308 + 15D B =2) B3 (—3uun — (15 + 30EM)uu —
(21 + 60H + 48)x — (9 + 30M) ) — B([15M + 48] + [30M + 8@]u + 15Wu )l + 3( + 4) (15H + [45H + 48]y +
30Mu) }(1 + ) SEI{ (—3uup — (15 + 30M)up — (21 + 60H + 4@)u — (9 + 30W)) (B =2) ¢ @muuy +
[ + 195y + (W88 + 2550 + 8@y + [90 + 60M]) (1 + 1) + 128(1 + )i — BAEEZ)([15H + 48] +
(308 + 88]u + 15Wu) }(1 + 1) R (B (—61up — (30 + 30M)uu — (42 + 60M + 4B)y — (18 + 30H)) +
2E@EFED |1+ 1) B8 . (E149)
In this expression, calculate individually the pre-factors of s power terms (done with a help of
algebraic-manipulation-procedure on internet).
The power six part results in 0 for any E and any G.
The power two pre-factor can be expanded using internet-based algebraic machine to
{[60Mupp + 60Muy — 60Hx — 600 — N6Guy — MlGK — 4l8 + 12pppup + 96ppup + 264up + 288u + 108]},
which can be further modified in a series of the following steps:



{[60pup + 60pu — 60u — 6010 — S[Huy + My + 6)8 + 12pupp + 96uup + 264up + 288y + 108}
{60[uup + pp — o — 110 — 16[pp + Wu + 318 + 12[pppp + Bppp + 22up + 24p + 913
{60[upu(u+1) — (u+ DI — 16[up + By + 318 + 12[pppp + ppp + Tupp + 7pp + 1500 + 150 + 9p + 913
{60(u+ Dfup — 110 — 16[up + By + 318 + 12[ppp(p + 1) + 7pp(u+ 1) + 15p(p + 1) +9(u + DI}
{60(u+ D(p+ 1D — 1D —16[up + Bu + 318 + 12(p + D [ppp + Tup + 15 + 91}
{60(u+ 1)*(u — DB — 16[up + By + 318 + 12(u + 1) [ppp + ppt + 6pp + 64 + 9 + 9]}
{60(u+ 1)*(u — DB — 16[up + By + 3]@+ 12(u + D[pp(u + 1D + 6p(u + 1) +9(u + D]}
{60(u + 1)*(u — DB — 16[up + Wu + 318 + 12(u + 1)?[up + 6 + 9]}
{60(u + 1)?(u — W — 16[up + Wy + 318+ 12(u + 1)*[up + 3u + 3u + 9]}
{60(u+ 1)?*(u — Dl — 16[up + By + 38 + 12(u + 1)*[u(u +3) + 3 +3)13
[(60(u + 1)*(u — DB — 16[up + Bu + 318 + 12(u + 1)*(u + 3)?]
The power four part can be modified using internet-based algebraic machine to
{[—30Muup + 30Mup + 1508 + 90H] + 8@uu + 248u — 6puup — 60pu — 192uu — 228 — 90}
which can be further modified in a series of the following steps:
{30[—upp + pp + 5p + 310 + 8@up + 248 — 6[uppp + 10pup + 32pp + 38y + 15]}
{30[—ppp — pp + 2pp + 2 + 3y + 3]0 + 8Bup + 248p — 6[puppp + Sppp + Tupp + 21pp + 11pp + 33u + 5u + 15]}
{30[—pp(u+ 1) + 2u(u+ 1) + 3 + 1)]W + 8@u(p + 3) — 6[upu(p +3) + 7pp(u + 3) + 11p(u +3) +5(u + 3)1}
{30(u+ D[—pp + 2p + 3]W + 8Bu(p + 3) — 6(u + 3) [upp + 7pp + 114 + 513
{30(u+ D[—pp —p + 3p + 3]W + 88 (u + 3) — 6(u + 3)[upu + pp + 6pp + 6 + 54 + 5]}
{30(u+ D[—p(u+1) +3(@ + 1)]W+ 88u(x + 3) — 6(u+ ) [up(u + 1) + 6p(u+ 1) + 5@ + D]}
{30(u+ D(p + D[—p + 3]0 + 88 (u + 3) — 6(p + 1) (u + 3) [up + 6u + 51}
30(u + 1)?[3 — ] + 8@u(u + 3) — 6(u + 1) (u + 3) [upe + p + 5u + 5]}
(30(u + 1)?[3 — pJl + 8@u(u + 3) — 6(u + 1) (u+ 3) [u(u + 1) +5(u + D]}
[30(u+1)2(3 — Wl + 88u(u + 3) — 6(u+ D (u+ 1) (u + 3)[u + 5]]
[30(u + 1)*3 — w)l + 8Bu(u + 3) — 6(u+ 1)*(u+3)(u + 5)]
The power zero part can be modified using internet-based algebraic machine to
[—30M(up + 2 + 1) + SE(EERG)] — 6ppp — 30uu — 42p — 18
which can be further modified in a series of the following steps:
[—30M(u + 1)* + SEEH6)] — 6(upp + Spup + 7u + 3)
[—30M(u + 1)* + SEEH6)] — 6(upp + ppt + 4pp + 4 + 3u + 3)
[~30M(x + 1)* + 8EEHE)] — 6(uu(u + 1) + 4u(u + 1) +3(u + 1))
[—30M(x + 1)* + SEEHFG)] — 6(u + 1) (up + 4u + 3)
[—30M(u + 1)* + SEWEH6)] — 6(u + 1) (up + p + 3u + 3)
[~30M(x + 1)* + 8EEHFB)] — 6(u + D(u(n+ 1) + 3+ 1)
[—30M(x + 1)* + SEEE6)] — 6(u + D(u + 1) (1 + 3)
[—30M(x + 1)* + SEEERG6) — 6(u + 1)*(u + 3)]

Further, combine the same power terms according to the partial calculations shown above:
[O]MEEs® + {0} s MM [30(u + 1)*(3 — p)l + 8Bk + 3) — 6(u + 1)?(u + 3) (1 + 5)1(1 + 5N
[60(u+ 1)?(u — DB — 16(up + Bu + 3)B+ 12(u + 1)?(u + 3)*](1 + 1) * 5SS [ 300(x + 1)* + SE(IH6) —
6(u+1)?u+3)]A+p) ' EE . (E150)
The two highest power pre-factors are zero, and the remaining equation is:
[30(u + 1?3 — wll + 8Bu(u + 3) — 6(u + 1) (1 + 3)(u + 5)1(1 + ) S [60 (1 + 1)*(u — DA -
16(up + Bu + 3@+ 12(u + D + 3’11 + ) * FEEE (- 300 (1 + 1)? + 8ELF6) — 6(1 + D?(u +3)](1 +

M § (E151)
All three pre-factors by the individual powers of s have to be zero. Thus
[30(u + 1)*3 — Wl + 8@u(u + 3) — 6(u + 1)*(u + 3)(u + 511 + p) EN0 ) (E152)
[60(u+ 1)*(u— DB —16(upu +Bu + D@+ 12w+ D*(w+3)°]Q + w*IE0 (E153)
[—30M(u + 1)* + 8EEF6) — 6(1 + 1D)*(u+3)](1 + ) E0 . (E154)

Then, divide by constants appearing at the ends of the left sides of the equations, and divide the
first equation also by (3 — p):

u(u+3) (u+1) (u+3)(u+5)
[30(# + 1)ZI + 8' (€3N B-w ]. ! (E155)
[60(u+ 1)*(u— DB - 16(up +Bu + DE+ 12 + 1)*( +3)*] 1 EE (E156)
[-30M(u + 1)* + 8EEF6) — 6(u + 1)*(u+3)|E0 . (E157)

Sum the first (E152) and the third (E154) equations, and perform step by step simplifications:



[+8-— 6(+1)2(1+3) + 8I ”(””’) ("“)2((3’”;))(‘”5)]. , (E158)

8I [- "(‘”3)] 6(;1 + D2 +3) [1 + (‘”5)]. (E159)

o= v [+ SEIE (160

8I [(3l—ul+1?;_l:))+(uu+3u)] 6 + 1)? (u+3) [(3 u)+(u+5)] . (E161)
8I——6(u+1) (u+3)—. (E162)

188 —6(u+1D*u+3)EN , (E163)

38— (u+1)*(u+3)EN , (E164)

B+ 1222 . (E165)

Substitute the found G to the second (E156) equation, and perform step by step simplifications:
[60(/1 + 12— 1)' — 16(uu + By + 3) {(,u +1)? “T”} +12(u+ 1) (u + 3)2]-, (E166)
[15G0 - Df - 4G+ We + 3) {2 + 300+ 32| B (E167)

45(u — DB — 4(up + B + 3){u + 3} +9(u + 3)* =0, (E168)

45(u — DB+ [—4(up + Bu + 3) +9(u + 3)](u + 3) =10 , (E169)

45(u — DR+ [—(pp + 20pu + 12) + OQu + 27)](u + 3) 1B , (E170)

45(u — DR+ (—4pup — 11+ 15 (1 + 3) |IE0 (E171)

45(u — DB + (—4pu + 4p — 15u + 15)(u + 3) 110 , (E172)

45— DB+ (4@ -D - 15w - D)@+ EE (E173)

45(u — DB+ (- D(4p - 15+ 3) =W (E174)

450 — (4p + 15)(u + 3) B (E175)

(4p+15)(u+3) _ (E176)

45
We see, that there exist the solution for the given model function with G and E given by (E165)

and by (E176). Thus, finally, we insert the found G and E factors to the model function (E87):

2
25w =50+ i T (- g

(1+p)6 (A+p) [A+p)-s?] (1+w)®

) (T €177

Algebraically slightly modified in the second part, it leads to the solution
Q??(S). Fiests (5).

2
[s+w/(1+u)2—,usz] ) _ 1 y+3l (4,u+1552 _

1+ [(1+w)—s?] (1+wé 3 2\ 3

1 (u+3)1 1
T s 2 ((5+3ws®-3(1+ u)zs)51n<

%(1 + u)z) JA + w2 — ps? . (E178)
which is thus proportional to the second-kind third degree generalized Legendre function Q3 (s).
Proportionality rather than equality is declared here for the generalized Legendre function as
the proper normalization factor is still a question connected with a recurrence formula to be
found later.
When u=0, then the function simplifies to the Legendre function of the second kind of third
degree, as can be easily found by substitution u= 0 into (QS3):

), Hes@E;6s* 395 () - (352 -2) (E179)



E.3. Tests of the recursion formula for the second-kind generalized Legendre functions

The recursion formula

0a(s) = T s 031(9) — A (1 - e s?) 3L () (E180)

is to be tested for validity for the second kind generalized Legendre functions. When we observe
the formula (100) in the main text, i.e.

S1(s) = PI(s) Q31 (s) — T(s) V(L + )2 — pus? (E181)

it is clear that the recursion formula is fulfilled for the first part, as it is fulfilled for P,”(s) (see
(91) of the main text), and a multiplication of both parts of the recursion formula by

S _1 [S+\/(1+M)2_M52]2
Qo (s) =3In| S Taro—=

(E182)

does not change the result.
Then, we have to check the recursion for T,(s) from the second part of (E181) (note that
multiplication of both parts of the recursion formula by \/(1 + u)? — us?) does not change the

result). Then, the test of the recursion formula reduces to testing the relation
2n+1 1

Tua(8) = S s Tn(®) — g (1= gz s?) Taa (), (E183)
where Ty(s)=0 and T;(s)=1/(1+u).

First, the formula is tested for n=1 (set so in order to derive the function of the second
degree):

2:1+1 1
Tia(s) = 5 s 1(s) —;( a fmst)Tl_As) . (E184)
) = 37 T —5 (1 - Gaes®) o) . (E185)
By inserting zero and first degree functions, we receive
_31 1 1l __ K 2).
T2(s) T 2140’ T 2(1 (1+u)25) 0 ’ (E186)
and after simplification we get
3 1
TZ(S) = EWS . (E187)
Therefore, according to (E181) and (E187), we have
$1) = P19 Q') ~ S s/ A+ 2 — ws? ,  (E188)
or equivalently
SIfey — _ SIeey 3 _ — 1
Q') = '3 L+ = A+ W21 Q') — S i SV A+ 107 — ps? = s

{+3)s2 -+ w2 Q'e) -3syA+w?—ws?} ,  (E189)
which is (except the normalization factor) the same as the second kind solution (94) in the main
text.

Further, the formula (E183) is tested for n=2 (set so in order to derive the function of the
third degree):
22+1 1

Taea(s) =57 1+u

L $Ty(s) — 2+1(1--6:—)55 )7} 10 , (E190)



u@yn_—ﬂxg——@-wwﬁ)n@). (E191)

31+
By inserting first and second (see (E187)) degree functions, we receive
¢ 31 o 2(j__+* _2). L
T3(s) = 31+u Tt 3(1 (1+u)25) T+u ' (E192)
and after simplification we get
53_1 o2 (21 _2_# o
T5(s) ERYCEER (3 Tt 343" ) ’ (E193)
53_1 2,22 1 o 21
T5(s) = 320903° T320403° T 31+ ’ (E194)
_ 1 1 4p+1s 5 11 4
T3(s) = 2(+w3 3 ° 21+u3 ’ (E195)
1 1 4u+15
T5() = 3 o | st —3 L+ 7. (E196)
Therefore, according to (E181) and (E196), we have
4u+15
Q?@)—f?%@Qg()—gaﬁﬁ[”3 =2+ w?Ja+mr—us? (E197)
or equivalently
I(S) —
1 4u+15
T3 B+ )s® =31+ W1 05(9) — S s [ s2 —3 (L + ) ]\/(1+u)2— us? =
4u+15
T3 {[Bu A 5)s* =301+ w251 Q81 (s) — [ 2s% - (1+u) 2| Ja+w2—ps?}

(E198)
which is (except the normalization factor) the same as the second kind solution (95) in the main
text.

Next, the formula (E183) is tested for n=3 (set so in order to derive the function of the
fourth degree):

2:3+1 1
Tyua(s) =225 1+#sn(s) 2 (1- ms Taa(s) . (E199)
Ti(s) = 1 —sTy(s) -2 (1 (Ij;ﬂ52)7;(s) . (E200)
By inserting the second (see (E187)) and the third (see (E196)) degree functions, we receive
71 g1 1 [WH15o p_2)3_1
T(s) = 31,8 2(1+,u)3[ 3 (1+ )] ( BCETTA )2(1+y)25 ' (E201)

and after expanding and simplifications we get
1 4ptl1s 3 71 1 4

Ti(s) = [42 a+p* 3 ° ZEW?O + ”)ZS] B (%%(1:,4)25 _%(1-:1)2%(1-:#)253) ’ (E202)
Lo =[Gy S e - Geestame) 0 (203
Ty(s) = 2 (1+1u)4 [7 # + %3_1H] s’ = %(1:;1)2 G% + %%) s ! (E204)
Tu(s) _%mZ[ZMHS 33#] z<1+ﬂ>z4(Z§+§§)S ' (E205)
Tu(s) = (1+1;4)4 23 [ZBHHOS 27#] (1+u)2 213 (238 + %) § ! (E206)
Ti(s) = i st - (1jﬂﬂ§g5is , (E207)
T,(s) = (1+M)4;5 PRS- (12| (E208)
Therefore, according to (E181) and (E208), we have
fl(s) — P451(S) le(s) _ (1-'_111)4 213 [55#;105 3 (1 + ,u)z 55 ]\/(1 + H)Z _ .U52 , (E209)

or equivalently



Q:'(s) =

<1+m4 - [(3K2 + 30 + 35)s* = 2 3(u + 5)(1 + )25 + 3(1 + )*] Q5 (s) —

OLF;F”f“3 (1+mz—4Jﬂ+uy—sz—uwy23{Km-+%y+3$s—2
351+ 0?7 + 301+ 1051 () — [P — 1+ w? Ts| AT W7 — ws?)

(E210)
which is newly derived generalized Legendre function of the second kind of the fourth degree,
which is inserted into Table 2.

The fifth degree function can be determined using the formula (E183) when n=4 is set:

_ 2441 1 4 L
Tia(s) = 51 4(s) (1 “G? )T L, (E211)
Ts(s) = 210 —=sT(s) -2 (1 - i ) Ta(s) (E212)
By inserting the third (see (E196)) and the fourth (see (E208)) degree functions, we receive
1 1[55p+105 3 255 ] _4(, B 2\l 1 [4utis 2
Ts(s) = 51+u (1+u)423[ 3 —A+w7 ] 5(1 (1+y)2$ )2(1+;1)3[ 3 (1 + 1 ]
, (E213)

and - after expanding and simplifications — we get

_ 1 1 [55u+105 g4 255 2 41 1 4u+15 §2 — 2 u 2 4u+15
Ts(s) = 5(1+u)5 23 3 -1+ ] 52(1+y)3[ 3 (1 + 1) T a2’ T3 S +
st w?| (E214)
1 15544105 4 9 255 2] 41 1 [ p AuHls ,  4utls
Ts(s) = [5 (1+pw)523 3 5(1+u)5 23( +u ] 52(1+y)3[ (1+w? 3 s+ 3 ° +
Tt (E215)
To(s) = [ 1 15544105 4 9 1 155 2]_[ 41 1 u 4u+154 41 1 Butls ,
58 5(1+0)523 3 5(1+p)3 23 3 520403 (142 3 ° T52(14m3 3
41 1
52u+m33(14-u)] , (E216)
T()—[ 15544105 4 , 41 1 i 4ut+1s 4]_[2 1 155, 41 1 8utls ,
55 5(1+u)5 23 3 52 (1+0)3 (1+w)2 3 5(1+;¢)3 23° T5204m° 3
41 1
Sms (E217)
_ 111[9 1 5544105 | 4p4u+15] 4 1 111[9 155  48u+15] , 41 1 2
Ts(s) = (1+u)5253[122 Tt ] (1+u)3253[122 171 1 ] 52(1+;1)33( 0
, (E218)
_ 1111 9554+9105 | 16u4u+15] 4 1 111[1 955 168u+15] , 41 1 4
T5(S) (1+#)5253 22 1 + 4 1 ] (1+;¢)3253[22 1 4 1 ] +52(1+u)33(1+
1> , (E219)
_ 1 111[495p+945 | 64> +240y 1 111[495  128u+4240] , , 44 1 4 2
Ts(s) = (1+u)5253[ 4 + 4 ] (1+u)3253[ 4 ] 523(1+u)33( +w
, (E220)
_ 11164§2+735u+945 4 1 111128u+735 , 44 1 4 2
Ts(s) = (1+u)5253 4 S T a+mizs3 a 523 (1+#)33(1 +M) ’ (E221)
_ 1 64p%+735u4945 4 1 1 128u+735 2.2 , 641 4
Ts(s) = (1+;4)5 23 15 (1+p)5 23 (1+p)%s™+ 1523 (1+u)5 a+w ’
(E222)
1[(64 , 4 (128 2 2 4
Te(s) = (HMQJ(;L+MM+6®5 (Zp+49) @ +m?s?+2 ﬂ+ﬂ)] . (E223)

Therefore, according to (E181) and (E223), we have



(w2 + 40 +63) st — (2 p +49) (1+ w2s? + 2 (1 +

$1(s) = P'(9) 08'(9) — e 3s
T+ w2 = ps? , (E224)

or equivalently
Q3'(s) = (1+u)5 23 [(154% + 70p + 63)s> — 103 + 7)(1 + w)?s® + 15(1 + p)*s?] QS’(S)

1 1 64 128
2 (%02 + 491+ 63) 5* — (o +49) (1 +)%s% + 2 (1 + | VU + )2 = pus? =

(1+u)5
{[(15u +70u + 63)s° — 10(3p + 7)(1 + ,u)253 +15(1 + w*s'] 081 (s) — [(G” + 494 +

63)s* (128u + 49) A +w?s? + =+ wt|JA+ 02 = ps?} (E225)
which is newly derived generalized Legendre function of the second kind of the fifth degree,
which is inserted into Table 2.

23

Finally, the sixth degree function can be determined using the formula (E183) when n=5 is

set:
2- 5+1 1
T5+1(S) - 5+1 1+y TS(S) 5+1(1 (1+u )25 )TS 1(5) ’ (E226)
To(s) =% 17 s Ts(s) =2 (1- - i )Tas) - (E227)
By inserting the fourth (see (E208)) and the fifth (see (E223)) degree functions, we receive
11 1 1 1[(64 » _ (128 2.2 4 64 4] _
Te(s) = TS Tome & ( +49/‘+63)5 ( H+49)(1+M)S +15(1+u)]
E _ u 2 1 1 [55u+105 3 2
6 (1 (1+#)2 S ) (14+p)* 23 [ 3 (1 + .u) ] ’ (E228)

and after expanding and simplifications we get

1 64 - 128 2.3, 1164 ag] _
Ty(s) = (1”)623» ( +49,u+63) -2 (= +49)(1+u) + 221+
E 1 1 [55u+105 3 2 55 u  55u+105 5 2 u 3
PCEIEE — A+ TS~ (4w Tt , (£229)
1 ([11 (64 o 5 11128 2.3, 1164 ag] _
Te(s) = (l+#)623{_6( 1 +49y+63)s ( u+49)(1+u) + 221+ )|
2[55H+105 (1 + )253 _ (1 + I,l)4 55 _ 'u55[1+105 5 + (1 + ‘u)z 253]} , (E230)
1 11642 5 11128 2 3, 1164 ag] _
Te(s) = —(1+u)623{_6( 1 +49y+63)s 6( u+49)(1+u) + 221+ )]
5110u+105 55 5 55u+105
B RN Tt 231
1 ([11 (64 o 554+105 5 11 (128 2.3
To(s) = (1+#)623{_6(15u +49y+63)s +3 “—3 ] [ ( u+49)(1+u)s +
iw(1+y)2 N+ [Ema+mis+ia+wTs|) (E232)
11 64p%+735u+945) | 55u55u+105] 5  [11(128u+735) , 5:5110u+105
Te(s) = (1+u)623{ 1( 15 )+ 5 3555]‘9 [6( 15 )+6-5 3 ](1+
2 3, [1164 4
. w%s +[615 653](1+“) } ’ (E233)
_ 1 (11[704p2+8085u+10395 & 1375uu+26254] 5  1[1408u+8085 A 2750+2625
Te(s) = (1+[1)6 23{ 63 [ 5 t 5 ] 3 [ 65 + 65 ] 1+
wesd [+ 20| @ wtsh (E234)
1 1 (11[20794%+10710p+10395] 5  1[41584+10710 2 3 2079 4
To(5) = e s (o3 5 ]S S A+ wes R A wts)
, (E235)
1 2079 1386
TG()—W—,{—[ H2 + 2142 + 207955 — 1 [B2p + 714| (1 + 10)25° + 22 (1 + s

, (E236)
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To(s) = ! { 231,uz+238y+231]s -

23 4
(HM)W u+238](1+u) S +E 1+ ) }

(E237)
Therefore, according to (E181) and (E237), we have

SI(s) = P51 (s) Q8 (s) — (HW - (E 2 4238y + 231) 55— (22 +238) (1 + w)2s® +
Za+ws|Jarw-us? , (E238)

or equivalently
Qe'(s) = m 24
5+ 7)(1 + )*s? — 5(1 + )61 05" (s) — Wzl‘* [(231;12 +238u + 231)5 - (%u +
238) (1 + w2 + 22 (1 + s ]J(1 )2 — ps? = (1+1H)6 ). {[(su + 10542 + 3154 + 231)s® —
5(3u2 + 42u + 63)(1 + )25t +3-5(u+ 7)(1 +)*s? — 5(1+ w)°] 081 (s) — [(231 2 4 238u +
231)55 (%zu + 238) 1+ w32 + 22 (1 + w's| /A + )2 = ps?) , (E239)

which is newly derived generalized Legendre functlon of the second kind of the sixth degree,
which is inserted also into Table 2.

[(5u3 + 105u? + 315u + 231)s® — 5(3u? + 42u + 63)(1 + p)?s* + 3 -




