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B.1. Procedure leading to variables separation in Laplace equation in SOS coordinates

The Laplace equation in SOS coordinates in azimuthally symmetric case is

d (3 OV(RV) 3 V(RY)
6R(R aR )+6v( v )_O ’ (B1)
where 3 = hph,h; denotes the Jacobian.
When we insert the model potential (23)
V,(R,v) =r(R)F(W) + V, , (B2)
into the Laplace equation, we obtain
]
. (hz = (r(R)F(W) +vo)) (hza (r(R)F(W) + vo)> . (83)
d (3 [or(R) 6F(W) 2 ar(R) aF(w)
ﬁ(h_z[ F(W) +r(R) ])+av( [Z2Fw) +rR ) =0 (B4)
o (3 [dr(R) dF(W) oW dF(W) aw
ﬁ(h_z[ F(W)+ (R) aw 6R)+6v( [0+ (R) aw 61/)_0 ’ (BS)



In order to make the factors with the Jacobian divided by the square of the metric scale factor
(see expressions (12) and (13)) dependent only on R and on the composed variable W, not
explicitly on v, we either divide or multiply them by the derivative of W with respect to v:

a fow( s \[ar® AF (W) aW a (3 aw\ [dF(W)T\ _
ﬁ(E <h§%_W>[ FW) +r(R) =~ 6R]> + r(R)E<(h_$,E)[ aw ]) =0 (B6)

Then the product rule for derivatives is used:

a fow\[ 3 \[dar® arw)ow] ow o [ 3 \[dr(R) AF (W) W
ﬁ(ﬁ) <hlzef;_w>[ ax W) +r(R)— 0= aR]+Eﬁ<hzf’_W>[ ax LW +r(R)— 0= 6R]+

(50 ) 2 D) + ()02 ) 2 (32) [0y (320) 2 4200] <
(B7)

, see (10), and as the order of partial derivatives can be inversed, we further obtain

o (ww\ [ 3 \[ar®®) dFW)uw]  aw 8 [ 3 \[dr(R) AF (W) uWw
av( )<hza_W>[ dR FW) +1(R) aw T] +a_va_R<hzf’_W>[ dR FW) +r(R) aw T] +

S () o o SR s o GRER] ere ()] =0

(B8)

As (:2 ZW) depend only on the composed parameter W (deduce it easily from (13)), not

separately on v, we can use the chain rule and write (when simultaneously using product rule in
some other terms)

G e rn + R+ S0 <hzsaw> [ (W) + () £ )

ow uW

As 3R

R dv OR R
3\ ([d2r(R) dr(R) OF(W) | dr(R) dF(W) uw d2F(W) W uw dF(W) d(uw) 1
(@){[ dR? FW) + OR + dR dw R Hr(R) e aw? R R +r(R) = dw  O0R R
dF (W) a(R 1) I oW ow dF(W) 3 oW\ @ [aF(W)] _
r(R) aw ww ]}+ (R) (h2 6v) av ]+ r(R) (h?, av)av[ aw | 0 . (B9)
Now, we can use the foIIowmg |dent|t|es (A96) and (A97) from Appendix A:
o[ 3 -3 _“_“
fTR(hﬁ‘Z—”X) = o [(u +3) (810)
and
0 (3WY _ (4 g pay (30w
ow (hv av) uw (1 = hg) (h?, 6\)) ' (B11)
Then

o0 +r P+ 3 e 9 -] (52000 v )

d?r(R) dr(R) dF(W) dW | dr(R) dF(W) w d2F(W) OW pw AF(W) d(uw) 1
(h_z){[ dR? FW) + dR dw OR ' dR dw R +r(R) = dw? OR R r(R) dw 9R R

L 520 - ) (32 2 0 (35 (S5 o
(B12)

The Jacobian is canceled as it is present in all terms, and other simple algebraic changes are
applied:

U (hR) [dr(R) F(W) + r(R) ZEW dF(W) uw] 41 [( +3)— 1’2-_;4] [dr(R) F(W) + r(R) &) dF(W) #:V] +

1 d?r(R) dr(R) dF(W) uW dr(R) dF (W) uW d?F(W) uW uW dF(W) uuw 1
(E) {[ dr? FW) + aR aw R | ar aw +r(R) aw? +7(R) "R R

R R



Rizr(R)dI;(W) W]}+ (R)(H”)(l—hR)( )(av) [dF(W)]_l_ (R)( )( ) [sz(W) _o

aw?
(B13)
The use of (A38) relation from Appendix A rewritten to the form
1 (aw\? _ w2 hE(1+p)?
w(e) =% (314)

(fc and fs being the generalized cosine and sine) for the terms in the equation containing h,, and
expanding of the other terms Ieads to

dF (W) uw dF (W) uw

R + 7 r (o P | + @+ ) - ][-+ (RG] +
1 dr(R)dF(W)uw | 1 dr(R) dF(W)ﬂ 1 d?F(W) p?w? dF(W) p*w
_-l'h,z2 dR dW R +h§ dR dw R hzr(R) dw?2  R2 O aw R?

dF(W) (1+u) w2 h&(1+p)? [dF (W) w? hR(1+u)2 d?F(W)
r(R) LS |+ (R) 2 (1 — i Y MG [4TCD] Ly R HAGHOT [ECD]
(B15)

h2 R2

By putting together the same-derivative-order terms, we get

dF(W)uW

1+ dF(W) uw AF(W) u2w dF(W 14
|+ 3) = 3|y d(w";z +o (R) d(w)”Rz thzr(R) ( )uw+ (R)( “)(
n )WZ h&(1+p)? [dF(W) 1dr(R)quF(W) 1 (R)d F(W)u w? w? hR(1+u)2 [sz(W) 0
R R aw R dR h% aw aw? iR aw? )
(B16)

When we further simplify and use (17) from the main text we get

u W dF(W) dAF(W) uw

2
@ dffvi” G Al O (R)"W‘”(W) T (R W hRf%;; e
1dr(R) quF(W) u W d? F(W) th(1+ﬂ)2 a2FW)]
R AR RE aw (R) wr t T (RW? g [~ =0 . (B17)

When we still further simplify, we get

WdF(W) 1 (A+p)uw dr(w)

2
1R )u WdF(W) 1R /LWdF(W)_I_ [RZT(R)(ﬂ+3)ﬂW dF(W)] S (R)WhR(1+u) [dz;%/)] n
1 dr(R) pw dF(W) hR(1+u)2 2 dZF(W) _
2R ar ng aw (R)(hz rr¢ )W awz — 0 . (B18)
and thus
2) WdF(W)

hR(1+u)2 dF(W) 1dr(R) uyw dF(W) hR(1+u)2 2 d? F(W)

]W + 2R (R)(hz o )w TrW_o . (B19)

Still one algebralc manlpulation leads to

2

hR(1+u)2 dF (W) 1dr(R) uyw aF(W) hR(1+u) 2 sz(W)
]W o (R)(hz o )w W _o . (B20)

Now divide by r(R)F(W) and multiply by R2 and by the squared hg:

- hR(1+u)2 w  dF(W)
=l = _-I (0= 20pok G B+ P |

R dr(R) W dF(W) hg(+w)?| w? d?r(w)
2:® ar “rowmaw +[” t g ]F(W) awz =0 - (B21)




We reorganize still a bit the terms (and also change the highlighting of the terms in order to
enhance various parts important in the present stage of derivation):

_ 5, hp(+w? ] w dF(w) 2, hp@+w?] w? a?r(w) R* d*r(R)
[(” D+ (u+ Dphg + )i ]F(W) aw + [” i fEr¢ | Fw) aw? r(R) dR?
_R_dr(R) W dF(W)]RIErR) _

r® ar T [(” + 3k + 20 s ~aw @ e = 0 (B22)
For the solution of the equation (B22), i.e. the general SOS case, we can apply a special variable
separation approach. We see that the yellow terms (the first two) in (B22) depend only on W,
while the blue ones (the middle ones) depend only on R. The gray-and-green term (the last one)
is a product of a pure W-function and a pure R—function. The equation can be thus written in
the following simplified form:

a(W)+b(R)+c(W)dAR) =0 . (B23)
In order this equation being fulfilled for any W and for any R, either b(R) and d(R) has to be
equal to constants for any R, or a(W) and c(W) has to be equal to constants for all W. Otherwise,
different equations would arise when keeping R=R; and when keeping R=R,, or when keeping
W=W/; and when keeping W=W.. If e.g. b(R;) is not equal to b(R>), then equations

a(W) +b(Ry) + c(W)dA(RY) = 0 , (B24)

a(W) +b(Rz) + c(W)dA(R3) = 0 , (B25)
would be different equations for a(W) and c(W), and they could not be fulfilled at once (for any
W). It cannot be compensated by different d(R). Similarly for d(R), and in other cases.

When the possibility with a(W) and c(W) being constants is tested, no solution of Laplace
equation is found (although derivation of this finding is quite extensive). Therefore, the second
option, i.e. b(R) and d(R) being equal to constants, is to be tested.

B.2. Test of b(R) equal to a constant, and d(R) equal to a constant.

When we test the second option for separation of (B22), i.e. b(R) and d(R) are constants, we
arrive at the equations

_ R dr(R) _
_ R*d*(®R) R dr(R) _
E&) - r(R) dR?  r(R) dR O (B27)
where Ky, K, are separation constants. The first equation, which can be rewritten to the form
dr(R) _ ,, r(R)
| Ky ok (B28)
has solution
r(R) = C4RXa (B29)

Cy being an arbitrary constant. The term in the second equation (B27) containing the first

derivative is thus
Ldr(R) __ R r(R)

r® ar - rmiag - Ka (B30)
The second derivative is then
d?r(R) d CcqRXd d - =
ant = an (K g) = g (RACIRKERY) = €Ky (Ky = DR (B31)

and the term in the second equation (B27) containing the second derivative is thus



(B32)
Therefore, we can write the second equation (B27) in the following form:
b(R) = Kq(Kq—1) —Kq =K : (B33)
This leads to the following equation connecting the separation constants K, and Ky:
(B34)

The remaining part of the Laplace equation (B22) can be thus written in the form

_ o, hp(+w)? ] w dr(w) 5 . hp(1+w)?] w? dZF(W) 2
[(,u Dp+ (u+ phg + )i ]F(W) aw +[ﬂ i fczfs F(w) dw? [(#+3)hR+

W “F(W)]. 0. (B35)

F(W) aw

where K, and Ky are connected by the relation (B34). Then

5, hp+w?] w? dZF(W) 2 4 hR(1+/,L) w dF(W)
[u = ]F(W) T [(u D+ G+ 3 + T 4 2k ]F(W) il l(ﬂ+

3hi +Ka(Kg=2)=0 .  (B36)

The strategy is now to modify algebraically (B36) to the form containing only hg, not f¢ or fs.
First, multiply the equation by fcfs squared:

w2 a2F(w)
21213 + W1+ 1021 00+ Kal G = DR+ ek ShRIES + RGO+ 1025
+ (u+ DhRfESE + KalKq — 21fEf$ =0 . (B37)

Further, use the relations (17) from the main text and (A22) from Appendix A to express fcfs
squared and fs squared in terms of hg, i.e.

w? d?F(w
Oyl (e I O
BRGS0 = IO =) 2 + K+ D15 51 + 00 = 1+ 00— 1+

KalKa— 2] =3 [2 + Whi — A+ wht —1]=0 . (838)

Multiplication by uz leads to

w? d?F(wW)
(1 +WpPI@ + kG — (L + Okt — 1]+ (L+ w2k} 2o L) | S AR T

PR 2 L = GO S0 S + K (1 + 10+ DR + 0~

(1+ whg — 1] + Ka[Kg — 2](1 + W2 + whi - A +whg —1] =0 . (B39)

We expand the terms
k-0 +

{1 +w@+wph; -
W2+ Wphg — (u—2)A + p?uhg — (= 2)A + @Wul + [+ @2 + @) (u + 3)uhg —
A+ w*(u+3Dphg — A + @)+ 3Duhi] + (A + w3uhg — A+ w3uhy) + 2K, 1+ w2+

R = 2K = 20 SR o 1+ )2+ 0+~ KoL

12 (u+ 3)hg — Kg(1+ @) (1 + 3)hR] + [Ka[Kg — 21(1 + 1) (2 + ki — Ka[Kq — 2](1 + p)*h —
KylKqg—2](1+ )] =0 (B40)
and mark the same-order (in hg squared) terms with the same color

w? d2F(W)
F(W) dw?2

(1 + u)?u?hg —

A+ wu?l+ A+ wiu?hg} —




(1A + W)@ + w®h} — EERRERE - (1 + 1)y + DR - " + (=2 +
)2 + ek} — 2R — (1 — 2)(1 + 1)) + (SR DS -

(1 + w2 (u + 3)phg — (1 + ) (u + Dphf] + (OFEEERR — (1 +)3uhy) + [2K,(1 +1)(2 +
W)uh’ — DRSS — 2K, (1 + u)) me= o 1 D D GRS - K, (1 +

W2+ 3hg — Kg(1+ w) (e + DhE] + [KalKg — 2] + )2 + whi — KaKG=21@F02hE —
Put together the same-order terms within the pre-factors of derivatives and also the remaining
terms:

(0 + 0@ + Wuh} — RS + RS — (1 + 101%) S0 4 (=2 +
w2 + wphg — (1 + @) (u + 3uhi + 2K;(1 + 1) (2 + p)uhi] + [ ES2) @S0 khE +
(DT @3 uhy + (AF R uhi - 2K @2 uhy] + (—(1 + p)?(u + 3)uhy —

A+ w3uhp) +[-(u—2)A +wu — 2K, (1 + wul} + [~Kq(1 + @) (u + 3)hi +
KqlKq = 2](1 + ) (2 + whi] + (KGO D D @E3)hE - KalKa =21 Fi?hz ] -
Ka@+ w2 +3)hg — Kq[Ky —2]1+p) =0 . (B42)

Combine the same-order terms within the pre-factors of derivatives:

(A + D@ + Wk — RN + SRR - (1 + 1) - o + ([ =D +
1) — (u+3) + 2K (2 + )] (1 + wphi + [ (EE2) AL + (CED ) + @02 -
2R | (T Wphy + (— (1 +3) — (1 + @) (1 + p)?uhy +
[~(k = 2) = 2Kq1 (1 + )} sl o+ [~ 3) + [Kq = 212 + W1Ka (1 + p)h3 + (2SR

Bl — K2 D) | KGR — Ko (1 + )2 (e + 3R — Ky[Kq —2](1+ 1) =0 (B43)
and simplify them:

(A D@+ WIERE — (1 -+ 10u%) s o+ ([ = W= 7) + 2Ka@ + I+ WDATR +

[(FESRSERS)] — KD | SRR + (—2p =4 (1 + w?uhg +[2 —p— 2K,](1 +
I st + (=31 — 7+ (2 + DK 1K (1 + p)h + (e — sk KGO R -
Ka(@+ )2 +3)hg — Kq[Ky —2](1 +p) =0 . (B44)
Still multiply the equation by F(W), and divide by the factor which is present by the second
derivative. We obtain

sz(W)
aw 2
{[(up—p=7)+2K 4 (2+w)] (1 +p) phi; + ((EEFESEFES) - 2REEHE) | @RDERR + (—2u—4) 1+ phi +[2-p- 2Kd](1+u)u}-
{G+WC+WpzRE -+ p2 )W
{[-3u—7+Q+WK 41K (1 +p) h}; + (7S (R KRR — K o (1+1)* (u+3)hg—K a[K 4 —2](1+1)} _
52 > FW)=0 .
{GrwErwEzng - +wuzw?

(B45)
In the factor by the first derivative, (1 + u)u is mutually cancelled in the numerator and in the
denominator. In the factor by F(W), (1 + i) is mutually cancelled in the numerator and the

denominator. Then the equation takes the form
d* F(w) L L {[(up—p=7)+2Kq(2+w)]h + [(EEFSEES) - 2REEE@ | BR + (—21-9) (1+wh{ +[2_ﬂ_2Kd]}- n

AW 2 o {(@+mng-1}
Kq {[—3u—7+(2+u)Kd]hzzz+_—_].—(1+M)(M+3)h162—[Kd_z]}F(w) =0 (B46)
2w? {@+wng-1} e



B.3. Riccati equation solution.

The equation (B46) can be possibly written also with a help of (unknown) function g(W) as

follows (see Polyanin and Zaitsev 2003, Eq. 46):

o f S8R+ [ gw) — (g +“8B] Fw) = 0. (847)

where f(W) is known (it is the factor by the flrst derivative in (B46)),
1{IC 7)+2Kq(2+1)|h B+ (—2p=4)A+WhS +[2-pu—2K4)

f(W) Hp—p— d(2+u R+Iﬁ_#m.+ u— wWhg +(2—pu— d} _ (348)
Then, the factor (function) by F(W) in (B46) can be possibly written with a help of (unknown)
g(W) function. The factor (function) by F(W) would also contain the function f(W) appearing by
the first derivative of F(W). By comparison of (B46) and (B47), we obtain the equation

Kq {[-3u—-7+@+wKqlh% - AR -1+ (ut3)hg—[K4—2]
B v I CLHIDGENR= a2V . [ ) g (wr) — gAY +
{@+whg-1lw
dy(W)] _ [(u# U=7)+2Kq(2+ )| h; + ((EEESEES) - PREEEM | BR + (—2u=4) A+@hR +[2-u—2K 4]}
{@+wni-1}w

gWw) —

(g + 4480 (p4g)
If such g(W) could be found which solves (B49), i.e. the first order nonlinear differential
equation, then an exact solution of the partial Laplace equation (B46), which is the second order
differential equation, would be possible to find as well. However, the above first order nonlinear
differential equation (B49) for g(W), which is the Ricatti general equation, has to be solved first

for g(W).

Note, that writing the Laplace equation (the separated part of it depending only on W, to be
precise) in the form of (B47) equation is possibly not the only option how to find its solution.
May be other solutions could be found in cases when the equation cannot be written in the
form of (B47). Nevertheless, the (B47) form could probably lead to one of the simplest solutions.
The search for another/others could be simplified when at least one solution is known.

Let’s rewrite (B49) to a standard form of- equation:

agw) _
aw
[g(W)]? — 1{[(## U=7)+2Kq(2+) |+ (RS ERS)  ZREESEm) |Afl+ (— 21~ A+ WA +[2-1—2K 4]} gw) +
{(2+p)hi-1lw
Kd{[ 3U—7+(2+WK g1 h; + (7RSI — (KGR - (1-+1) (u+3)hi—[Ka—2]} (B50)

u? {e+whg-1lw?
To find a particular non-trivial but simple enough solution, we test - option. For Kg=1, (B50)
is
agw) _
1 i o X
2 _ 1ilpp+u- 3]hR+[_] —2(u+2)(A+p)hf —p
i{[_zﬂ 5]hR"'[_]. (1+ﬂ)(ﬂ+3)hR+1} (BS 1)
u? {@+wni-1}w? )
Several test with model functions for g(W), particularly with various powers of hy divided by W,
lead to a conclusion that a model in the shape

gw) = C1 + Cz e (C1h12e + C3) ) (B52)




with C; and G, being unknown constants which are to be found, could solve the Riccati equation
(B51). For this model function, the pre-factors by the individual powers of hg in (B51) could
combine in order to be finally zero. (B52) seems to be an appropriate model as it contains only
even powers of hg. Also, using this form of the function, the explicitly expressed W in the
denominators of the terms in the equation (B51) mutually cancel out. We can find, with the
help of (A75) from Appendix A, that

dgw)|_ _l(clh§+cz) 1 % _ _l(c1h§+cz) 1 (2 _
T B A T (61 "kt 0) = -y C,— 7 (hR 2+ whi+ (1+

u)hR)> i | H(CiRE + € + Gy (Z(hR—(2+u)hR+(1+u)hR))]— [—Cyuh} — Copt +

2C1hi — 2, (2 + whi + 26, (1 + why] = ZWZ [(2 Whi — 22 + whg +2(1 + phg — g—ju]
(B53)

2W2

and
[gW)]? = 2W2 (CEhg + 2C1C,hE + C3) - (B54)

We then fill these relations into the Riccati equatlon (B51) and obtain
|2 = hE =22+ Wi + 201+ h§ ~ 2] =
1 {[uu+u—3]hR+[—]. 2(u+2)(1+ph§ - u} 1

(CZhE + 2C,Coh3 + C2) — (ClhR +C,) +

2W2 {@+whg-1lw
1 {[—2p—51h%+ e | RE — (1+#)(Il+3)hR+1} (B55)
12 (@+whz-1lw? '

By multiplication by the denominator we obtain
C
C[@ = = 22 + ki + 200+ hf = 2| (@ + 0hf = 1) = (C2h} + 26, Cohf +

COH{2 + whg — 13 — {[up + p = 3]hz + e | BR — 2(w+2)(A + Whg — 13 (Cihg +C) +
{[—2u — 5]h% + [msEeEEE AR — (1 + ) (u+3)hg + 1} (B56)
We expand the terms

[(2= w2+ wCihg =22+ w2+ wCihg +2(1 + @) (2 + W Ci AR — p(2 + wChi] -
[(2 = W) Cihg — 2(2 + W) Cihg + 2(1 + p)Cihg — Cu] B (CE (2 + whi + 2C,C,(2 + phi +
C5(2+whg) — (CEhg + 2C1Cohg + C3) — {[up + = 3]1Cihg + [pp + 6+ 71C1hg — 2(u + 2)(1 +
)Cihy — uCihg} — {lup + p — 31Coh% + [up + 6 + 71C,hig — 2(u + 2)(1 + @) Cohg — pCy} +
{[-2p — 5]hg + [up + 6u + 7]hg — (1 + @) (u + 3Dhg + 1} . (B57)

Now, the same order terms in hg are marked by an identical color:
[@=W@+WCihk — 2(2 + 1)(2 + W€ hy + PASRDESDEIRR — /(2 + 1) CohE] +
[-(2 = w)C1hg + 2@+ WEAE — 2(1 + M)Clhlée + Cul B (€22 + hg + 266G 2FWhE +

[up + 1 = 3]C R

C3(2 + Wh) + (—CERR — 2C,Coh% — C5) + {— — [pp + 6u + 7]1C, R +

2GR @RRICIRR + 1Cih} + {—[up + p — 3]CohE — [+ 6+ 71CohE + 2(u + 2)(1 +
WChR + 1Co} + {[—2u — 51hg + [+ 6+ 7Ihg — (1 + ) (u + 3hg + 13 . B58)
and they are put together (keeping in mind that some were on the opposite side of the

equation):
OB [CZ (2 + WhR + u(2 + W) Cohg + (2 — WCyh — 2C1Cohg + pCrhf — (up + p — 3)Coh% +
(=2p = 5)hg] + (26,62 + whg — 2 = w)(2 + W Cyhg — 2(2 + p)Crhg — CEhE — (up + p —
3)Cihi — (up + 6+ 7)Cohi + (up + 6u + 7)hi] + [CF (2 + Wh +2(2 + W) (2 + @) C1 A +
2(1 + @) Cyhg — (uu + 6+ 7)Cihg + 2(u + 2)(1 + ) Chg — (1 + ) (u + 3)hE] + [2GEF2) 0+
DR — AN + (uC, +1-Cu—C3] . (B59)



We immediately see that the pre-factors of the term with eight power of hg mutually cancel.
Further, we combine the same order terms and get
OB[CFC+w+p+uwi, + (2 - M)C1 —2C,Cy + pCy — (uu + = 3)C, + (—=2p — 5)]hi +
[ = Cf = (uu+p—3)C — (up + 6p+7)C; +
(—)]-+ [_+ 2+ W@+ WC +2(1+ € — (uu+ 6p+7)C; +
2+ 2@+ W6 — M+ W@+3)]hg + O]ER+ [1-C7] . (860)
We now simplify the individual pre-factors by the powers of hg:
ORI [(1 +2)CF + (u + 3)C;, + 26, — 2C1C; — 2p — 5]hg + [2@RFWEC — (B 31)C —CF -
(b +6u+7)Cy + (upu+ 6+ Dhi + [CH2 + ) + B+ 4p+ ) Cy +2(u+2)(1 + )€, —
@+W@E+3)]hg + [1-C3]. (B61)
Each pre-factor by the powers of hg has to be zero. From the last term, it is thus clear that
C,b=1 or C,=-1 ) (B62)

If C,=1, then
OB [(1+2)+ (u+3)+2C, — 2¢; — 2u — 5]hi + [2@2FWE - (G 3WC — CF — (=6
7) + (o) hg + [CEQ2 + 1) + 1B+ 4p + w)Cy + 2(u +2)(A + ) — (1 + (e + 3)]hG +

[0] ) (B63)

and thus
0= [0]h% + [ (@) —G1]CiRR + [CR 2 + ) + (1 + W (u +3)C, + (A + WA + wW]hg + [0]
(B64)

Finally, we have two equations for the pre-factors of the remaining powers of hg, which has to
be simultaneously equal to zero:
-0 -GIEo (B65)
[CE2+wW+A+Wk+3)C+ A+ w+w]E0, (B66)

which lead to

(B67)

(B68)
The solution C;=—(1+) is common for both equations, and it thus leads to g(W) in the form

G = (1 + k4 L2 1 - (14 gl = (7]

(B69)

We now test also C,=—1 possibility. Then
OB [(u +2) — (u+3) +2C, + 2€, — 2u — 5]hf; + [F22SWE] - (SHEBWET - €7 +
(e +6p+7) + (uu+ 6p+ Dk + [CE2+w) + G+ 4p+ w6 — 2w+ 2)(1 +p) -

@+ mW@+3)hg + [0] : (B70)
and thus

OB [4C, — 2u — 6]hE + [FOFSEWEC - [CF + upeprzpen14) |k + [CEC +0) + B +4u+
u)C — Bu+ 7N +wlhg + [0] . (B71)

Finally, we have three equations,
[4C, —2u—6]EH0 (B72)
[—CF = (9 + 51, + uur12p+14)]| B0 , (B73)
[CE2+w+ B +4u+w)C — Bu+7)(1+w] =0 : (B74)



Where the first one leads to

3+u
Cy 5

When we fill this result to the left-hand side of the second equation, we see that

3 3 9+6 27+24u+5
|- (22)" O 50 =2 + o1 | [ [ () B TSRS | (g

9+ 6+ i+ 54+48U+10up—8U—48U—56 7+6u+3
14)]l_ utup u4 up—8up—48u— l_ u4 uu.O. (B76)

(B75)

Thus, this case (i.e. C,=—1) does not lead to a solution for g(W).
The only possibility for solution is then (B69):

gW) =111 — 1+ whE]= -2 . (877)

The equation (B47), in which we now know the function g(W), has the particular solution
(Polyanin and Zaitsev 2003, Eq. 46]:

FoW) = expl— [ gNdW = exp {— [ - [1 = (1 + 0hE1dW )} = exp {£2 [ 1 aw -2 f Zaw}
(B78)
To express it in an analytical form, we have to know the integral
Jwahiaw = [wr I (CHYwHkaw (B79)
(the last expression containing power series is valid in the small-v region; nevertheless the final
result is the same in the large-v region).
This can be expressed in the following form (see Appendix A, relation (A111)):
[W=1hZdW = In [%] . (B80)

Having this integral expressed in a simple form, we can write the particular solution of the

equation as
+1

FO(W)=exp{”T+11 [E]——l W} w u(}cs) . (B81)

c
Using the identity (A29) from Appendix A, we can write the particular solution of the angular
part of the Laplace equation in the form
FoW) =1 (B82)
R
where fs/hg is generalized sine divided by the metric scale factor of the coordinate R.
According to (A7) from Appendix A, we can write for fs/hg the analytical expressions

oo (—(+p)-uk 2 k
fs _ Zk:o( X )(W) _ (4w -+ -uk
i_ w 1+uj - =W 1+u |32, —a (~Hm-ky 2k (B83)

STk W)k -k

in the small-v region and

k

k

i\ 2

Zf:o( 1"'1+u ><W 1+p.> u 2

fs _ j k _ . -1 —-1+—k -

fo e T s ()W) e
)5

in the large-v region.
For u=0, fs/hg simplifies (with the help of the binomial theorem) in the small-v region to
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2

hr u=0

k
_ (R\?_sinv o _ —(1+0) —(1+0)-0k R\ sinv ]° _
= (%) wmy V10 \]Zk:o—(1+0)_—0-k( VN (R) | ) =

. .ok . R N . 22 n—1 .

sinv -1 -1 sinv sinv sinv sinv COS4v+sin“v sinv
s G (R =2 (o v - ) - v

Cosv -1 k COS V. Cosv COSs Vv Cosv cos?v Cosv

sinv (B85)

and in the large-v region to

k

2
N - ey o -1 14—k R\% sinv ] 1+o0 _ o —1l/-1 sinv] ™2 k _
4=0 =V1+0 X _1+Lk( k1+0 )([(?0) cos(1+0) v] ) - \/Zk:o—_l( k ) ([cosv] ) -

1+0
sinv]~2\ " sin?v + cos? v "1 .
\/(1 + [cosv] ) - \/( sin?v ) = sy ) (B&6)
In both regions —in the limit u=0 — the solution is thus
Fo(W)|yso = sinv . (B87)
Note, that this function is basically the solution of the Laplace equation (its separated angular
part) in the spherical coordinates, i.e. the first-degree Legendre polynomial (considering that we
do not have polar coordinates — the origin of v which is for u = 0 equivalent to the geocentric

latitude — is at the equator, and it is thus a complement of the polar angle to i/2).
The first determined solution of the angular part of the Laplace equation is thus

FaW) = can2s (B88)

The fs/hg function (B82) is here multiplied by an arbitrary constant ca1, as such multiplication
evidently also leads to a solution of (B46).

fs
hgr

B.4. Second kind solution.

(B88) is only a particular solution of the equation (B47). Nevertheless, the general solution
for - can be obtained as well. The general solution (for -) is given by
F(W) = cyFo(W) + e5 FoW) [ ez expl= [ fW)awlaw = Fy(W) + Fp(W)  (B89)

The first part, i.e. by cay, is a solution of its own, as it is the already found solution (B88). The
second part, i.e. by cgy, is thus a new, separate, solution. It contains two nested integrals. To find
the solution in an analytic form, we have to determine the integrals (inner and outer) in (B89).
The function f(W), which is in the inner integral, is given by (B48), which is, for K4=1,
simplified to
{ (G- =7+ 2124 01 + oS - 2ol B+ (211 4) (100, +(2-1-2.11}

1

fwn =g (@+pnz-1W -

1 {[-p=7)+ 22400 + (S - 2O B — (211 4-+ 2+ 40k +[-11]

u (@+prz-1 W B

1 {[(ﬂ#-ﬂ—7)+(4+211)]h12z+[_].—(6ﬂ+4+2ﬂﬂ)h162 -#} _ {(uu+u—3)h?e+[—].—(zuu+6u+4)hf’e —#}

u {@+wnz-1}W - {@+wnz-1}uw (30)
As (see (A75) from Appendix A)

o) = 5[0 — 2+ okt + (L +0hg] = —m R — DI+ 0k — 1], (B91)

11



we can write the following differential relation:

aw _ d(h3) — _ d(hg)
W 2r3[1-Q4whri+A+whE] 2n%(1—h3)[A+whj—1] (B92)
Then
Gt p=3)n + o BR - (2 ou+ Dhg -1} g
Jfwyaw = | (@1 w =
[ { Cuprtu—3) 0+ RGN R — 211+ o+ 4)hy —1) d(n%) (893)
{@+wnz-1} 2n3[1-2+r+A+whg)
This integral can be solved:
1 1
[ runyaw =5 {u i) - G+ D[l — e+ DE] — [l — G+ DB} +m ], (894)

where Cris an arbitrary complex constant, and the complex-valued logarithm is assumed.
Then

[ r@maw =2 { mfG] - n[(1 — G+ DEDED] —In[1 — (u+ 2)1 } +n [ ] = { n[4] -

) . 1 1 hk

In [(1 — (D) 2 ] —n [(1 — 2)hR)z] } +in[H=m|E o :

(1-(u+Dh3) 2 (1—-(u+2)h)?
(B95)

Thus
_ 1 hiz _
exp[— [ f(W)dW] = exp |- In s [(TE50) 1|l —
PA-@+DRE) 2 (1-w+2)hR)?
-1 -1
1 nt 1 nt
exp (In (c_F ) 1) = (c_p S 1) =
(I-+DRR) 2 (1-(u+2)k)? (1-+DRR) 2 (1-(u+2)h)2
@t 1
(1-(u+DhE) 2 (1—(u+2)hE)?
Cr a (896)
Further, (B82) can be used for Fo(W) and thus

@t1) 1

1 . _ 1 o~ (I-@+DhR) 2 (1-@+2hg)2 _
7[F0(W)]2exp[ J fw)aw] f_SZCF W
h
T P
1 —(ut+1Dhg —(ut+2)hg)> _ u —(ut+Dhi —(ut+2)hg

1+u(1-hg) Cr nk =Cr A+w (1-nZ)nk=2 ' (837)

[T
The last factor of the product in the numerator is purely complex number because the minimum
value of h2 is 1/(1+u), on polar axis, and the term (1 — (u + 2)h3) is thus always negative. The
term (1 — (u + 1)k3) is zero on polar axis and negative otherwise. The imaginary constant can
be separated, leaving the real functions, and we then have:

—(’HD( 2 )@ 1( 2 )%
1 ~ _ p D Z ((urDig-1) 2 —D2(u+2hg-1)7 _
o XPL= [ fWaw] = Cr (1-n2 )2
( )7 (v ome1)?
i g (@W+Drg-1 (u+2)hp—1
(—DECr o (B98)

We have a real function (multiplied by a complex constant) which can be further integrated (the
outer integral in (B89)) to obtain
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@+
(+Dig-1) 2 ((u+2)ig-1)

1
2

_r _ I PEPN- u B
f[FO(W)]Z exp[— [ fW)dwldw = [ [-(=1)zCp e AT dw =
(/Hzrl) %
u ha( (u+Dhg—1 (u+2)iE—1
~(~D2Cr = f(0c D) (E i-1) (B99)
g (1-1) (RR)?

We now use Pdlya and Szego relations (see Egs. (A1), (A2), (A3), (A4), (A5) in Appendix A) in the

small-v region, i.e.
a+1l

rT—— Zk o(“E Wy , (8100)
e =Eio o (YWD : (B101)

for which the following equation is fulfilled
—WH)pE+p=1 = W-l=m-1)p% . (B102)

Then, thanks to the relation (7) for the metric scale factor hg in the small-v region, and the
identity (B100) above, we obtain (B99) in the form

[ G eel= ] Fw)awlaw

(u+1)
[ p0+1 / p0+1 7 0+1 2
o= u\(" Yarmp—n ! e =
—(-1D)2Cy . dw =
(1+ ) p0+1 p0+1 \2
l (1 (1+u)p—u)((1+u)p—u>
[(3Y)] 1]
p__(_uitDp ) 2 ( u+2)p _1)2
—(= 1) Cr U f A+wp—p\A+wp—u (1+wp—u dw =
o (- (i)
(1+u)p W \1+wp—p
W+ 1
p_ ((u+Dp— (1+,u)p+ﬂ) 2 ((M+2)p—(1+u)p+u)2
—(= 1) Cp u f A+wp—p\  A+wp—u 511+u)p—u dw =
1+ ((1+M)P—ﬂ—P)( P )7
A+wp—p /\A+Wp—p
@+ 1
v | et )
—(-1)2 CF(l_l_#)f 1p—p uEpM dw =
o Gerr=n
1 (A+wp—p
un, 1 1
1 N2tz WD g e
by s [P ) @
k0=D(ar55)
@) 1z @y [k
—(- 1) 2Cp W 2 [ p((1+u)p—u) ((1+u)p #) (p+ll)2 dw = _(_1)%6‘ W 2 [ p ((1+u)p u)(pﬂl)
(1+4) (-1 Faww (-1
(B103)
As (see (B102))
p—1=W?3p# , (B104)

then
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. P Pl L e At
I T el [ FOnawlaw = =(=DeC S [ —5 30 -
bt [p e aw
—(- 120, 8= f[(w)p 2 . (B105)

We further differentiate W' using (B102) with the aim of finding the element dp in terms of the
element dW, moreover in a suitable form for W? term disappearing in the final integral of the
solution:

1o p

aw™) _ -2 _ d[(p_l) i 2] — dap 7/1 —t_1ap _ _1
v = e =~ =@ -1 d—p -1 aw ———[(p—
1) zp 2+‘u(p 1) zp ]dp = % %[(p 1)— —1 +M(P 1) zp—l ap _

—lp_%[ ]dp _ 1 K u] p+u(p 1)

2 (»—Dvp —1 P\/ 2\/ (p -1 p(p—1)

_u
1p2 (1+u)p U dp _ (-1 2 (A+wp—p dp
EJ p(r—1) 2 e aw (B106)
Then
_3

W _ @=b7Z Atwpp 4, . (B107)

w2 2 p%+1
After the substitution, (B105) becomes the form

(D) p 1 3

1 B _ RO p“f(wﬁ (= 1)‘7 A+wp—p . _
(p+1)
_u (u) 2 P+wZ| (-1~ 2 1 —i*C (O (p+1)2

v o ] = T W[ = P

Assuming p and u are positive, we arrlve for the integral in the above expression to

(p+u) _ ( _1> _ o |utp
f(p 1)2 =dp = 2sinh™ =i 2 = ) (B109)
According to (B101),

=¥ 2k (B110)

1-uk
in the small-v region. When we use the identity (A7) from Appendix A, we can write it also in
the form

L R ) w

= S (w72 (B111)
where the last relation follows from (14) and (7). Then
A e R
p+u)2 _ .o —1 f hp+uf
[ dp = 2 sinh ”CH -2 :%_f{ . (B112)

(p—-1)2

When using the relations between the generalized sine and cosine and the metric scale factor hg
(17), we can write for the argument of sinh™:
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1 1 H 2 2 1 1 2

B, [T 1+qu . |mEtTEcfc T Tl C 1-1Z 15 s

1c 1t _ ¢ _ e _ | L fe _ | L fe _ fc

u+1 u+1 u+1 u+1 1+u u+1 1+ u+1 1+u !

(B113)
and thus

1
Pz 5 ol ( fs ) _ A+w?e _
J=—=3dp = 2sinh T, 2 1+ 7

2 _ 1+ 7
21n ((1+ 7 + [1+ (1+ﬂ)2f%> 2 fl + 7 (B114)

where the last expression comes from the relation between the inverse hyperbolic sine and the
logarithm function. When we insert (B114) relation to (B108), we obtain

(u+1) i
f[F (:/V)]ZeXp[_ff(W)dW]dW = —i*cp W [2 ln< Is +\/1 415 > 2 |1 _|_(1+u) fc]
0

Faa+m (A+wfe (1+w%r7 fs
(B115)
Further, we select an arbitrary complex constant Cr in such way that
(1+u)
CF = T T D , (3116)
() 2

and we then have the second possible real solution of the angular part of the separated Laplace
equation for the given model (K4=1) in the form (see (B89))

Fg(W) = Fo(W)cp, f[FO(;W)]zEXP[_ ff(W)dW]dW = Cp17_ IR [ln< Ls + |1+ L5 ) -

A+wf, (1+w2f
252
Q47 C] (B117)
or, equivalently, with inverse hyperbolic sine,
fs | i1 _ (A+w%r
Fg(W) = cp == ™ sinh (—(1+u)fc 7 (B118)

B.5. Test of a correctness of the found second kind solution with full Laplace equation

The correctness of the found second kind solution with K4=1 in the full Laplace equation should
be tested. It is done in the following paragraphs. We assume the radial part of the solution in
the form (B29) with Ky4=1, i.e.

r(R) = C4RY . (B119)
The Laplace equation (axially symmetric case) in the SOS coordinates with the inserted model
function (23), in which the angular part F(W) is substituted by Fg(W) from (B118) and r(R) is
taken from (B119), has the form

6R<hzaR(r(R)FB(W))> (hzav(r(R)FB(W))>—0 : (B120)

where 3 = hph, h) denotes the Jacobian determinant.
Now, insert the abovementioned functions into the azimuthally symmetric Laplace equation
(B120), and we obtain
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O399 pfs|ginp-1(—L_1s)_ 2 fE (30 (pfs|gpp-1(—L_Ts)_
oR (h,%aR <RhR [smh ((1+u)fc) 1+ @ +w V& ))+av<h36v<RhR [smh ((1+u)fc)

/1 +(1+ mz;—cﬁ])> =0 , (B121)

and thus (product rule for the inner derivatives)

LR EN I NSTaE I AN 2 2]
aR{h,Za <aR hg sinh ((1+u)fc) 1+ @ +mw V& +
s
Ra(hR) sinh—l(#f—s)— /1+(1+u)2ﬁ +RIs 2 sinh—l( ! ﬁ)— /1+(1+u)2f—ﬂg +
oR Q+w fc ré hg OR A+ fc ré
fs 2
a 1o
213 <hR) ] 1 fs 5 fE
Fs 0 [Ginp-1 (L _Ts) _ 272\ =
hRav[smh ((HWC) /1+(1+u) fSZD}_o . (B122)

As fc, fs, hg are dependent on W (not separately on R and/or v), we can use the chain rule for the
inner derivatives:

i E & i -1 1 f_S _ 2 f_g
R {h,% (hR [smh ((H“) fo /1 +(1+w fsz] +

d(f{_s) ow 1 2

RIOW ([ . 11 Is\ _ 2 f¢
T [smh ((1+u) fc) \ 1+0+p fsz] *

fs |1 ( 1 fs)_ 2 fE|aw ofs(MEow i 1 osey_
R hgr dw [Slnh ((1+u) fc) 1+ (1 + ‘u) fsz] OR )} + Rav {h%( aw odv sinh ((1+u) fc)

/ 2 E &i-—lL&_/ 2 FE|oaw \( _
1+ (14w fsz]+hRdW[smh ((1+#)fc) 1+ (14w 2| =0 . (B123)

The inner derivative of sinh™ minus the square root is

A Y inh-1 (L _fs) _ L
dW{smh( ) 1+ (1 +p fsz}_

1+ fc

af (1 g AN Bl -t e (2 (1)
dW{ln<(1+ﬂ)fc+\/1+(1+u)2fc2> \/1+(1+,u) 72 T alre/fs) sinh (1+u)(fs)

fZ
1+(1+p)2=%

2 f 2 2 2
2 (fe\ (aUc/fs) _ S (_hrfc\ _ P& 2 fc
\/1+(1+M) (fs)} ) - r ( Wfs)_w /1+(1+M) % , (B124)
S

where we used the derivative of generalized trigonometric functions ratio (A91) from Appendix

(&)

A. By inserting (B124), the inner derivative Z—f (according to (10)), and d—VIIj (according to Eq.
(A93) from Appendix A), (B123) can be rewritten to the form

O )3 [fs]einh-1 (L _fs) _ / 2 fE

aR {hg (hR [Smh ((1+u)fc) 1+d+m fsz]+
fEfs [k -1 (L fs) 2 IE fshk 2 &1

RWhR[RW][smh ((HWC) /1+(1+u) SR 1+ A+ fSZ[RW] +
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a fec fsow | . 1 1 ’ 2 fé zfcaw
Rav{hZ(WhR av [smh (1+u)f 1+ +w fz] 1+(1+ 2 >}_0 ’

(B125)
For the further derivation, it is of advantage to multiply/divide the terms inside the outer
derivatives by W derivatives with respect to v at proper places. After some simplification, we

obtain:
o low [ s fs 1 fs zfc
aR{av <h26W> (h [Smh ((1+u)f ) \I 1+1+p ]
uf“%smh 1 h+(1+uﬁﬁ +ufh 1+(1+uyﬁ
(1+u)fc STR

i I ow 1 foSaW . -1 1 Js\_ 2 fShR chaw _
Ra {(hzav) <Wh v [Smh ((1+u)fc 1+ +p) ] 1+(1+ ) )}—0

(B126)
Still using (17) in the first term (particularly for uf.2 and combining the first two parts of the first
term), we arrive at

a |ow 3 . 1 f 12 12
a—R{E (@) (fs(l * 1hs [Smh (7)1 a+w? —2] + ifshe /1 +(1+ p)? ﬁ)} +
i EG_W f_g& 1 1 zf(; 2 _
R ov {(ha 6\1) <W hg [Slnh (1+#)fc ’1 + (1 + ,Ll) ] + fS 1 + (1 + ‘Ll) =0 ,

(B127)

The parts containing the square root can be put together and then

%%%(ﬁ%)@ﬁ1+mmﬁmm-Q;mfﬂ+(mMR ﬂ@+uMﬂJl+ﬂ+nﬁk»

R G (Sl ()l + (s =58 e avwr B =0

(B128)

After some algebra, we have

5 ) (s e o () - e e )+
R2 {32 (L s ()] + foj1+<1+u)2 )} | 129

When we employ (A18) from Appendix A on the relatlon of the generalized trigonometric

functions and the metric scale factor, h3 — f? =

= {ZW< f;w> (fs(l + why [sinh- (s )] - fohe 1+ +u)2fc)}

a3 aw\(1-fEfs 1(_1 fs 1 fEfs AN
Rav{(h% 6\1)( W  hg [Slnh ((1+#)fc)]+(1+u)WhR\/1+(1+‘u) f§>}—0, (B130)

and further

alaw( s 1 fs\]_ 7
oR {av ( 2%W> fshr ((1 + 1) [smh ((1+u)f )] \ 1+ +w? 72




Now, we can start with the outer derivatives using the product rule:

522 (530) 0 s )] T )+ 25+
W [Sinh (141”1) j:s ] /1 + (1 + w? fc) ( 25 ) afs he+ o ahR) ((1 + 1) [sinh_ ((141ru) ’frz)]
’1 + 1+ w? fc) — (hﬁé‘;") fshr <(1 +1) o5 [smh ((141#1)2 — (\/1 + (1 + w2 fc))}

=0, (B132)

The derivative of sinh™* function is (assuming fs/fc and u are positive and also thanks to (A91)
from Appendix A)

Ef_c) -

i c1—1 1 fs d -1 1 f_C d(fC/fS) _
2 {5inh ((1+#)fc)} d(fc/fs){ inh ((1+#) (fs) )} I f( W fs
C 1+(1+p )2 2
W ’
1+(1+u)2f%

The derivative of the square root function is (assuming fs/fc and u are positive and also thanks
to (A91) from Appendix A)

[— l— a+w?e (1+u)2
1+ (1 + ﬂ)z fe 14+ (1 + H)z fEalc/fs) _ ;sz
a(fc /f) aw 12 W s f
1+(1+u)2 C 1+(1+u)2 "

(3134)
We can now insert these relations for derivatives, (B133) and (B134), into (B132). Further, we
can use the relations (A96) and (A98) from Appendix A for the derivatives containing Jacobian,
and also the relations (A78), (A93) from Appendix A:

=% (ﬁ) fshr <(1 +[sinh™" (i) - [T+ + mm) L Raw fw+3)-
1+u}f5hR ((1 + W [Sll‘lh (1}1[) ;S ] ’1 + (1 + w? fc) P <hzaw) Ij/hlzefsfz%hR =

hr 2 2 AW .y — 1 f 2 aw(l 3
fsluTﬂwasfcﬁ)<(1+ﬂ)[5mh (@)l - 1+(1+ﬂ)2é)+g<@)fsh}g 1+

(B133)
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)\
2
(1+u)2—;:§ ; \

1 hR ow hf aw
#) f2 2 W BR ’T £2 W aR }
1+(1+u)2 < 1+1+w2=5
1% )

(B135)

Further use (10) for the W derivative with respect to R, and then simplify (e.g. Jacobian can be
canceled out as it is in all the terms, % can be mutually cancelled in the denominator and

numerator of some terms):
o [u 1 . 1 f T,
{E [ﬁ W] (@> fshr ((1 + 1w [smh T fS ] /1 + (1 + w? c)

Rl{(u+3)—1hi;}f5h1e((l+u) [sinh™ (7555)] - /1+(1 +u)2fc) (ﬁ)(%hﬁfgfi%WhR—
foieriretw)(asmlsinn™ (5] - ,/1+<1+u>2fc)

w2
fS hR# fs hzﬁ

@] a+w——5
/1+(1+u)2 <

2 W R
1+(1+u)2 c
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(B136)

Further cancellation of terms in numerators and denominators, and the use of (A38) relation
from Appendix A rewritten to the form

1 aW)2 _ W2hia+w? B137
hs (av R* fEf8 ( )

for the terms containing h, leads to

(
{%(i—i)((l+u)[sinh (1+u)f] ,1_'_(1_'_”)212) Rl(u+3)—ﬁ}fshR<(1+
\

) [sinh~1 (ﬁmﬁ)] — 1+ (1 + w2l C) (,{—Z) 25 (k-1 1) ((1 +0) [sinh ™ (5 572)] -

(s ]
’1+(1+.u)2fc)+hRst j Ca =+ /5 j

1+(1+ﬂ)2% \/1+(1+p¢)2fC
5 fs

Cancel mutually all R and do further simplifications:
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(
!lu @ (<1+M>[51nh S e I e
D)

1+ (1 + p)? fc) ({L_Z) fg#(zhﬁ -1 ((1 + w [Sinh— ( 1 )]

1+w fc

)

(1+u) fc

1+(1+;4)2

(B139)

The two before-last terms (in the green part) mutually cancel, and we expand the other parts:

(aw(i—:) st (252)] () v ] )

[smh ((1iu)f )] (1 +u) Is /1 +@ +u)2fc +

(2uhafssé = (2) 12) ((1 ) [sinh~? (22| = 1+ + w2 fC) + | hefsp—E—+
® ¢ 1+(1+u)2;—g
b e |




(B140)

Combination of two terms and further expansion of other terms leads to

!l(mm(;—;) o (2] - _)+

(+ 3)fsha (1 + 1) [sinh- ((1;) f—)] ~ 3 [1+ (402

(i [(——)1 )
\
((1 +Wu (fs) & [smh (1+u) fe ] _>

(=2)( + w)*hihyfs [sinh ™!

(B141)

Now, move together the terms containing the same function (either sinh™®, or square root, or
square root in the denominator):

A+ g ) [sinh™ (i ] + 0+ B st + o [sinh ™ ()] - L+ wzsa+

s ()] + 0+ oz 2 sinh™ (2552)] =+ o (£2) P2 o™ (259 -

2(1 + w2hihefs [sinh ™ (5 2)] + {(—_) —3fghg [1+ (1 + 2 &
atwfi[l+arwil omefauf [l at il (uiirarwife2as
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=0

( \
oot ||

and simplify (also use (17) to substitute fc with the term containing hr at some occurrences):

[sinh* (e )] L @+ wm (F2) + G4 B)fsha (@ + 1) — AL+ W) 25 (L ) + (1 + ) 2ubpfs (1 -

B =+ wr(£) 1 - 5 - 20+ whihafs) +-{<—-) — 3fshg +
W - R + )+ 88 -+ - 1) R

+ () (B143)

Further simplification leads to:
[sinh™ (35 22)]{ 0+ 3)fsha( + ) = L+ W £+ @+ uhafs — 201 + WuhefsfE) +

1+ fc
(-a+wrE)+a+wu(E) ) -20+w(1 ;;ﬁ)m3}+ {_yMR+
I— @1 + ) HERAS — B + ((1 + w53 —.)-} +
+ (- =0 . (B144)

Still more algebraic manipulations bring the following relation:

[sinh™ (G 2] { (0 + 3+ 200 fshe (L 4+ ) = L+ W 22 (1 + ) + (201 + Withg fsfD) +

(+@+wu(E) ) - @0+ whefs - 20 + WuhefsfD)] -{—fshR
(- wlgll)} R

(B145)

which still simplifies to

[sinh™ (35 22)] { (w+3+ 20 - z<1+u))fshR(1+u)+(1+u) (&) (w2 -a+w))

-{ folin + (1 + ) HE)} + +

Then

(B146)

[sinh* (s 2] L G+ Dfsha( 4+ + (1 + ) (fS) (A-rpa+w-a+m)}+

Another step brings us to
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[sinh=* (G 2| { G+ Dfshe@ +) + @+ (32) @+ (- R~ 1)} +
{1 + {+2I —-+ I"} =0 . (B148)

When we put the last two terms to a common denominator, we have

[sinh ™ (G 7)) { (e + Dfshe@+) + @+ (72) @+ (1 - 1R — 1)} +

1+(1+u)z—g 1+(1+;1)2 /e {+2u (1+p)2= +#ﬂ}
fs %

phefs > =0,
1+(1+u)2f—§
| fs

Some more algebraic manipulation leads to
A 1 fs
[sinh™ (35 2)] { + DAshe+0) -+ 0 (B) A +w B} +

1+(1+u)2;—§ {ZM—(1+M)2f—2+W}
phgfs 2 $

2
1+ (1428
fs

(B149)

=0 , (B150)

which clearly shows that the factor by sinh™is zero
|sinh= ( L )]{ }+M[1 +(1 +u)2 {2;1 (14w +uu}] 0. (B151)

@+ f
¢ /1+(1+u)2fc
S

What remains is still simplified with the basic relation of generalized trigonometric functions
(16)

[1+a+w?EE +ou-a+w?Lemf|=0 (B152)
fg fS
and we see that
1+ A +02 % — A+ +{zu—(1+u)2flz+uy}=0 , (B153)
S S
which leads to
[1-A+w? +2u+uw]=0 ) (B154)
and thus
1-QA+2u+uw) +2p+p}]=0. (B155)

This is evidently fulfilled for any u, and for any coordinates R, v, where the Laplace equation is
valid.
Then, the solution of the Laplace equation of the second kind with K4=1 is proved.
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