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Abstract

In this article, we study the Cauchy problem for the two-species chemotaxis-Navier-Stokes
system with Lotka-Volterra competitive kinetics
U+ w-Viu=Au+VP+ (m+nVe¢, V-u=0,
n+@w-V)yn=An-V-(nVe) + n(l — n— m),
my+ w-Vim=Am-V -(mVc)+ m(1 —n—-m),

ci+u-Ve=Ac - (n+ mc.

The system is a model that describes the dynamics of two species and comes from a prob-
lem on account of the influence of chemotaxis, the Lotka-Volterra kinetics and fluid. We
prove the global-in-time existence and uniqueness of the weak solution to the system for a
large class of initial data on the whole space R2.
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1 Introduction and main results

Consider the following two species: chemotaxis-Navier-Stokes system with Lotka-Volterra
competitive kinetics proposed in [6]:

w+ @ -Vu=Au+VP+m+nVe, V-u=0, inR>xR",

n+w-Vin=An-V-(nVe)+n(l —n—-m), in R x R*,
m+w-Vym=Am—-V-mVe)+m(l —n—m), inR>xR*, (D)
¢, +u-Ve=Ac— (n+m, in Rz x R*,

(u(x, 0), n(x, 0), m(x, 0), c(x,0)) = (ug, no, Mo, cp),  in R,

where u : R x R* — R? denotes the velocity field of the fluid, P : R> x R* — R denotes the
pressure function, n, m : RZxR* — R stands for the densities of species, and ¢ : R2xR* > R
represents the chemical concentration. The time-independent function ¢ = ¢(x) denotes the
potential function produced by different physical mechanisms, e.g., the gravitational force or
centrifugal force.

In conclusion, we first obtain the following chemotaxis-fluid coupled model proposed in
[23]:

u+ku-Vu—Au+ VP =-nVep, V-u=0,
n,+u-Vn—An= -V - (y(c)nVc), 2)
ci+u-Ve—Ac=—-f(o)n.

The system (2) describes a biological process in which the swimming bacteria move toward
higher concentrations of oxygen according to the mechanism of chemotaxis, and the move-
ment of fluid is under the influence of the gravitational force generated by the bacteria
themselves. Both the oxygen concentration and bacterial density are transported by the fluid
and diffuse through the fluid. In recent years, the model (2) has been extensively studied by
many authors. Duan, Lorz and Markowich [3] constructed the global existence of weak solu-
tions to the Cauchy problem in two spatial dimensions, R?, Liu and Lorz [8] removed the
smallness assumption and obtained the global existence of weak solutions with large data in
RZ. In bounded convex domains of R2, Winkler [28] proved that the initial-boundary value
problem of (2) possesses unique global classical solutions. Lorz [9] studied local-in-time
weak solutions in a bounded domain in R?, d = 2,3 with no-flux boundary conditions and in
R? with inhomogeneous Dirichlet conditions for oxygen. Zhang and Zheng [31] showed that
there exist global weak solutions to the Cauchy problem of (4) in R? for a large class of initial
data. For other interesting results, one should also refer to [19-21, 24-27].

Meanwhile, equation (1) consists of a chemotaxis-Navier-Stokes equation, which is
known as a challenging model, and a two-species chemotaxis system with Lotka-Volterra
competitive kinetics, which has a complicated form. Here, chemotaxis is the biased migra-
tion of cells toward more favorable environmental conditions, e.g., higher concentration of
oxygen, which plays an outstanding role in a large range of biological applications [5]. The



equation has received considerable attention in R?> and R? in the last few years. In a one-
species context (m = 0), the global existence of weak and classical solutions have been
investigated in [28—-30] without a logistic source and in [7, 21, 22] with a logistic source. In a
two-species context, related studies first begin with fluid-free systems with signal production
to understand the influence of chemotaxis and the Lotka-Volterra kinetics. For more details,
one can refer to [1, 2, 12—-15, 18] and the reference therein.

For the two-species chemotaxis-fluid system with competitive terms (1), the first global
existence of solutions was very recently studied by Hirata et al. [6] under homogeneous
Neumann boundary conditions in a bounded domain Q € R? with a smooth boundary, who
focused on the global classical solution. It remains an interesting question to investigate the
global-in-time well-posedness of the weak solution to system (1) on the whole space R?. To
answer this question, we introduce the notion of a weak solution of (1) and establish both the
existence and uniqueness of such a weak solution for a large class of initial data. The first
difficulty is that (1) consists of two-species chemotaxis with competitive kinetics. The second
difficulty is the effect from fluid described by the Navier-Stokes equation. We will overcome
these two difficulties by using recent techniques developed by Hirata et al. [6], Winkler [28]
and Zhang and Zheng [31].

We first recall the definition of weak solutions to the system (1). For T > 0, let Q7 =
R2x T. For initial data, we say that (n, m, c, u) is a weak solution of system (1) if the following
conditions hold:

(i) n(x,t) > 0,m(x,1) > 0,c(x,t) > 0,¢ > 0, x € R?, and for any T > 0,

(m,n,c,u) € C(R*; L2(R?)) x C(R*; L*(R?)) x C(R*; H'(R?)) x C(R*; L*(R?)),
(m,n) € (L¥([0, T]; LXR*) N L'(R?)) N L*([0, T]; H' (R?)))?,

c e L*([0,T]; L(R*) N L'(R?) n H'(R?)) N L3([0, T]; H*(R?)),

u e L0, T]; L*(R?)) N L2([0, T]; H' (R?)).

(v) Moreover, for any ¢ € Cyy ®R2%; [0, TD),

f naydxdt + uVn —n(1 — n —m))dxdt = f (nVc — Vn)Vydxdt,
T Or Or

f maydxdt + (uVm —m(1 — m — n))Wdxdt = f (mVe — Vm)Viydxdt,
T Or Or

f chdxdt + (Ve + (n+ m)c)pdxdt = — f VeVydxdt,
T Or

T

and for any ¢ € C*(R%; [0, T),

f urdxdt + uVu — (m + n)Vo)Wdxdt = — f VuVidxdt
T Or

T

as well as

f Vi - udxdt = 0.

T



If (m, n, c, u) is a weak solution of system (1) in R? x (0,T) for all T > 0, then (m, n, c, u) is
called a global-in-time weak solution.
Before stating our results, we introduce two notations:

Xo = {ny € L*(R?), mg € L*(R?), V1 + |xPng € L'(R?), \1 + |xPmg € L'(R?),

3)
ug € LA(R?), V+co € L*(R?), ¢g € L'(R*) N L®(R?), ng > 0, mg > 0, ¢y > 0}.

Now, we state our main theorem.
Theorem 1.1. Let (ug, mo, ng, co) € Xo satisfy (3), then the solution of (1) possesses a unique
global-in-time weak solution

(m,n,c,u) € C(R*; L>(R?)) x C(R*; L2(R?)) x C(R*; H'(R?)) x C(R*; L*(R?))

satisfying
(m.m) € (Lip,(R*: L, (R?) 0 Ly, (R*) N L, (R*: H'(R)))?,
c e L°(RY; LR N L'R?) n H'(R?) N L2, .(R*; HA(R?)),
ue Ly (RY LA(RY) N L7, (RY; H' (R)).
Remarks.

(1) Our results may be generalized to a bounded domain by slightly modifying our proof
and adding reasonable boundary conditions. Compared with [6], we can obtain the existence
and uniqueness of weak solutions to (1) in the whole space R?.

(i1) It seems to be impossible to obtain a global estimate of n(r), m(t) € L*(R?) with aid
of the energy method directly. To overcome this difficulty, by analyzing the structure of the
equations, we establish the estimates of ﬁ@ n¢|In n€ldx and ﬁ@l m¢|Inm®|dx.

(iii) The quadratic degradation in the equations of n and m to system (1) is a key point to
prove the global-in-time regularity, which can provide a damping effect when the diffusion
terms —An and —Am do not prove the smoothing effect in the sense of L' (R?).

Notation. We adopt the convention that the nonessential constant C may change from line
to line, and Cy, 4,,..,, means a constant C depending on ajy, ay, ..., ax. Given two quantities A
and B, we denote B < A as B < CA. We often label ||(a, b)||lx = llallx + ||bl|x.

2 Preliminaries

Before going further, we recall the functional spaces we are going to use. Let S (R?) be the
Schwartz class of rapidly decreasing functions. S’(R?) is the space of tempered distribu-
tions. Here, ¥ and ! denote Fourier and inverse Fourier transforms of L'(R?) functions,
respectively, which are defined by

Ff=f©) = f

R2

e fydx,  FUf = foo = o) f e f(é)dé.
R2



More generally, the Fourier transform of any f € S’(R?) is given by (¥ f, g) = (f, F g) for
any g € S(R?). Let C be the annulus {¢ € R? : 2 <|¢| < $} such that

VEESR\O), Y e27e) = 1.

JEZ
For f € S’(R?), the inhomogeneous dyadic blocks are defined by
ALf=x(D)f; Ajf:=¢Q2 D)f if jeN,

where
X© =1- p27¢).
JjeEN
Formally, S ;f = ¥ _1<j<j-1 Ay f is alow-frequency cutoff and A; = § ;- § ;1. Recall that for
any s € Rand (p,r) € [1, oo] X [1, o], the inhomogeneous Besov space B;,,(Rz) is defined by

1

k
Ifllgs, @2 = (Z 25 || A f||2,,(R2)] < 0.

k>—1

It is worthwhile to remark that BS‘Z(RZ) coincide with the usual Sobolev spaces H S(R).

In the following, we recall some useful inequalities and technical results that will be of
interest..
Lemma 2.1 (Hajer et al. [4]). Let C be an annulus and B be a ball in R2. There exists a
positive constant C such that for any nonnegative integer k, any couple (p, q) € [1, o] with
g > p > 1, and any function u of LP(R?),

(1) if supp &t € AB, then

Ip*

. ’ k+1 yk+2(1 -1 .
ey = S0P 10" lesy < €A e

(ii) if supp it C AC, then

—k—1 3k k k+1 3k
CH W Nl ey < DA oy < €1 A Ntllioy -

(R?)

Lemma 2.2 (Hajer et al. [4]). Let s > 0. Then, there exists a constant C > 0 such that for all
u,v € L°(R?) n H5R?),

”uV”HS(RZ) < C(”V”HS(RZ)”u”Lw(RZ) + ||u||Hf(R2)||V||L°°(R2))~

Lemma 2.3 (Aubin-Lions [16, 17]). Let 1 < @ < 00,1 < 8 < o0 and Xy, X1, X be reflexive
separable Banach spaces such that Xy ——, X and X| — X». Then,

{u e LU0, T; Xo); O € LP(0,T; X5)} — L¥O0,T; X)).



3 Global-in-time well-posedness for a regular problem

Let p(x) € Cy (R?) be a nonnegative function, vanishing outside the unit ball B;(0) = {x €
R?;|x| < 1} and satisfying fRz p(x)dx = 1. A typical example is

1
pa) = e D ] < 15 p() 1= 0, a2 1,

where A = fBl © ¢! /P=Dx. For any € > 0, p denotes the standard mollifier given by p(x) =
€ 2p(e'x), which vanishes outside the ball B.(0) = {x € R?;|x| < €} and fR2 P (x)dx = 1.

To obtain the global existence of weak solutions of (1), we first consider the following
regularized problem:
n; + - V)n® = An® =V - (n°V(c* * p%)) + n°(1 — n€ * p€ — m® % p),
m; + (u€ - Vym® = Am® =V - (mV(c€ * p€)) + m€(1 — n® * p€ — m* * p°),
c; +uf - Ve = Ac® — (n® * p + m® * p©)ce, “4)

uy + € - Viu® = Au + VP€ + ((m€ + n)Ve) x p¢, V-u® =0,

(ug, ng, mg, cg) = (ug * p€, ng * P, mo * p<, co * p°).

For k > 1, let J; be the Friedrich projection defined by

TS @) = xon(éDf@, ¢eR

To suitably regularize problem (4), on the basis of the space
H{(R?) := {f € H'R?) : supp f € B(0,k), s> 1},
we consider the following system:

ny + (€ - V(Jen€)) = AT2nRe = Vi - (JenkeV (b « p€))

IR = Tt € 5 p9) = Tt (k< s p9)),

mf’e + Je(Judbe - V(Jm*€)) = ATEmMe = V- (JmbeV (5 x p€))

2 = o TS < p©) = TS <mb x p), 5)
cf’e + STyl - V(T b)) = AJ,%C’"6 — Je(Ji B mbe 5 p€ + mbe % pf)),

uf’f + Je(Jue - V(T €)) = T2 + VIR + Ji(m€ + n* ) V) = pf),

V-uk€ =0, (Ube(x,0),n*¢(x,0), m"(x,0),c(x,0)) = (Jeug, Jyng, Jemg, Jicp).

Let

XE4(1) = (0, m (), 4@, it @), FRet) = (Fy By P FYT



Then, the approximating system (5) can be changed into the following ODE:

d
_Xk,E — Fk,e Xk,e ) 6
7 (X™9) (6)

For fixed s > 1, we denote O and O by
0 :={(n. m, c,uy e (H'®R)*,V-u=0)
and

0" :={(n, m, c, u) € O :1l(n, m, ¢, W2y < M, M > 0}.

Now, we apply the Picard theorem to show the global-in-time existence and uniqueness of the
smooth solution to system (5) for k € N* and € > 0.

Lemma 3.1. Let ¢ € W'°(R?), (ng, mg, cg, ug) € (HR>)* with s > 1 and ng, mg, cg > 0.
Then, for fixed k € N* and € > 0, system (5) has a unique global smooth solution
(nk,e, mk,e’ Ck’E, uk,E) c (C(R+’HA(R2)))4

Proof. Since s > 0 can be any positive real number, (m%€, b€, ¢*€, %) is a classical solution
to (5). Thanks to the Cauchy-Lipschitz theorem, we need to show that F*€ is locally Lipschitz
continuous. Let

Xke—(n m1 ,cl ,u1 e o, X’z“ (n2 ,m];,c2 ,uz)eO
For simplicity, we label the terms
Iy = AJF( — n©) + J2(ne = nb©),
L = Iy - uz ) - V(Jen)) = Je(Jiady - V(€ Jkn’;f»
I = =V - Ji(Ju(n}€ = )V(cff xp)) = V- Jkukn’;fw(c’“ -5 p9)),

I = —Ji (e - n2 Vb€ x p©)) — T (b (e = b % p%)),

Is = =J(Ji (@ = i)W * p) = Te(Tady (W€ = u5©) % p)))
and
Is = =V - LTy = n5)Vmy© # p) = V - Je(Jens “V((m € = mi5©) % p)).
By (6), a simple calculation yields that

FYXP) - FYS XY =h+h+ L+ 1 +1s. )
Next, we separately compute /; for j = 1,2, 3,4, 5. Taking advantage of Lemma 2.1, we have

2.k, k, 2. k, k,
||11||1-1s(R2) < ||AJk(n1 € - n, E)||1-1A'(]R2) + ||Jk(n1 € - n, E)”H"(RZ)
2 k. k, k, k,
< C(k + l)||n1 - n25”H“'(R2) < Ck“nl € n2€||H.v(R2).

(®)



On the other hand, applying Lemma 2.1, we observe that

Ialrrscezy < ([ = 15 ooy + G = 5o
x (||V(Jkn]l(’e)“1-1x(R2) + “V(Jk”]lc’e)”Lm(Rl))
+ (It “Nigscezy + Ity lpoey)
X (IV (i = Jin“lppsceey + IV rn® = Teny Nl
< C(1+ Ry = Il ey Iy N2y
+ CU2 + k)K" + Rl — 15l oyt N2y

ke _ ke ke _ Kk ke K,
< Cll(uy® = uy S, ny e = my s Iy S, uy iz ez

©)

The terms I3, I; and Is can be treated similarly. Indeed, by Lemmas 2.1 and 2.2, one can

deduce that
2 2 _—l-sy. .k k, k,
131l ps sy < Ck* + k)€ + € v)||”1 ‘- nzéan(Rz)”Cl E”LZ(RZ)
2 Iy, —1 211k k, k,
+C(k+ k) (e +€ ey ‘- CQE”HJ(RZ)”an”LZ(RZ)
k, ke Kk k, ke k,
< Ck,e”(nl ‘- nze’ Cl € - 02 E)”HS(]RZ)”(CI E’ n2 E)”LZ(RZ)
and

-1 - k, k, k,
Mallgrsay < C(L+ k) (€™ + € DlIny = ny llas@e)lIny Nz
-1 k, k, k,
+ Clk + k(€™ + Dliny® = n5 s lIny “ll2g2)
k, k, k, k,
< Crellny = ny s 176, 1y Oz ez,

For Is, we similarly have that

2N =2 -1- k, k, k,
sllgs@ay < Clk + k7)€" + € s)||n1 ‘- n26||H&(R2)||m1 E||L2(R2)
2 Iy ~1 NI 2 k, k,
+ C(k + ks+ )(E + € )||m1 € - m2E||H.;(Rz)||n25||Lz(Rz)

ke _ ke Kk K, ke kK
< Crell(ny® =y, my = my sz l0my S, ny )2 g2)-

Hence, summing up (8)—(12), we conclude from (7) that

IFYEXEE) = FRE XS e ey

k,e k,e
< ) — 5
< Gl s X502, KT~ X Mo )

Imitating the H*-norm of ||F II"E(XII“E) -F Il"E(XIZ"E)II 1s(r3), We proceed similarly

4
k, k, k, k,
D UIERXE) = FEXE N
i=2
k,
X} -

ke
< 1 5
< Coe ol g X502, KT~ X0 Mlas )

(10)

(1)

12)

(13)

(14)



For each k > 1 and X’f’f, X’Z"E € OM, applying (13) and (14) gives

k, k, k, k, k, k,
[|F' G(Xl - F G(X2 5)||HX(R2) < Ck,e,lle" )”Xl € _ X, E||HS(R2)’

N2, X5 N 222
from which we know that F&¢ maps H*(R?) into H*(R?) and F*€ is locally Lipschitz con-
tinuous on any set O™. Hence, the Picard theorem of ODEs on Banach spaces ensures that
for every (mg, ng, co, up) € (H*(R?))*, there exists a unique solution (m*<, n*<, k€, ub€) €
(OM N H*(R?))* with Ty > 0 being the maximal existence time.

We are left to prove that (u*€, m*<, n*<, c*€) is global-in-time based on the continuation
of an autonomous ODE on a Banach space. By the same argument used in (3), we easily
conclude that

t
€12 €12 €112
XN s 2y + j; X W1 m2y 45 < Coredixgl o, V002 1Ko s 2

for all ¢ € [0, T). From which, similar to [11, Theorem 3.3], by invoking the continuation
property of ODEs on a Banach space, we can show that T} = co. Here, we omit the details. O

In the following, we are concerned with an H*(R?) estimate of (m*€, n®€, c&€, 4*€) that is
uniform for k.
Lemma 3.2. Let ¢ € Whe(R2), (ng, mg, cG, ug) € (H R with s > 1 and ng, mg, cg > 0.
Then, for fixed k € N* and € > 0, the system (5) possesses the following estimate:

!
e+ [ X5 o as)

Proof. First, we consider the L?>(R?) estimate of ¢®€. Multiplying (5); by ¢ and integrat-
ing the resulting equality with respect to the spatial variable x, an application of Holder’s
inequality then asserts

1d 2 2
EE”C](YE”LZ(RZ) + ”V‘Ikck’E”[}

= - f (e (n = pN) Sy “dx - f (Jxc"(m"< x p)) e “dx (16)
R2 R?

ke 4 k, k,e\(12
S C”C E”LZ(RZ) + C”(m 69 n E)”LZ(RZ)'

(R?)

Since
f Jeub€ - V(b dx = 0,
R2

N =

f Ji(Je€ - V(I )nkedx =
R2



from which taking the L?(R?)-inner product with #X€ for (5), and performing integration by
parts gives

%% ”"k’f“iZ(RZ) + “VJk”k’E“iZ(Rh
< ||J/<nk’€||iz(Rz)||nk’6 * 0| om2) + ||J/<'lk’e||iz(1[<\z)||mk’E * 0| (m2)

I N2 gy + I N2 IV 5 Ol ey IV Tl ey (7
< Ce "I, + C€ I oo I N 22,

21, k, k, k,
+Ce“lln E||L2(]R2)||C E”LZ(RZ)”VJkn E”LZ(RZ)-

Similarly, testing (5), against m*¢, a straightforward computation yields

1d

k,e 2 k,e 2
2 dr ||m ”LZ(R2) + “Vka “LZ(R2)
-1 -1 2
< Ce M I oy + CE M I o 112 e2) (8)

-2 k2 k k
+Ce™*|lm ’€||L2(Rz)||c “N2@) IV I 2g2)-
Mimicking an energy estimate for (5),, we obtain

1d

EE Huk‘6 iz(Rz) + ||V‘Ikuky6”iZ(R2) (19)
<C H(mk’E’ ”k’6)||iZ(R2) + C”V¢”im(R2) “Jk”k’EHiZ(RZ) :
Summing up inequalities (16)—(19), we have
d i okel? k, k, k, ke\||?
E ”X €||L2(]1j2) + H(V.Ikm G’szkn €, VI, VI 6) . 00
< Ce ”Xk’GHLZ(RZ) +Ce ”ka“LZ(RZ) :

10



Now, we turn to showing the H'(R?)-estimate of 7 is uniform. We multiply the first equation
of (5) by —An*€, and a direct calculation along with integration by parts yields

+ ”AJknk €

d €
a “V”k [2(R?)

' L2@E)

R =

f V - (€Y % p©)) T AnFEdx + f (VI eV Jud€ - VI dx
R2 R2
+||VJknkE||L2(R2) f Jen € (€ 5 p©)AJn*<dx

RZ

+f Jen® € (m€ « p©) AT <dx
RZ

2, -3 k. k. . k,
S (€77 + e VIn™e, Tin™ @) IOl 2 Ik Ar™ |2 2
k. k. k. k2
+ IV Sl 2 @) IATn™ || 2e2) IV it E||L2(Ro +[IVJin E||L2(Rz)
-1 k, k, s
+ € 1T e N 2y IO 2oy 1Tk AR 2 g2y

-1 k, k, k,
+ e ||Jxn E||L2(R2)||m E)||L2(R2)||JkAn E||L2(1R2)

2
(” k € nk,e’ mk,e)
L2(R2 LZ(RZ)

€ (V.]kl’lkE Jknk E)

[y + 1)

1 €
t3 ”AJKHk’ “Z(RZ) ’

which implies

d
s + I o
2
B (VJknk’e,Jknk’E) ) (”(ck’e, nk’f,mk’f) e ”V‘IkukE”Lz(Rz) + 1).
Similarly, another direct calculation using the second equation in (5) yields
4 ”V’"k’EHZZ(R?) + “AjkmkﬂEZ(RZ)
dt , (22)

€ kk’,km’
(VJme ’“)

(Ck’E, lflk’e, mk,e)
2(R2)

By the third equation of (5), we can conclude that

L2R2) ||ijuke||L2(R2) + 1)'

||V ke + || Ad

2 dl HLZ(]R3 L2(R3)

k, )
< “VJ/CC E||L4(R2)||V‘Iku “LZ(RZ)

. k. k. k.
+ k™ N2 @) Ik ACT || 22y 1€ % p€ + m5€ * ol o g2

1
=5 “AJka)E“iZ(H@

k, k, k
+C ||ch E”LZ(R"‘)”(n ¢ e)”LZ(RZ)s

2
+ CellV Ik oo VTN )

11



and hence,

d 2 el2
a [[ve* ||L2(R3) + [[ A" ||L2(]R3) (23)

k.2 k€2 k€12 k, ke 2
S CE”VJkC E”LZ(RZ)”VJICM E”LZ(RZ) +CE||ch E”LZ(RZ)”(H Esm E)HLZ(RZ)-

Applying the curl to the fourth equation in (5) and multiplying the resulting equation by
wke€ = V4 %€ and then integrating with respect to the spatial variable x, we obtain that

2
L2(R2

ke

k,en2 ke k,en) 12 k.2
) + ”VJkW ||L2(R2) S CE”(" ,m )||L2(R2) + ”W ”LZ(RZ)’

which combined with (20)—(25), allows us to see that

d € € € €
i T, + X, = Ce (X, + I ) @4

2
||H‘ (R?)
Hence, we conclude (3)

1 X ez

1-Cr(1 + || Xy

!
2
IR, gy + fo X5, < (25)

||H1(R2))

Next, we consider (1€, n®€ m*<, *€) e (H'(R?))* by using the Fourier localization tech-

nique. Applying A, to the first equation in (5) for ¢ € Z, and multiplying both sides of the
resulting equality by Aan’E and integrating with respect to x, we have

1d

2dt

= f Ay (T € ™€) - VA, Jynh€dx + f A (I V(e x p9) - VA, Jen*<dx
R2 R2

[V [ IV Tea |2,

2
|| L2(R2 (R?)

+ kA N7 o) = f 2 A (T eV (05« p9)) - Ay Jinb<dx
R:

(26)
- f Aq(Jknk’EV(mk’f * 0)) - Aqunk’de
R2

< ClAG Tt T O 2 gy + CllAGTn V(€ x p)II7

(R2 L[2(R?)

1 k€12 k.eq2
+ SIVA I oy + 2B

+ 1Ay (i V(" 5 pDI 2oy + 1A (i V(0 % I g0

12



Multiplying 22 on both sides of (26) and then taking the /'-norm, by virtue of Lemma 2.1
and the embedding H*(R?) < L*(R?), we obtain

d k.e||? ke|?
dt ”” ’ |HS(]R2) + “V‘]k" ' ”HY(Rz)
< CIJad, T Ol o I, Jen N o) + 1) @7

ke k, ke 2 k.e2 k.ep2
+C€||(C Evn Evm E)”LZ(RZ)(”Jkn E”HZ(RZ) + ”Jkn E” ,\'(RZ))-

By the same argument used for (27), we know that

+ ||Vt

“ip(RZ)

d
I |mk’E”ip(R2)

< O, T ey T, Tem ) o) + 1) (28)

+ Cell(eh, n m N gy (kU7 gy + IMkm I o))
Similarly, applying A, to (5); for g € Z, and multiplying both sides of the resulting equality
by ch"’E and integrating with respect to x, we have

2

|Ck’6 HS(R2)

s

et

dt HY(RZ
< CIMd™ - T I3 o) + CIVR N o
< CINT, e oy NI, Tl ) + 1)

k, k,en (2 k.2 k.2
+CE||(n E’m E)”LZ(RZ)(”J/(C E”HZ(RZ) + ”ch E”H.v(RZ))'

VG o+ PNy 9

Applying A, to the fourth equation in (5) for g € Z, we arrive at
O Al + PALT (Tl - V(I ) = AgJiule + PALT (" + nF)Vg) + 09, (30)

where P is the Leray projection operator, which can be expressed as a 2 X 2 matrix: P =
{Pishicjk<r = {0jx + RjRi}1<jk<o With 6 being the Kronecker symbol and R; = (9j(—A)‘%
being the Riesz transform.

Multiplying 2%¢* on both sides of (30) and then taking the /'-norm, it holds that

2

+ “VJk”k’El HS(R?)

&
dt
k, k€2 k€2 k, k, 2
< Mt - T €12 oy + a1 oy + (€ + 159)V9) 5 p Ny, BD
k€12 k,e(12 k. k. 2
< CI . o (1 + It B ) + Cellm, 2 o

[
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Summing up (27), (28), (29) and (31),

d
a ”Xk’e”;(n@) + ”VJka’E“ip(n@)
<C 1+t ;

H(R2)

”iZ(RZ) + HJka’ei 22(1&2)) “Xk’fi

+C. (1 - ||kak,e||22(R2)) ||Xk,e||iz(R2) ’

from which, by (25), using the Gronwall inequality, we have

!

I U+ [ 19X T
!

s(nx(’;fn2 oy + Ce fo 176X e

' € 2 € 2
X exp (C(e) j(: L+ x| & e ||H2(R2) ds
< (IX§ 3 2, + CetH(t, €) + CcH(t, €)°)
x exp (CctH(t,€) + CH(t, €) + Cet) < Co,

ds

ka“iZ(Rz) + ”Xk’E”i%RZ) ds)

where .
1+ 16 s oy

1=Cr(1 + ”X(I;YE”HI(RZ)).
This completes the proof. O

H(t,e) =

Lemma 3.3. Let ¢ € W'°(R?), (ng, mg, cg, ug) € (H R with s > 1 and ng, mg, cg > 0.
Then, there is a unique global smooth solution (be, e, mbe, o€, which converges to a limit
(us, n®,me, c%) satisfying system (4) in the sense of distribution when k — oo.

Proof. From Lemmas 3.1 and 3.2, we can deduce

O, 8,m"<, 8,n<, 8,59 e (L2 (RY; H ' (RY)*.

loc

Let O < y; < 1 be a smooth cutoff function such that y; = 1 in B;(0), x; = 0 outside By;(0).
Due to the Moser estimate of Lemma 2.1, we infer that for any / € N,

k.2 k, k,
Ilym e”H:—](RZ) <|n E||HH(R2)||/\/l||LW(R2) +ln E||L2(R2)|LY1||WH»°°(R2)

(32)
< C(||nk’e”H-"*‘(R2) + ||nk’e||L2(R2))

14



and for t, > t; > 0,

15}
In®(t1) = xim < (t2)llgs1 g2y = xi0mE()dr

H"_I(RZ) (33)

1
5] 2
<(h-n) ( f n)aafn"’f(rn@v_l(Rz)dr) :
1

Summing up (32) and (33), we can obtain that {(y;u®¢, e, yimbe, xic®€)} is uni-
formly bounded and equicontinuous in C(R*, H*"!(R?)). Since {(u"€,nkc, mbe,cb€)) —
{Oraud®e, mbe, b, yic®€)} is compact from H*(R?)) into H*(R?)) as s > . The
Aubin-Lions Lemma 2.3 in combination with Cantor’s diagonal process implies a dis-
tribution {(u€, n€, m¢, c)} belonging to C(R*, H* (R?)) and a subsequence (which we still
denote by {(u*€, n*¢, mbe, € )han), for all I € N; we have (yu®e, yinbe, yimbe, yic€) —
Oqius, xims, ime, yic€) when k — oo in (C(R*, H* (R?)))*.
Thus, (%€, n%€, m*<, ) tends to (uf,nc,mc,c) in D'(R*,R?). Based on the Fatou
Lemma, we have
s, n€,mc,c) € (L (RT; HSR?) N L2 (RY; H L (R?))) .

loc loc

Next, we still have to prove that (u€, n€, m€, c¢¢) is continuous in (H*(R?))*. By applying
the operator A,(g > 0) to the fourth equation of (4), we obtain

8 AguE + PALU - Vi) = Agu + PA,((m€ + n)Ve) = p°), (34)

where P is the Leray projection operator, which can be expressed as a 2 X 2 matrix: P =

. . 1
{Pj,k}lsj,kSZ = {61"]{ + Rij}lgj,kSZ with 61'!]{ bemg the Kronecker symbol and Rj = Oj(—A)‘f
being the Riesz transform. Taking the L*>(R?)-inner product with the above equation with Aguc
yields

2dt ”A u ||L2(]R2 +C2% ”A u ||L2(]R2 35)
ol N 5224 18g4 2 m, + €272 |8 (1 + nOV) 5523,
from which it is easy to observe that
(LW Y R T
(36)
< ||Aqug||i2(R2) +C fo ||Aq(u6)2||L2(Rd) + 272 || A, (m + 1)V ) * p°) iz(w) dr

15



Therefore, multiplying the above inequality by 2%¢° and summing over ¢, we can obtain

1
2
} ,22‘15 ||Aq”E”i;°L2<R2)]

q=0

1
2

i {Z 22q(s+1) “ACIMEHEIZLZ(]RZ)
=0 (37)

2
< gl s 2y + Cll () ||£}HS(R2) + Cll(((m® + n)Ve) * PE)”Z,ZHH(RZ)

< Nugllzs@ey + Clusllze @)l iz ms @2) + Cell(m®, n)N 2 2@2) IVl g2y < oo

Combining the fact that u¢ € L;°H®, we obtain Zqz—l 22‘”||Aqu€||2m
follows that

pEy < ® and thus, it
lim ||S yu — u€||zogsg2y = 0.
Jim IS Il frs(m2) (38)

In addition, we can conclude from the fact d,u€ € L2 (R*; H"'(R?)) that

loc
u¢ € C(R*™; H* (R?))

with s’ < s, which means that S yu¢ € C(R*; H*(R?)) for a fixed N € Z*. Consequently,
we obtain u¢ € C(R*; H*(R?)). In quite a similar way, we can also obtain that (m€, n, c®) €
(C(R*; H (R?)))? ]

o Nonnegativity. Next, we need to prove the positivity of m¢, n€ and c€. Let us decompose
n® = n$ — n<, where
nt = max{0, —n¢}, n¢ = max{0, n}.
We multiply the first equation of (4) by n¢, noting that n° = n{ — nf. Recall that the weak

derivative of n¢ is —Vn¢ if n€ < 0; otherwise, it is zero. It holds that
1d
2dt

= fz niV(cE *pf)V(ni)dx + ||ni||i2(R2) + fz(ni)z(—nf *pf —m€ *pf)d.x
R R

O] e, + f (TR0

-2 2 -1 2
< € InflleyllcN @) IVas [l 2@y + “ni“LZ(Rd) +€ ||(ne,m€)||L2(R2) ”ni”LZ(Rd)

1 2 2 2
< E”Vﬂi”Lz(Rz) + CE”ni”LZ(Rz)(”Ce”LZ(RZ) +1+ ”(nf’ me)”Lz(Rz))’

from which, by Gronwall’s inequality for any ¢ > 0, we immediately obtain

15
() Y 7 A {CE fo (eI o, + 1+ ||<nf,mf)||Lz<Rz))dz} =0.

This implies n€(x, #) > 0. The terms m€(x, #) > 0 and c“(x, f) > 0, we can estimate in a similar
way as the term n°(x,¢) > 0. Applying the strong maximum principle, we have c(x,7) > 0.
To prove n(x, t) > 0, we consider 7¢(x, f), which satisfies

{6,ﬁ+(12~V)ﬁ= Aji =V - (/iVE) + (1 — 7t — i),
(39)

ni€(x,0) = ng.
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Similarly, due to ng € H* for any s > 0, using the [? estimate on 7i€ — n¢, we obtain 7i€ = n€.
If there exists a point (xo, fo) such that n€(xg,#) = 0, which implies 71°(xg,#y) = 0. By the
Harnack inequality, we have 7°(x, ) = 0. Due to fig = ng > 0, we have 7i€ = n > 0. By the
same method, likewise, we have m€ > 0.

e Uniqueness. We assume that (u5, ms, ng, c§) and (w5, m5, n5, c5) are global-in-time
solutions of system (4) with the same initial data (ug, mg, ng, cg). We set

(U¢,M*,N¢, C°) = (u, m, ns, ¢§) — (us, m5, ns, ¢5),
then (U¢, M€, N¢, C¢) solves

OUE + U - Vi + uSVUE = AU + V(BS — PS) + (M€ + N)Vgh) # o,

ONE + U - Vit + uSVNE = AN — V- (NV(¢; # p) = V - (1V(C # p9)))

+(NE = NE(2€ + 1) # p© — n(NE + M€) # ), “0)
OME + U< - Vi + uSYME = AME — V - (MV(cS * p€) + mEV(CE % p°))

+(M€ = ME(mS + mS) # p© — mS(ME + N€)  p©),

B8/CE + U - V£ + uSVCE = ACE — (N % p©)c€ — (n§  p©)CE — (M€ % p©)cs — (mS # p©)CE.

Multiplying the second equation in (40) by N€ and integrating over R?, we find

1d €2 €12

Ed_t ”N ”LZ(RZ) + ”VN ”[}(RZ)

<— | (U°-Vnj+u; VNN dx + f (NV(c§ * p) + n5V(C * p©))VNdx (41)
R? R2

+ (N€ = N€(nj + n5) = p° — n5(N° + M) % p)Ndx = I + 11 + 111.
RZ

By means of Hélder’s inequality, Young’s inequality and the Gagliardo-Nirenberg inequality,
since V-u, =V -U =0, we have

I = f nfUE - VN€dx
RZ
1
< ClIES N NVES 2 N0 IV UE |2 + 1—0||VN6||22 (42)
1 1
< CIRSIE VRS IUEIZ, + EIIVUEIIZ + EHVNEH;

and
1
11 < CINI Nl 17, + CeICEII7lInall7, + TOIIVNEIIiz 43)
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as well as

1T + f (Nf)z(nﬁ +n5) * pSdx
RZ

(44)
< CIINIE, + Cellnsll 2 IN€ 2 [IONE, M€l 2 < Cellinsllz2 + DINE, MO,
Thanks to (42), (43) and (44), this entails that
1d 4 1
— INEIP s + = [IVNIPans + | (NO2(E + 1) % p6d. <—VU€2
3 INTE e, + 2 VNI f NGO ) e e < IV
+ CAIVRS I INSIE, + 11§, nIE, + lInSllz2 + DINS, ME, €5, U9,
and similarly,
1d 4 ) 9 1 2
M¢ + = |[VME|[5, + M¢ ¢+ ms ‘dx < —||VU*
3 3 M+ 3 IV T+ [ MO+ miy e GoIR U,
+ CUIVmSIE M7, + NI, mS)IIZ, + ImSlz + DINE, ME, C, U9,
We conclude upon adding (45) and (47) that
1d 4
5 77 IO NGz g2y + 2 VM, TN e
1
< SIVUAIE, + CIN M, €. U9, “7)
X (I(Vm, VDI mS, n)IE + 11(c5, mS, aDIZ, + [|(mS, nllz2 + 1.
Next, multiplying the fourth equation in (40) by C€ and integrating, we see that
1d
5 7 1€y + IV
1 1
< —|IVU9|1%, + —|IVCE|)?
o IVUI + 75 IVC
Ce(1 +[IcSI2IIVESIE, + lISIE)IUS, N, ME, COI%,
from which,
1d 9
5 7 1C o, + 75 1V C e
(48)

1
_O”VUE”Lz + Ce(1 + IS T NVES I, + eI U, NS ME, COIIZ,.-

18



Taking the L-inner product of the first equation of (87) with U¢ yields

d

0N ey + VU e

= (U -VU®) - uydx+ | (M€ +N)V¢) = p° - Udx
R2

R2

N =

1 2
< ClIU 2 IVUS Nl 2oy a2 ey [V it 2y + ZIIVUEIILZ(RZ)

+ Ul 22y IOV, N 22y [V Bl 02
S C”UEHZZ(RZ)(HMI”iZ(RZ)”Vul||22(R2) + ||V¢||2«>o(R2))
1 €12 € NEY|2
+ EHVU ||L2(R2) + C”(M ’N )||L2(R2)’

which implies that

ld 1,
5 7 10l + 5 VU e

< C|I(US, M, N9)|I%,

We may combine (47), (48) and (50) to arrive at

E®) + f F(s)ds < f G(s)E(s)ds,
0 0

where
E(1) = [|(US(2), M*(5), N“(1), Cf(t))lliz(w),
F(s) = [I(VU(s), VM*(s), VN“(s), VCE(S))IIiz(RQ)
and

2 2 2
G(s) = (Vmy, VeI mT, nDN: + 11(eT, m5, n)ll + 0m5, n5)ll 22

2 2 2 2 2 2
1+ IV + 11612, + len 1 e Vo0 2 g + VI -

From Lemmas 3.1 and 3.2, we have
! Ct
f G(s)ds < Cet + Ce“ + Ct,
0

by which and (51), applying the Gronwall inequality, we have

E(t) < E(t =0)exp {f G(s)ds}.
0

2 2 2
oy (L 111 g V01 ) + 1912 ).

(49)

(50)

(G

We can thus conclude that (U¢,M¢ N¢ C¢) = 0. Therefore, we complete the proof of

uniqueness.
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Proposition 3.4. Let ¢ € WH=(R?), (ng, mg, cg, ug) € (H*(R®))* with s > 1 and ng, mg, g >
0. Then, system (4) has a unique global smooth solution

(né’ me’ Ce’ uf) e (C(R+’HY(R2)))4 N (LZ (R+;HX+I(R2)))4.

loc

Moreover, n€ > 0, m¢ > 0 for all (x,f) € R*? x R.

Proof. The statement is evidently implied by Lemmas 3.1, 3.2 and 3.3. O

4 A priori estimates for a regularized system

In this section, we prepare several lemmas to prove our main theorem. We shall prove uni-
form estimates for smooth solutions (1€, m€, n¢, ¢) to the regularized problem (4), which are
independent of neither € > 0 nor the mollifier p©.

Lemma 4.1. Assume that (uy, co, mg, ng) € Xo and let (u€,m, n¢, c%) be a unique classical
solution to the system (4). Then, there exists a positive constant C such that

el @2)nr=@2) < llcollzr@ni=@2)s
!
||Cf||iz(Rz) + f(; ”VCE(T)”iz(Rz)dT < ||Co||iz(Rz)
and .
o e+ [ 108 @ O <

as well as
3
2 2 c
s+ [ V0N, < €

Proof. Integrating the first equation in (4) gives

d
d_t”nE”L‘(]Rz) + [|nf(n€ * PE)HL'(RZ) + ||nf(m€ % p©)l| ®R2) = (€| .1 (R2)>

from which and Gronwall’s inequality, when we let € — oo, yields

! !
2
Il + [ IO dr+ [ I @mlgds
0 0

(52)
< Clinllpizzye”".
Similarly, by the second equation of (4), we thereby obtain
! !
IOl + [ IO adr+ [ I @mlgods
0 0 (53)

c
< Cllmollz r2ye "
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We can make use of the third equation of (4) to find that

! !
lle“ Ol g2y + f In (D) (Ol g2ydt + f lle“@m (Ol @2ydt < llcollL g2),
0 0
and therefore, the weak maximum principle gives rise to

llell @2yn=@e) < llcollL @2)nr=®2)- (54

Testing the third equation in (4) by ¢€ and integrating it over R?, we obtain

d
EE“CGHU(D@) +[IVesllz@e) <0,

from which,
3
(6] [ ) fo Ve @72y dt < llcolla o) (55)

On the other hand, multiplying the fourth equation in (4) by ¢ and integrating by parts over
R2, we see that

ld 2 2 2 1 2
EE”“GHB(RZ) + ”Vue”LZ(RZ) < C”V¢”Lm(R2)”(m7 n)”LZ(RZ) + EHMHLZ(RZ)’

from which, by using (52) and (53) and Gronwall’s inequality, we further have

!
2
By +2 [ Il dr
0

' 1
2 2 2 2
< (nuon 2w + CIVBIE o) f 1 NG g | + 5 Ml e
0
< C(”“O”LZ(RZ)a ||V¢||L°°(R2), [l(mo, n0)||L1(R2))eCt~

Combining this with (52)—(55) directly results in Lemma 4.1. m]

Lemma 4.2. Suppose mg, ng, co > 0 and that (ug, co, mo, no) € Xo and V¢ € L=(R?). Let
(n€, m¢, c¢, u) be a smooth solution of system (4). Then, there exists a constant C > 0
independent of € such that

!
f )™V Vel geyds + f n€| In nfldx + f m€| In m€|dx
0 R2 R2

!
+ IV VellFa gy + 172 ) + f (A Ve, Vus, V Vi€, V Ve, m€, n)|[}zads 56)
0

+ f f ((1 + 2lx)nme + |x|(n)? + |x|(m)* + (n€ + m) |V \/cflz)dxds
0 R2
< Cexp(Cy).
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Proof. Because slns > —% for all s > 0, we first invoke the inequality

1
_f n‘m€Inndx < —||m®||1 g2). (57)
R2 e

Therefore, multiplying the first equation of (4) by 1 + Inn® and integrating the desired
equation, we have

d
— f nfInn‘dx +4 f IV VnePdx + [n€]2, 00, + f nemedx
dt R2 R2 ¢ ) R2
= f VneV(c * p9))dx + ||n||p1ge) + f n¢Inndx (58)
R2 R2
- f n‘m€Inndx — | (n)?Inndx.
R? R?
In treating the above term, we make use of the pointwise identity

Act = 2|V Vo + 2 VeeA Vee (59)

and the following fact

- | #%*mnndx
RZ

=- (n°)* Inndx — f (n°)* Inndx — f (n)? In n€dx (60)
nex>1 O<né<e 1 e Ml<pe<]

< - f n°)? Inndx — f (n°)? Inndx < f (n°)?|x|dx + C.
O<né<e W e M<ne<] R2

Therefore, going back to (58) and in view of (57), (59) and (60), we readily have

d
7 fRz n“Inndx + 4 . IV VaePdx + “”E”iZ(RZ) + ‘fRz n‘mSdx
1

< 2||C||zm(Rz)”n6||L2(R2)(”A \/E”LZ(RZ) +l \/E_l [V \/E|2||L2(R2)) + ”nE”Ll(RZ)

+ f (n*Y*|xldx + C + e~ ISl gy + f n€Inndx 61)

Rz RZ
1 1
2 2 4 -1

< C”n”LZ(RZ) + E”A ‘/E”LZ(]Rz) + & jl;z |V \/a ¢ dx

+ Cll(m, n)|pgey + C + f (n)?|x|dx + f n¢Inndx.

R2 R2

By multiplying the first equation of (4) by |x|, this shows that

0,(|xln°) + u® - V(|xln°)
ne (62)
=u-x— +|x|An€ — |x|V - (n®V(c€ * p%)) + [x|n°(1 — n® — m®),

|x]
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from which, then integrating it over R?, by Young’s inequality, we have
d € €\2 €€
— |x|n dx + le(n )odx + |x|m ncdx
< f [xIn“dx + ||ME||L2(R2)||nE||L2(R2) + ”VCGHLZ(RZ)”nE”LZ(RZ) +2|| \/%”LZ(RZ)HV \/”?”LZ(RZ) (63)
1
f Il + 20l 2y + IV VilGagge) + OIS, Ve gy + 1072 o)
Multiplying the above inequality by 2 and using (61), one obtains

d 1
- Rz(nf Inn€ + 2|xin)dx + 2 fR v VnelPdx + LAl

+f(l+2|x|)n5m5dx+f |x|(n€)*dx
R2

(64)
1 _
< Clinlaee) + ||A Vellfagey + 12 f IV Vee*(c)'dx + C
+ Cll(mS, 1)l z2) +f (n€Inn + 2|x|n®)dx + C||(uf, VCE)Ile(IRZ
Similar to (64), by the third equation of system (4), we have
d 1 2Aximydx +2 | |V Vmed
o (m nme + 2|xjn)dx + | ["dx + 5 IIm ”LZ(Rz
+ f (1 + 2|xhmencdx + f |x|(mf)2dx
© (65)

1
< Climllja e, + |A Vel + f IV Vel () 'dx + C

+ Cll(mS, n)||p g2y + Lz(me Inm€ + 2|x|m)dx + C||(u¢, VcE)IIiZ(Rz)
By the pointwise identity (59), the third equation of (4) thereupon turns into the relation
9, Ve — AVee — (Ve ) IV Ve + uf - V Vee = —% Vee(n€  p©) — % Vee(me « p€)  (66)
Multiplying the above equation by —A V€, by direct differentiation, we obtain
2dtnv VeIl gay + 1A Vel ey = fR us - VNee - Acsdx — fRz(cf)-%w Ve PA Veedx

+f Emf*pwzm/a§<mf*pwavc—edx=h+12+13.
RZ
(67)
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For I}, by Young’s inequality, we integrate by parts to obtain
f u -V Vee - AVeedx
R2
=~ [ VTN T (NN
R

)

(68)
1 (Ve
€ €112
< 3@ VU@ + 15 fRz 0
1 (Ve
€12
< OVl + 17 |, =9

We proceed further to rewrite /3 as

1 1
f S0 p) VAN + 3n ) Ve A Need
RZ

1 1 1 1 (69)
- _ _ €, €. € € Z € 4 € € €2
= L2(4Vn +4Vm) V(c >x<p)+(2n +2m)*p|V\/c_|dx.
For I,, we have that
h=— | )V VePavedi== ) f (VO™ (@) Vo) @1 Ve dx
R2 i R2
=_Zf(«/F)*2|a,~«/3|2|a,«/2|2dx+22f(«/?)*lai«/Ea,-,,-x/Ea,«/de
T VR in; YR
+2) f (Veo)™'8; Veed; j Ve Veedx (70)
RZ

i

=-> f (Ve 210; Ve P19 Ve Pdx = 21, = 2 ) f (Veo) 1 (9; Vee2a;; Vecdx
i R2 R2

i+

+2 Z ( \/?)_16,- \/Eﬁi,j \/Eaj \/de,
R2

i
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from which, by Young’s inequality, it follows that
1 2
b=-3 2 [ (Ve tonePio Vet - 5 3 [ (V)@ Ve o e
3G e 3 e
2 -1
+ 20| (Ve 9 Veea; Vo Vesd,
3 iz VR ' '

<=3 20 [ Ve o Nelo, Ve
3 ij R2

(71)
1 ) 4 2 2
+€ZfRz(\/;) 16; Vel dx+§ZfR2(ai,,-\/?) dx
1 2
+ 2 >0 | (Ve 0 Ve Pl Veldx + 5 f (81, Ve dx
6 £~ R2 3 £ R2 |
i#] i#]
1 2
<—= f (Ve 210 Ve0; VerPdx + 5 ) f (81, Veo)dx,
6 ij RZ 3 ij RZ
Plugging estimates (68), (69) and (71) into (67),
linw/?nz + AV, + Loe s L) €|V VeePdx
2di LR ey 2" T )P
1 -2 2 2
+ 2 0| (Ve 219 Vel19; Ve Pdx
6 0] R2 J
’ (72)
1 IV Vel
€112
< IVl + 35 fR e
f Lone 4 Lume) - Ve « pora +22f(a Veo)d
- —-vVn —Vm . C X - ii VC X.
R2 4 4 p 3 — R2 »J
Due 10 [|A Veell2g2) = IV Veell2g2), We have by (72) that
1d 1 1
5 I Vellizay + fR 2 (Enf + Emf) % p¥V VelPdx
1 - 1 |V Veel*
+§||A\/c_||L2(R2)+EfRz dx (73)

1 1
< CIIVMSIIiZ(RZ) - f2 (ZVnE + ZVmE) - V(c * p)dx.
R
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By integrating by parts and Young’s inequality, we arrive at

1 1
- fz (ZVnE + ZVmE) - V(¢ = p%)dx
1 1
— A € _ € _ € €
Lz C (411 +4m)*pdx
1 1
= f (V Ve + VeeAVee) (Enf + Emf) * p°dx

<IMIV

ll(m, nf>||Lz<Rz)<||A Vel g2y + A Ve Vee I 2gey)

L>(R?)

1
pt) T4 -1
< ClO 1N+ IV + 7 [ IAVET )
Inserting (74) into (73), we can find that

1d 1 1
Zﬂwva@m%+j‘&f+§mﬂ*ﬁWVa%x

v Ve
||A«/_ 12 + ﬁ "

SGWWMWQ+QW1WNMW

Summing up (64), (65) and (75), we have

d (1 1
= (§||V VeI oy + fR (nInn® + 2|x|n)dx) +2 fR IV Vredix 4 Sl

+ f (1 + 2l mdx + | |x|(n€)*dx
Rz

(74)

(75)

1 1 1
+ —||A Ve e + 7= f IV Ve () dx + f (Enf + sz) « p IV Verax (70
R2

2
< C”VME”LZ(R? + C”(m ne)”LZ(RZ + C”(uea VCE)”LZ(RZ) + C”(me’ ne)“Ll(Rz) +C

+ f (n€Inn® + 2|x|n%)dx.
R2

On the other hand, we multiply u¢ with the fourth equation of (4) and integrate over R? to

obtain

2 2
EE”ME”LZ(RZ) + ||VM€I|L7(R2) = C”(m nE)”LZ(RZ EHME”LZ(RZ)-
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Multiplying the above equation by 12||col|;~r2) and adding the resulting inequality to (64),
(65) and (75), we see that

d
- (||V Vel + fR (1 Inn® + mEInme + 2|xdm + 2|xln)dx + 6llcollzsea)llull72 2
1 1
+ fR 2V VR + 209 NmePdx + Sl gy + 5 1N e
+ f 1+ 2|x|)n€m5dx+f (1 4+ 2|xhnmdx
R2 R2
+ | W) dx + f lcl(m)*dx + 6llcoll = e2) IVull 7z,
R2 R2
+ EHA Vel o, + 1 IVNel*eldx+ | (an + Bm) * p€|V Vel*dx
24 2E) T ) - P
<C+ C||(m9 n)”iZ(RZ) + C“(mE’ ne)“Ll(Rz) + C”(”& VCE)”%Z(RZ)
+ f (n€Inn® + 2|xln)dx + f (m€ Inm® + 2|x|m)dx,
R2 R?
from which and Gronwall’s inequality, we have
IV Vel Fa ey + ullF o oy + 102 In 0, m Inme, 21xme, 21xdn)l| s ey
3
+ f (1YY Vel lipge) + (A Vee, Vus, ¥V Nme, V Nn, me, n)2, o)) ds
0
!
+ f f (1 + 21xDnm® + () + |xl(m)*dxds + (n° + m€) % p|V Vel?) dxds ~ (78)
0 JR2
! !
< (C f lI(m, 1, Ve gy + C f (€, n)|1g2yds + Ct + Uo) exp(Ct)
0 0
< Cexp(Cy),

where

2 2
Uo = IV Veollp2 gz + (o Inng, mo In mo, 21ximo, 2|xlno)ll g2y + lluoll;2 g2

Thanks to the fact that

1 1
f nf|Innfldx = f nInndx + 2[ nln —dx + 2f nfln —dx
R2 R2 O<ne<e™ ne e*<nf<l n¢

(79
Sf n‘Inndx+ C + 2f nc|xldx.
R2 R2

27



It follows from (78) and (79) that

e
f ) IV Ve I goyds + f n¢|In nfldx + f m€| In m€|dx
0 R2 R2
!
+ IV VeI oy + N2 oy + f (A Ve, Vus, V Nme, ¥ Nn, m€, n)7 o ds
0

t
+ f f (1 + 21xDnm® + [x(n)? + xl(m®)? + (n° + m®) |V V) dxds
0 R?
< Cexp(Cy),

where C depends on

2 2
Uo = IV Veollp2 g2y + (o Inng, mo In mo, 2ximo, 2|xino)llL g2 + lluoll g2

The proof of Lemma 4.2 is completed. O

Based on Lemma 4.2, we can further obtain a uniform estimate for the high regularity of
the smooth solution (n€, m¢, ¢, uc).
Lemma 4.3. Assume that mg, ngco > 0, (ug, co,mo,ng) € Xo and V¢ € L®(R?). Let
(n€, m¢, c¢, u) be a smooth solution of system (4). Then, there exists a constant C > 0
independent of € such that
el + lcllzge < Ce©,

!
712 g2, + fo (19212 gy + IR oy + Il s ey ) ds < CeC”
and .
1 2 gy + fo (091 2y + I3 o) + P nll s oy ) ds < Ce©
as well as

!
2 C
VU ey + fo AUl 2gz2yds < Ce.

Proof. Employing Holder’s inequality, Lemmas 4.1 and 4.2, we have

”CE“L;"‘(LZ(RZ)) + “VCE“L;"’(LZ(RZ)) = ”CE“L;"‘(LZ(RZ)) +2|| \/EV \/C_E“L;"‘(LZ(RZ))

1
< NNz 2y + 20l IV Veellzeramay) (80)

(L (R?))

1
e“t < Cet.

< llcollize2) + Clicoll. oo,

By the pointwise identity Ac® = 2 VeeEAVeE + 2|V \/c_f|2, it follows from Lemmas 4.1 and 4.2

that . .
f f |AcSPdxdT < 8 f f EIAVCP + A Ve Pdxdr
0 R2 0 R2?

81)

!

< 8lleolle2) f 1AV gz, + 1)V Vel Pl oyds < Ce.
0
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Using Lemma 4.1, we have

! 15
1
fo eI g2 d + fo IV a7 < tlicollizqea, + 5 lcolliagza)- (82)
Then, we deduce from (80), (81) and (82) that
el mr + NIl 2pe < Ce©. (83)

Testing the first equation in (4) against n¢ and using Young’s inequality yields

N —

d
SNy + 197N gy + 911 ) + f (n°)’mdx
RZ
1
= e, 5 f Ale +p)(n)2dx
R2

2

1
2
< ”nEHLZ(RZ) + E||ACE||L2(R2)”nE“L4(R2)

1
< ||ne||iz(Rz) + E||ACE||L2(R2)”nE”L2(R2)”VnE”LZ(RZ)
1 €12 €2 1 €
< (1 GIACU s | 1T ey + 5 1V N,
from which, by Gronwall’s inequality and (81), we obtain
!
171172 2y + fo (VP11 2, + 200152 o) + 2Pl ey ) ds
!
2 1 €12
S ”nO”LZ(RZ) exp 0 2 + Z”AC ||L2(R2) dS (84)
1 Ct
2 Ct Ce
< IInolle(Rz) exp (2t + ZCe ) <Ce*‘ .
Similarly, taking the L2-inner product of the second equation of (4) with n¢ gives
! Ct
112 ) + fo (V13 g2y + 201 s oy + 2l nlipnge) ) ds < Ce< (89)

The integrability of the second derivative of u€ remains to be investigated. We first let w =
V+u be the vorticity of u¢ and then consider the vorticity equation

wf + u Vo — Aw® = VH(((m + n°)Ve) = p°).
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A direct energy method gives that

ld €12 € € € €
Ed_t”w 22y + IV @2y = - fRZ VEw - (m€ +n)Ve) * p)dx

1
< Cllom, m) oy + 5 IVl

12 (]R2) (RZ) ’

which leads to the vorticity estimate

! !
72 2y + fo IV ll2@2)ds < ClIVOl s, fo 1€, R 72 z2,ds < Ce“'. (86)

Collecting terms from (83), (84), (85) and (86), we can thereby complete the proof of Lemma
43. O

5 Proof of Theorem 1.1

This section mainly deals with the proof of Theorem 1.1.
¢ Existence. By Lemmas 4.1, 4.2 and 4.3, we can achieve that

ll(m, n6)||LI2(H1(R2)) + [I(m©, ns)”Lf(LS(RZ)) + ||Gme, ne)”L;‘“(LZ(RZ)) + [I(m, ne)”L;'“(Ll(RZ)) <C

and
||c€||L1((R2))nL°°((R2)) < ”C(E)”L‘((]Rz))ﬂL”"((Rz))s ||C||L;>°(H1(R2)) + ||C||L,2(H2(RZ)) <G
as well as
el o r2qr2y) + N2 w2y) < Cro
where C, is independent of €. We thus have the following bounds uniformly with €,

(m,n) € (L. RY; PR N L'R?) N L7, (R*; H' (R?)))?,

loc loc

€ e LR L°RHNL'RH)) N LS (RT; H' (RY) N L2 (RY; HX(R?)),

loc loc

u e L2 (RY: L2 (R*) N L2 (RY; H'(R?)).

loc loc
By the Aubin-Lions compactness Lemma 2.3, we will prove the uniform boundedness
for 0,m¢, d;n¢,0,c¢ and O,u°. Making use of (4) and the Gagliardo-Nirenberg inequality
||f||24(L4(R2)) < W lee @ @plIV Al a2z, and H**¢(R?) — H*(R?) for any € > 0, one can
readily obtain that

”ntS”L?H’l < lus - ”EHL}(LZ(RZ)) + ||n€||L,2(H‘(R2))
+[[n€V(c* *PE))HL,Z(LZ(RZ)) +[In°(1 = n® - me)“L}(Lz(RZ))

2 2 2
s ||ME||L:1(L4(R2)) + ”ne”L;t(th(RZ)) + ”ne“L/zH] + ”neHLIZL2 + ”V(CE *pe))”L;l(th(RZ))
< ||ME||Lf°(L2(R2))||M€||L§(Hl(Rl)) + ||nE||Lf°(L2(R2))||n€||L§(H1(RZ)) + ||nE||L§(H1(R2))

1
1 2
+12 ”nE“Lf"(LZ(]RZ)) + ||PE||L1<R2)||CE||L;°(H1(RZ))“Ce”L}(HZ(RZ)) <C
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and
2 2
||C[E||L%(L2(R2)) s ||VCE||L;1(L4(R2)) + ”ME”L;l(Lzl(RZ)) + ”CE”L[Z(HZ(RZ))

2 2

+ lc€
Lf(L4(]R2)) ” ||L?(L4(Rz))

+[I(m® = p€, n = )|
< ||C€||L;’°(H1(RZ))||CE||L}(H2(]R2)) + ||CE||L}(H2(]R2))
+ ”lf”L;"‘LZ”ue”LIZ(Hl(RZ)) + ||n€||L;°(L2(R2))||”e||L/2(H1(RZ))

+ ”'f”L;"‘LZ||”e||L/2(H1(R2)) + ||Ce||L;’°L2||CE||L}(H1(]R2)) <G
as well as

2
||M,E||L/2(H71(R2)) < ||ME||L;&(L4(R2)) + ||ME||L}(H1(R2)) + ||(m€,”6)||LI2(L2(R2))||V¢||L°°(R2)
< ||ME||L,°°(L2(R2))||VME||L,2(H1(]RZ) + ||ME||L}(H1(R2))

+ ||(mea”E)||L}(L2(R2))||V¢||L°°(R2) <G,

which proves that d,n¢,d;u¢ are bounded in L%OC(RJr; H'(R?) and 9,c¢ is bounded in
LIZDC(R+; L*(R?)). Similarly, we can also obtain that d,m¢ is bounded in LIZOC(R+;H‘1(R2)).
Since L*(R?) is locally compactly embedded H S(R?) and H*(R?) continuously embedded in
H™'(R?) with s € (-1, 0), by a compactness argument, we thus deduce that there exists some
function such that for all € D, the sequence (¢me, gn¢, dc¢, duc) converges (up to a sub-
sequence independent of @) to (¢m, ¢n, gc, du) in C(R*; H*(R?)). Therefore, (m€, n, c<, uc)
converges to (m, n, ¢, u) in the sense of distribution. Taking advantage of Fatou’s Lemma, we
have

(m,n) € (L3 (RY LARY) N L'RY) n L] (RY; H' (RY)))?,

loc loc
ce L°RY LR NL'R)) N L2 (RY; H (RY)) N L2 (RT: HA(R?)),

loc loc
ue Ly (RY LX(RY)) N Ly (RY; H' (RY)).

loc
Hence, we readily obtain that (m, n, ¢, u) is a global-in-time weak solution of system (1).

e Uniqueness. Let us consider the two solutions (my,ny,cy,u;) and (my, ny, co,u;) of
system (1) associated with the same initial data (mq, ng, co, ug). Let M = m; — my, N = n; —
ny,C =c¢; — ¢y and U = u; — uy, which solves
U +U-Vu; + VU =AU+ V(P - P)) + M+ N)Vg, V.-u=0,
N;+U-Vny + u,VN = AN - V- (NV¢; + n,VC)

+(N - N(Vl] + I’l2) — Mny — Nn’lz),
M, +U-Vmy + u,VM = AM - V- MVc¢; + myVC) (87)
+(M — M(m; + my) — Nmy — Mn,),

C,+U-Vey +u,VC = AC = Nc¢y — n,C — Mc; — m,C.
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Taking the L?-inner product of the second equation of (87) with N yields

d
77 NI o) + VNI o

N =

IA

(U-Vny + upVN)Ndx + f (NVc; + n,VC)VNdx (88)
R2

R2

+ f (N=N(n; +ny) — Mny —Nmy)Ndx =1+ 11+ 111.
RZ

Using Holder’s inequality, Young’s inequality and the Gagliardo-Nirenberg interpolation
inequality, by virtue of V- u; = V- U = 0, we deduce

1= f n1 U - VNdx
R2

< cum||L2<Rz>||an||Lz||U||L2(Rz)||VU||Lz(Rz) + ||VN||L2(R7 (89)
< CllmllF2 g IV 1172 10172 ) + ||VU||L2(R2 ||VN||L2(R2
and
I < CINIZa o IV 117 gy + CllallFa g IVCIZ o) + ||VN||L2(R2
< CIINI2NIVNIl 22 [ Verll 2l Ayl 2
+ Inall 2 IVAall 22 IVl IACH 2 + o= ||VN||L2<R2 (90)
< C”N”LZ(RZ)”VCI||L2(R7)||Acl ”LZ(RZ + ||n2||L2(R2)”VnZ”LZ(RZ)”VC”iZ
2
+ EHVNHU(RZ) + EuAanz(Rz)
as well as

I < CINI e, + CllG01, 1, mo)lza sy NIy + Cllnl2 [Nl ey 1Ml
< CIN:qgz, + CllGas, ma. mo)ll2 NIz VNI 2
1
+ Clinllizgee INI o IONILIMIL, ||VM||L2(R2
) ) (2]
< CINIR: ey + ClNm, 72,2 5 INIEs + <G TN, TN
+ Cllg NI ) + Clln e IMIE, o)

1
< CIm,n2, m)lfagzay + DIN MLz gy + 6 IVN, VM) o
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Substituting (89), (90) and (91) into (88), one has

1d
5 7 INIagea) + ||VN||L2(R2

< LII(VU, AC)II7, + II(VN YM)II7: o) (92)
- C(||Vc1||L2(R2)||Ac1||L2(R2) 11011 72, ) gy + DI MIE, o
+ Ol )P g (V0 VI o U, VO,
Similarly, taking the L*(R?)-inner product of the third equation of (87) with M yields
%di IMIE, o) + ||VM||L2(R2
< —II(VU AC)|[Fzoy + II(VM NI gy (93)
+ Ve lIAC R o) + ||(m1,m2,nz>|| + DI NI, e
+ Cllm, m) g V1, Vi) o (U, VO )
We derive from (92) and (93) that
1d
EE (M, N)IILz(Rz II(VM VN)IILz(R»
—||(VU AC)IP. ey + CCI1, sy, m)| 2 l(Vny, Vg, Vg V)| ey OP
Ve o 1At ey + 10m1. 2,1, 1) s ey + DI N, UL VO 2,
Taking the L?-inner product of the fourth equation of (87) with C yields
||C||L2(R7 +IVCIE )
S ||U||L2(R2)||C||L4(R2)||VCI||L4(R2) + [I(N, M)l 22 llet e @2)ICll 2 m2y
+ lI(n2, m2)”L2(R2)”C”i4(R2)
< ||U||i2(R2) + IVerllzea) A2 @) ICl 22 IVC 2 g2y (95)

+ [N, Ml 22 llellzs e ICll 22y
+ [|(n2, M)l 2 @2)IVCll 2 @2)ICll 2 m2y
S ”U”IZ‘Z(RZ) + C”Vcl”Iz‘Z(RZ)”Acl”22(R2)”C||L2(R2 + C”(N M)”LZ(RZ) + ||C||L2(R2

2 2
+ C”(”Z? mz)”LZ(R’)”C“LZ(RZ) + E”VC”LZ(RZ)’
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from which, we have

||C||L2(R2) VO sy < U N ML Ol o) 06)

+ C (Ilm2 )|z, + 1912 g IACHI 2 g2, ) ICIE 2 -
By the fourth equation of (87), we see that

é),(c’),C) + B,(U . VCl) + qu(),-C + B,-quC

o7
= A6,C - 6,~(Nc1 + I’lzC + Mc; + m2C)

Multiplying (97) by 0;C and integrating over R?, we infer that

1d
2dt

= f (U-Vc))ACdx - f (VC - V)u, - VCdx (98)
R2 R2

IVCIR: g2, + IACIE, s,

(Ncy + mC + Mcy + myC)ACdx = 111 + 11, + 115.
RZ

Using Holder’s inequality, Young’s inequality and the Gagliardo-Nirenberg interpolation
inequality, one has

11, < ”AC”Lz(Rz + CIUIs e VeI

(R?)
(99)
||AC||LZ(R2 §||VU||32(R2) + ClUIGa g IVl g 1ACI g,
and
112 < ||VC||L4(R2)||VMZ|IL2(R2)
(100)
||AC||L2(R2 + CIICIZ o V217 g
as well as
115 < ||(M, Nl 2oy l|Acll 2@y llet e g2
+ 1022, M)l 422 IAC | 282 Il o 2
1
< CIM NI el iy + SlIACHLae (101)

2 2 2
+ ||(Vn27 Vm2)||L2(R2)”(n2’ m2)||L2(R2)||C||L2(R2 ”VCIlL’(RZ .
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Substituting (99), (100) and (101) into (98), we arrive at

3 dt ”VC”LZ(Rz IIACIILZ(Rz

2
< C||(Vi’l2, VmZ)”LZ(RZ)”(nZa m2)”L2(R2)”C”L2(R2)

2 2 2 2
+ C||C||L2(R2)||Vu2||L2(RZ + C”U“LZ(RZ)”VCI ||L2(R2)”AC] ”LZ(RZ

1
+ CUM NI o e ey + G IVUI ey + ||VC||L2(R2)

Combining (96) and (102), we have

1
“C”Lz(Rz ||VC||L2(R2 IIACIILZ(Rz ”VC”Lz(Rz
S C(”VCI ||L2(R2)||Acl ||L2(R2 + ||(Vn2’ sz)”LZ(RZ)”(n27 mZ)HL"‘(RZ)

+11(n2, ma, Vito)|[7 oy + DIC, U, M, NI, ) + ||VU||L2(R2

Taking the L?-inner product of the first equation of (87) with U yields

1d

5 2 Uy + VUL o

U-VU) - udx + f M +N)Vg - Udx
R? R?

1 2
< Ul IV Uzl ey Vil + 519U,
+ 110l IOV Nl 2 e IVl e
2 2 2 2
< CIUIR: oy (I o 1921 1 gy + 1902

1
+ SIVUI o, + CIOL N

which implies that

d
7 Ul g2y + VU 2y < CIOML NI,

®R?) =
2 2
+ OO o e 1 V001 gy + IV )

(R?)

Collecting (94), (103) and (105) leads

! !
E@) +f F(s)ds < f G(s)E(s)ds,
0 0
with
E@®) = (U, M, N, O} 2, + IVCIl7 g2,
F(S) “(VU VM VN VC)(S)”LZ(RZ) + ”AC(S)“LZ(R2)9
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(103)

(104)

(105)

(106)



and
G(s) = CUIVur [ lurll7> + (1, nay my, mo)|[2,11(V g, Vo, Vg, Vi)l

+IVer I A, + I(Vug, my, ma, ny, mo)ll7, + 1)
Applying Lemmas 4.1, 4.2 and (4.3), we have

!
f G(s)ds < Ce + Ce + Ct,
0

from which and (106), applying Gronwall’s inequality, we have

E() < E(t = 0)exp {f G(s)ds} ,
0

from which, we conclude that (U,M,N,C) = 0, and we thus complete the proof of
uniqueness.
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