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1. Fourier components of high-harmonic modulation

Suppose that high-harmonics can originate from both electronic states confined at surface
and energy bands immerse in crystal bulk, depends on the symmetry properties of the
electronic statesS"S2. We extract the modulation components by fitting the oscillation curve

of even-order harmonics according to
Yiit = Co + a1 " cos(fix —®) + a,-cosLfix —¥),

where f; = T,,} is the frequency, T, represents the period of SH field, three parameters
Co» a1, A, denote weights of Fourier components, and @, ¥ are modulation phases for
periodic modulation of T, and T, /2, respectively. The fitting is model-independent,
with the free parameters being the relative weights and phases of each component. By
performing fitting, we can disentangle the high-harmonics originating from TSSs and bulk

bands by extracting relevant Fourier components from the periodic modulation curves.

2. Rule out contributions from surface confined quantum well states

We are also aware the role played by other surface-confined states that coexist with the
topological surface states>>. When the crystal surface exposes in ambient air, a bulk-
originated quantum well states (QWS) is induced by surface band bending in ultrathin
space-charge layer®*. This occurs as the result of absorption-induced doping and chemical
rection®>. The two-dimensional electron gas (2DEG) resides in the QWS will further
undergo a Rashba-type spin splitting with continuous surface doping®®. Having taken into
account these factors, we conducted measurements of the high-harmonic modulation
following an extended period of exposing the crystal surface to ambient air. In figure S1,
we present a comparison between the measured modulation of HH spectra from the
Bi1.5SbosTe1.7Se1s (BSTS) surface immediately after cleavage and after a prolonged
exposure of 22 hours, at a temperature of 22.0 °C and humidity of 30 %, respectively. We
find that there is no significant change in modulation periodicity of even-order harmonics,
except the slightly reduced intensity after long time exposure. This finding strongly
indicates that the periodic oscillation of 72¢ is primarily influenced by the dynamical

evolution of TSSs.



As a comparison, harmonic spectra modulation from (Bio.sIno.2)2Ses (BIS) sample has also
been measured, as shown in Fig. S2. The slight shifts in the optimal oscillation phase with
respect to harmonic orders can be attributed to the quantum well states induced by surface

doping. However, the phase shift is still much smaller in compare with the observations

from BSTS.
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Fig. S1. a,b High-harmonic modulation from BSTS right after cleaving the crystal in air (a),
and exposing the cleaved surface in ambient conditions for 22 hours (b). c. Comparison of
the intensity oscillation of even-order harmonics (H4, H6, H8). Harmonic yields extracted

from (a) are plotted in solid points, whereas that from (b) are drawn in white diamonds.
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Fig. S2. a,b High-harmonic modulation from BIS right after cleaving the crystal in air (a),
and exposing the cleaved surface in ambient conditions for about 21 hours (b). c.
Comparison of the intensity oscillation of even-order harmonics (H4, H6). Harmonic
yields extracted from (a) are plotted in solid points, whereas that from (b) are drawn in
white diamonds. The intensity of H8 is not shown, as the signal of which is buried in

background noises.



3. Tight binding Hamiltonian

The electronic structure of topological surface states can be obtained through the tight-

binding model®’, resulting in an effective Hamiltonian written as

r_ 2
H(K) = [ho(k) + 2Oy, 4 1~ 2 (1 ()a, + hy()a, + s3], (1)
where I, is the 2x2 identity matrix, 6, , are Pauli matrices, and other quantities are

explicitly defined as
ho(k) = 24, Y;_, cos(k - a;)) + 2By Y;_, cos(k - a)), (2)
hy (k) = 2414 sin =" [sin(k - a;) — sin(k - a3)]
+2Bq4[sin(k - by) + sinz?n (sin(k - by) + sin(k - b3))] 3)

hy(k) = 2Bq4 sinz?” [sin(k-b,) —sin(k - bs)]

—2A,[sin(k - a;) + cos%” (sin(k - a,) + sin(k - a3))] (4)
hy(k) = 24,5, Y3, sin(k - a;) (5)
hy(k) = —2By, ¥3_, sin(k - by), (6)
hs(k) = 2411 Y3, cos(k - a;) + 2By, Xi_; cos(k - b;) + my;. (7

where a; and b; (i=1,2,3) are the nearest-neighbor vectors (Extended Data Fig. 4a), and
tight-binding parameters (in units of eV) for surface mode are chosen as A, = —0.0255,
Ay = 01937, Ay, =0.2240, Ay, = 0.0551, By =0.0164, B;; =0.1203, B;, =
0.3263, By, = 0, and my; = —1.6978.



4. Semiclassical Bloch equation

The ultrafast electron dynamics of surface states irradiated by the intense two-colour laser
fields can be described by two-band semiconductor Bloch equations (SBEs)3*S!!. We
formulate the SBE within a frame of crystal momentum k = k, + A(t) moving with the

vector potential A(t) = — f_too F(7) d T, where F(7) is the time-dependent electric field of

laser pulses. Hence, the resulting SBE at a fixed initial k, reads

Py (1)
T;

% ko () = —1[Eg (k) — F(t) - AA(R)] Py, () — IF () - dey (K)Wy, (8) — (8)

and

= fmo(t) = i2 5gng, SM[F(t) - dey (K) Py, ()], ©)
where fn’f" represent the valence (m = v) and conduction (n = ¢) band population, Py is
the interband polarization, wy, (t) = Vk" (t) — fck" (t) is the population difference, and Jm
function returns the imaginary part of the complex variable. Here, the E;(k) = € (k) —
E, (k) is the energy different between the conduction and the valence bands. The AA (k) =
d..(k) — d,,(k) denotes the combined Berry connection between the two bands, which

is sensitive to the crystal symmetry, with AA (k) = 0 for bulk bands and AA(k) # 0 for

surface states. The sgn,, =1 is for valence band and sgn,, = — 1 is for conduction band.

We mainly consider the interband current due to its predominant contribution to even
harmonic spectrum (Fig. S3). In order to gain a deeper physical insight, it is useful to write

the interband current using Keldysh approximation wy (t) ~ 1 in an analytical form of

, t—t'
—iS,(t'tk)———

t !/ 4 !
JA() = = [, Ak £, (] [ IF(t) - dey (ke (6, t) e T dt’ +c.c
(10)
where the accumulated phase is
Su(t',t.k) = [L(E5T — F(2) - AA*ED)dr + afé — pr(EE) (11)

with g ={x,y} the Cartesian indices, k(t,t") = k — A(t) + A(t"), the transition dipole

phase a = arg[ db, (k)], and Bt = arg[ F(t") - dey (e (t, t'))].



The SBEs are numerically solved for each independent k-point by the classical fourth-order
Runge-Kutta method. We sample 400 x 400 k-points with uniform grid spacing along two
nonorthogonal primitive reciprocal vectors. For the bulk states, the band structure is three-
dimensional. To mitigate excessive computational requirements, we adopted a procedure
outlined in Ref. S7, where we solved the SBEs specifically within the (kx, ky, kz=0) time-

reversal-invariant plane.
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Fig. S3 The computed HHG from surface states driven by fundamental field only. The

harmonic spectrum (gray line) is a composite of emissions from interband transition (red

line) and intraband motion (blue line) of light field excited carriers.
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