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Abstract: Low-power multi high gain observers (LP MHGO) are proven to be effective in
reducing the peaking of state estimation of nonlinear systems to an arbitrarily small magnitude.
Moreover, they reduce the sensitivity of estimates to measurement noise. They also relax the
numerical implementation problem of high gain observers by using gains powered up to the
order of 2 instead of n. In this paper, we aim to further reduce the noise sensitivity of these
observers by employing low-pass filters in the observer dynamics. The main results establish
the convergence of the estimation error to zero with an arbitrarily small decay rate in the
absence of noise, as well as an input to state stability feature when the noise is present. We also
demonstrate in the linear case that the proposed observer improves the upper bound on the
estimates. Simulation results compare the performance of the proposed observer with similar
works and show the effectiveness of the proposed method.
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1. INTRODUCTION

High gain observers (HGO) have received great attention
in the control literature due to their simplicity and ro-
bustness, Khalil and Praly (2014). Their main feature is
their ability to assign an arbitrarily small decay rate of
the estimation errors that can be chosen using a design
parameter (in this paper, called ε). More importantly, they
provide a nonlinear separation principle when they are
used to implement stabilizing state feedback controllers,
Atassi and Khalil (1999). Unfortunately, they are suscep-
tible to two major problems that have been the subject of
many works in the past three decades:

• Peaking phenomenon: As ε is decreased to provide
faster convergence of the estimates, a larger impulse
overshoot develops in the transient response. The
overshoot, with growth of order ε1−n can destabilize
the closed loop system. A trade-off between the fast
convergence of estimates and small peaking must be
considered when choosing ε, Sussmann and Kokotovic
(1991).

• Noise sensitivity: Although the estimates remain
stable in the presence of measurement noise, the noise
can lead to large steady-state oscillations of order ε−n

and yield a larger upper bound on the estimation
errors, Vasiljevic and Khalil (2006).

Time varying gains proposed in Ibrir and Diop (1999),
Ibrir (2001), and Ibrir (2004) are shown to be an effective
method for peaking attenuation of HGOs, Chitour (2002).
These observers use dynamic gains that start small and
grow over time to reach high gains. An alternative switched
gain method is proposed in Ahrens and Khalil (2009) to

deal with the noise sensitivity. The strategy is to use high
gains initially and gradually reduce them to mitigate the
possibility of large steady-sate oscillations.

An adaptive approach, called Multi high gain observers
(MHGO), is also suggested in Shakarami et al. (2018) and
Shakarami et al. (2020) for peaking elimination. A MHGO
uses multiple HGOs simultaneously, and aggregates all
the estimates obtained from each observer using some
coefficients (some of which are equal to 1). It is shown that
this method is quite effective in terms of peaking reduction
since the upper bound on the transient response of the
error is proportional to a design parameter that can be
chosen arbitrarily.

An in-depth analysis of noise sensitivity is provided in
Astolfi et al. (2016) to capture the low-pass filtering
characteristics of HGOs. It is shown that the steady
state bound on the estimate errors is proportional to
the inverse of noise frequency, ε. This means that a
higher frequency noise can effectively reduce the upper
bound on the estimates. The upper bound depends on
the relative degree between the estimation error and the
output measurement. The lower sensitivity to noise as the
relative degree increases is indeed the main reason for
the implementation of low-power observers as discussed
in Astolfi and Marconi (2015) and Astolfi et al. (2018). An
alternative approach is utilizing low pass filters to improve
the low-pass filtering feature of a HGO. This approach
has been the focus of some recent works (see for example
Khalil and Priess (2016),Tréangle et al. (2019) and Astolfi
et al. (2021). It is demonstrated in Astolfi et al. (2021) that
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Khalil and Priess (2016),Tréangle et al. (2019) and Astolfi
et al. (2021). It is demonstrated in Astolfi et al. (2021) that

Noise Sensitivity Reduction in Low-power
Multi High Gain Observers Using Low-pass

Filters

S. Mousavi ∗ M. Guay ∗∗

∗ Queen’s University, 99 University Ave, Kingston, ON K7L 3N6,
Canada (e-mail: s.mousavi@queensu.ca).

∗∗ Queen’s University, 99 University Ave, Kingston, ON K7L 3N6,
Canada (e-mail: guaym@queensu.ca).

Abstract: Low-power multi high gain observers (LP MHGO) are proven to be effective in
reducing the peaking of state estimation of nonlinear systems to an arbitrarily small magnitude.
Moreover, they reduce the sensitivity of estimates to measurement noise. They also relax the
numerical implementation problem of high gain observers by using gains powered up to the
order of 2 instead of n. In this paper, we aim to further reduce the noise sensitivity of these
observers by employing low-pass filters in the observer dynamics. The main results establish
the convergence of the estimation error to zero with an arbitrarily small decay rate in the
absence of noise, as well as an input to state stability feature when the noise is present. We also
demonstrate in the linear case that the proposed observer improves the upper bound on the
estimates. Simulation results compare the performance of the proposed observer with similar
works and show the effectiveness of the proposed method.

Keywords: Observers for nonlinear systems; Nonlinear output feedback; Nonlinear systems

1. INTRODUCTION

High gain observers (HGO) have received great attention
in the control literature due to their simplicity and ro-
bustness, Khalil and Praly (2014). Their main feature is
their ability to assign an arbitrarily small decay rate of
the estimation errors that can be chosen using a design
parameter (in this paper, called ε). More importantly, they
provide a nonlinear separation principle when they are
used to implement stabilizing state feedback controllers,
Atassi and Khalil (1999). Unfortunately, they are suscep-
tible to two major problems that have been the subject of
many works in the past three decades:

• Peaking phenomenon: As ε is decreased to provide
faster convergence of the estimates, a larger impulse
overshoot develops in the transient response. The
overshoot, with growth of order ε1−n can destabilize
the closed loop system. A trade-off between the fast
convergence of estimates and small peaking must be
considered when choosing ε, Sussmann and Kokotovic
(1991).

• Noise sensitivity: Although the estimates remain
stable in the presence of measurement noise, the noise
can lead to large steady-state oscillations of order ε−n

and yield a larger upper bound on the estimation
errors, Vasiljevic and Khalil (2006).

Time varying gains proposed in Ibrir and Diop (1999),
Ibrir (2001), and Ibrir (2004) are shown to be an effective
method for peaking attenuation of HGOs, Chitour (2002).
These observers use dynamic gains that start small and
grow over time to reach high gains. An alternative switched
gain method is proposed in Ahrens and Khalil (2009) to

deal with the noise sensitivity. The strategy is to use high
gains initially and gradually reduce them to mitigate the
possibility of large steady-sate oscillations.

An adaptive approach, called Multi high gain observers
(MHGO), is also suggested in Shakarami et al. (2018) and
Shakarami et al. (2020) for peaking elimination. A MHGO
uses multiple HGOs simultaneously, and aggregates all
the estimates obtained from each observer using some
coefficients (some of which are equal to 1). It is shown that
this method is quite effective in terms of peaking reduction
since the upper bound on the transient response of the
error is proportional to a design parameter that can be
chosen arbitrarily.

An in-depth analysis of noise sensitivity is provided in
Astolfi et al. (2016) to capture the low-pass filtering
characteristics of HGOs. It is shown that the steady
state bound on the estimate errors is proportional to
the inverse of noise frequency, ε. This means that a
higher frequency noise can effectively reduce the upper
bound on the estimates. The upper bound depends on
the relative degree between the estimation error and the
output measurement. The lower sensitivity to noise as the
relative degree increases is indeed the main reason for
the implementation of low-power observers as discussed
in Astolfi and Marconi (2015) and Astolfi et al. (2018). An
alternative approach is utilizing low pass filters to improve
the low-pass filtering feature of a HGO. This approach
has been the focus of some recent works (see for example
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the new bound for the proposed observer is multiplied by
higher powers of ε.

A low-power multi high gain observer is also proposed
in Mousavi and Guay (2021) by combining low-power
observer and MHGO designs. It is proved that all the nice
features including arbitrarily small peaking and reduced
noise sensitivity remain valid for the new design. In this
work, we apply the approach proposed in Astolfi et al.
(2021) to low-power MHGO to improve the performance
of MHGO in the presence of noise. We propose the appli-
cation of low-pass filters in low-power observers to reduce
the ultimate estimate error, and employ this observer in a
MHGO design to eliminate the peaking.

The paper is organized as follows: Section 2 includes the
problem formulation and some preliminaries about high
gain observers. The proposed observer design is given
in section 3, followed by stability and noise sensitivity
analysis in section 4. Section 5 uses a numerical example to
compare the new design to some other observers. Finally,
section 6 concludes the main results of the paper.

2. PRELIMINARIES AND PROBLEM
FORMULATION

In this paper, we consider nonlinear SISO systems in their
canonical observable form, Gauthier and Kupka (2001):

ẋi = xi+1, i = 1, . . . , n− 1,

ẋn = f(x, u),

y = x1 + v

(1)

where x= [x1, . . . , xn]
T ∈ Rn is the vector of state vari-

ables, u ∈ U ⊆ R and y ∈ R are the system’s input and
output variables, respectively. One can compactly write
system (1) as

ẋ =Anx+Bnf(x, u)

y =Cnx+ v

where the matrices An ∈ Rn×n, Bn ∈ Rn×1 and Cn ∈
R1×n are given as follows

An =

[
0(n−1)×1 In−1

0 01×(n−1)

]

Bn =
[
01×(n−1) 1

]T
, Cn =

[
1 01×(n−1)

]
where In−1 is the n−1×n−1 identity matrix. We assume
that f (x, u), with f(0, 0) = 0, is locally Lipschitz vector
function in x for all x ∈ X ⊆ Rn, where X is a bounded set.
We suppose that there exist convex sets U ,X ,X0 such that
for any initial conditions satisfying x(0) ∈ X0 ⊂ X ⊂ Rn

and any u ∈ U , the solution of system (1) remains in X
for all t ≥ 0. As in Astolfi et al. (2016), we model the
measurement noise as a finite sum of sinusoids, namely

v(t) =

nv∑
i=1

vi sin(
ωi

ε
t+ φi). (2)

where φi and vi denote the phase and amplitude of each
component, and where ωi characterizes the basic frequency
that is made to increase as ε → 0. It is also assumed
that v(t) is bounded, i.e., there exists a µ > 0 such that
‖v(t)‖ ≤ µ for all t ≥ 0. A conventional high gain observer
for system (1) is designed as

˙̂
ξ = Anξ̂ +Bnfs

(
ξ̂, u

)
+ Γ−1

1 Knξ̃ (3)

where ξ̃ =
(
y − Cnξ̂

)
, ε ∈ (0, 1],

Γ1 (ε) = diag(ε, ε2, ε2, . . . , εn),

and the vector Kn = [k1, k2, . . . , kn]
T

is tuned such that
the matrix An −KnCn is Hurwitz. The globally bounded
and locally Lipschitz function fs (.) is a saturated version
of f (.) that agrees with f (.) on X × U and satisfies

‖f(x, u)− fs(x̂, u)‖ ≤ f̄‖x− x̂‖ (4)

for a positive constant f̄ . If f (.) is globally Lipschitz, then
we can allow fs to be equal to f . It is shown that for a
small enough ε, the following bound is obtained for the
estimation errors, Khalil and Praly (2014),

‖xi(t)− ξ̂i(t)‖ ≤ ρ1ε
1−iexp(−ρ2

ε
t)|x(0)− ξ̂(0)|+ ρ3ε

1−iµ

(5)
for some ρ1, ρ2, ρ3 > 0 that are independent of ε, and
all initial conditions in X0. The bound (5) expresses
the convergence of the estimation errors in the absence
of noise. It also highlights the input to state stability
property of an HGO in the presence of noise. It also
shows the trade off between the fast convergence rate,
which depends on ε, the peaking and the sensitivity
to noise that increase as smaller values are chosen for
ε. The characterization of sensitivity of HGO to the
high-frequency noise is performed in Astolfi et al. (2016)
where the following bound is obtained for the asymptotic
behavior of the estimates

lim
t→∞

sup |xi(t)− ξ̂i(t)| ≤
ρ̂ε

εi
µ. (6)

The above bound captures the low-pass filtering feature of
a HGO. It shows that the upper bounds on the estimates
decrease as the frequencies of the noise increase. One can
see that (6) is of order one in ε which is the relative degree
between y and all the estimates in the HGO. A modified
version of a HGO is proposed in Astolfi et al. (2021) where
this relative degree is increased to r+1 using a cascade of
low-pass filters. In this design, the filters are given by

η̇1 = − 1

ζε
(η1 − (y − Cnξ̂)),

η̇i = − 1

ζε
(ηi − ηi−1), i = 2, . . . , r,

ξ̃ = ηr

(7)

Compactly written as η̇ = − 1
ζε (Ir − AT

r )η + 1
ζεC

T
r (y −

Cnξ̂), ξ̃ = BT
r z where ζ is some positive parameter that

must be assigned. It is proved that for small enough ζ, ε
and for η(0) = 0, the observer (3), (7) yields the bound
(5). Moreover, using the ideas from Astolfi et al. (2016), it
is shown that the high-gain observer (3), (7) improves the
bound (6) as

lim
t→∞

sup |xi(t)− ξ̂i(t)| ≤ (
ε

εζ
)r
ρ̂ε

εi
µ (8)

One can see from (8) that the new bound depends on
higher degrees of ε. As a result, the steady-state bound
on the estimation error is smaller than a HGO when a
high-frequency noise affects the output.

3. THE PROPOSED OBSERVER

The dynamics of the observer is presented in this section.
Similar to Astolfi et al. (2021), we are interested in
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the new bound for the proposed observer is multiplied by
higher powers of ε.

A low-power multi high gain observer is also proposed
in Mousavi and Guay (2021) by combining low-power
observer and MHGO designs. It is proved that all the nice
features including arbitrarily small peaking and reduced
noise sensitivity remain valid for the new design. In this
work, we apply the approach proposed in Astolfi et al.
(2021) to low-power MHGO to improve the performance
of MHGO in the presence of noise. We propose the appli-
cation of low-pass filters in low-power observers to reduce
the ultimate estimate error, and employ this observer in a
MHGO design to eliminate the peaking.

The paper is organized as follows: Section 2 includes the
problem formulation and some preliminaries about high
gain observers. The proposed observer design is given
in section 3, followed by stability and noise sensitivity
analysis in section 4. Section 5 uses a numerical example to
compare the new design to some other observers. Finally,
section 6 concludes the main results of the paper.

2. PRELIMINARIES AND PROBLEM
FORMULATION

In this paper, we consider nonlinear SISO systems in their
canonical observable form, Gauthier and Kupka (2001):

ẋi = xi+1, i = 1, . . . , n− 1,

ẋn = f(x, u),

y = x1 + v

(1)

where x= [x1, . . . , xn]
T ∈ Rn is the vector of state vari-

ables, u ∈ U ⊆ R and y ∈ R are the system’s input and
output variables, respectively. One can compactly write
system (1) as

ẋ =Anx+Bnf(x, u)

y =Cnx+ v

where the matrices An ∈ Rn×n, Bn ∈ Rn×1 and Cn ∈
R1×n are given as follows

An =

[
0(n−1)×1 In−1

0 01×(n−1)

]

Bn =
[
01×(n−1) 1

]T
, Cn =

[
1 01×(n−1)

]
where In−1 is the n−1×n−1 identity matrix. We assume
that f (x, u), with f(0, 0) = 0, is locally Lipschitz vector
function in x for all x ∈ X ⊆ Rn, where X is a bounded set.
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for any initial conditions satisfying x(0) ∈ X0 ⊂ X ⊂ Rn

and any u ∈ U , the solution of system (1) remains in X
for all t ≥ 0. As in Astolfi et al. (2016), we model the
measurement noise as a finite sum of sinusoids, namely

v(t) =

nv∑
i=1

vi sin(
ωi

ε
t+ φi). (2)

where φi and vi denote the phase and amplitude of each
component, and where ωi characterizes the basic frequency
that is made to increase as ε → 0. It is also assumed
that v(t) is bounded, i.e., there exists a µ > 0 such that
‖v(t)‖ ≤ µ for all t ≥ 0. A conventional high gain observer
for system (1) is designed as

˙̂
ξ = Anξ̂ +Bnfs

(
ξ̂, u

)
+ Γ−1

1 Knξ̃ (3)

where ξ̃ =
(
y − Cnξ̂

)
, ε ∈ (0, 1],

Γ1 (ε) = diag(ε, ε2, ε2, . . . , εn),

and the vector Kn = [k1, k2, . . . , kn]
T

is tuned such that
the matrix An −KnCn is Hurwitz. The globally bounded
and locally Lipschitz function fs (.) is a saturated version
of f (.) that agrees with f (.) on X × U and satisfies

‖f(x, u)− fs(x̂, u)‖ ≤ f̄‖x− x̂‖ (4)

for a positive constant f̄ . If f (.) is globally Lipschitz, then
we can allow fs to be equal to f . It is shown that for a
small enough ε, the following bound is obtained for the
estimation errors, Khalil and Praly (2014),

‖xi(t)− ξ̂i(t)‖ ≤ ρ1ε
1−iexp(−ρ2

ε
t)|x(0)− ξ̂(0)|+ ρ3ε

1−iµ

(5)
for some ρ1, ρ2, ρ3 > 0 that are independent of ε, and
all initial conditions in X0. The bound (5) expresses
the convergence of the estimation errors in the absence
of noise. It also highlights the input to state stability
property of an HGO in the presence of noise. It also
shows the trade off between the fast convergence rate,
which depends on ε, the peaking and the sensitivity
to noise that increase as smaller values are chosen for
ε. The characterization of sensitivity of HGO to the
high-frequency noise is performed in Astolfi et al. (2016)
where the following bound is obtained for the asymptotic
behavior of the estimates

lim
t→∞

sup |xi(t)− ξ̂i(t)| ≤
ρ̂ε

εi
µ. (6)

The above bound captures the low-pass filtering feature of
a HGO. It shows that the upper bounds on the estimates
decrease as the frequencies of the noise increase. One can
see that (6) is of order one in ε which is the relative degree
between y and all the estimates in the HGO. A modified
version of a HGO is proposed in Astolfi et al. (2021) where
this relative degree is increased to r+1 using a cascade of
low-pass filters. In this design, the filters are given by

η̇1 = − 1

ζε
(η1 − (y − Cnξ̂)),

η̇i = − 1

ζε
(ηi − ηi−1), i = 2, . . . , r,

ξ̃ = ηr

(7)

Compactly written as η̇ = − 1
ζε (Ir − AT

r )η + 1
ζεC

T
r (y −

Cnξ̂), ξ̃ = BT
r z where ζ is some positive parameter that

must be assigned. It is proved that for small enough ζ, ε
and for η(0) = 0, the observer (3), (7) yields the bound
(5). Moreover, using the ideas from Astolfi et al. (2016), it
is shown that the high-gain observer (3), (7) improves the
bound (6) as

lim
t→∞

sup |xi(t)− ξ̂i(t)| ≤ (
ε

εζ
)r
ρ̂ε

εi
µ (8)

One can see from (8) that the new bound depends on
higher degrees of ε. As a result, the steady-state bound
on the estimation error is smaller than a HGO when a
high-frequency noise affects the output.

3. THE PROPOSED OBSERVER

The dynamics of the observer is presented in this section.
Similar to Astolfi et al. (2021), we are interested in

augmenting the relative degree between the estimates and
the measured output y. We employ the same structure
suggested in Mousavi and Guay (2021) that consists of
two interconnected systems. While multiple low-power
observers are employed in the first layer to estimate
the states at the same time, all the information is used
in the second layer to generate the final estimate. The
existence of some unknown coefficients is proven for which
the overall estimation reaches the true state variables.
Hence, the second layer estimates these constants using
a recursive least-squares (RLS) algorithm. The structure
of each individual low-power observer is given as

˙̂xi(j) = zi(j) +
ai
ε
ẽi(j), i = 1, . . . , n− 2

˙̂xn−1(j) = x̂n(j) +
an−1

ε
ẽn−1(j)

˙̂xn(j) = fs




n+1∑
j=1

θ̂j x̂(j), u


+

bn−1

ε2
ẽn−1(j)

żi(j) = zi+1(j) +
bi
ε2
ẽi(j), i = 1, . . . , n− 3

żn−2(j) = x̂n(j) +
bn−2

ε2
ẽn−2(j)

(9)
where ε ∈ (0, 1] is the design parameter that should
be taken small enough to ensure the stability of the
observer, and it is powered up to 2 (instead of n),

θ̂ is the estimate of the unknown parameters, x̂(j) =[
x̂1(j), . . . , x̂n(j)

]T ∈ Rn denotes the estimate of state

variables from the jth observer for j = 1, . . . , n + 1, and

z(j) =
[
z1(j), . . . , zn−2(j)

]T ∈ Rn−2 are the additional
estimates of [x2, . . . , xn−1]. Also, a = col (a1, . . . , an−1) ∈
Rn−1 and b = col (b1, . . . , bn−1) ∈ Rn−1 are the observer
gains. In Mousavi and Guay (2021), the injection terms
ẽi(j) are given by ẽ1(j) = y− x̂1(j), ẽi(j) = zi−1(j)− x̂i(j). In
this design, we pass ẽ1(j) through the filters (7) to reduce
the vulnerability of the observer to noise. So, we have

η̇1(j) =− 1

ζε
(η1(j) − (y − Cnx̂(j))),

η̇i(j) =− 1

ζε
(ηi(j) − ηi−1(j)), i = 2, . . . , r,

ẽ1(j) = ηr(j)
ẽi(j) = zi−1(j) − x̂i(j) , i = 2, . . . , n− 1

(10)

for j = 1, . . . , n + 1. We define ỹ (t) = y − CX̂(n+1)(t)
where

X = [x1, x2, x2, . . . , xn−1, xn−1, xn]
T
,

X̂ = [x̂1, z1, x̂2, z2, . . . , zn−2, x̂n−1, x̂n]
T
.

And C = [Cn 0n−2]. Now, let us establish the parameter
update strategy as follows:

˙̄̂
θ =− PETCT

(
ỹ + CE ˆ̄θ

)
, ˆ̄θ (0) = ˆ̄θ0

Ṗ =− PETCTCEP, P (0) = γI
(11)

where ˆ̄θ ∈ Rn×1 denotes the vector of θ̂js for j = 1, . . . , n,
P ∈ Rn×n is a positive definite matrix. The parameter
γ ∈ R is a positive constant taken large enough to
guarantee that the parameter estimation error and the
peaking of the state estimates remain small, as discussed

in Mousavi and Guay (2021). Matrix E ∈ R(2n−2)×n is

a matrix whose jth column is given by X̂(n+1) − X̂(j)

where X̂(j) represents the vector X̂ obtained from the
jth observer, for j = 1, . . . , n + 1. The variables θj are

supposed to be subject to the constraint
∑n+1

i=1 θj = 1. So,

we enforce θ̂n+1 = 1−
∑n

i=1 θ̂j . Finally, the overall observer
estimation is calculated as

X̂o =

n+1∑
j=1

θ̂jX̂(j) (12)

where X̂o (t) = [x̂o1, zo1, x̂o2, zo2, . . . , x̂on ]
T ∈ R2n−2. The

parameters a, b in (9) are chosen such that the block-
tridiagonal matrix Mε ∈ R(2n−2)×(2n−2), given below, is
Hurwitz, Astolfi and Marconi (2015)

Mε =




J1 H 0 · · · · · · 0

Q2 J2 H
. . .

...

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0
...

. . . Qn−2 Jn−2 H
0 · · · · · · 0 Qn−1 Jn−1




. (13)

The matrices H ∈ R2×2 and Ji, Qi ∈ R2×2, i = 1, . . . , n−1
are defined as:

H =

[
0 0
0 1

]
, Ji =

[
−ai

ε 1
− bi

ε2 0

]
, Qi =

[
0 ai

ε

0 bi
ε2

]

where i = 1, . . . , n−1. We denote the matrixM to be equal
to Mε for ε = 1. It is clear that the Hurwitz property of
M and Mε are equivalent. At the end of this section, we
present a lemma taken from Astolfi et al. (2021) that will
be useful in proving the main results presented in section
4.

Lemma 1. LetKn be such that An−Γ−1
1 KnCn is Hurwitz.

Then, for each r ∈ N>0, there exists ζ∗ > 0 such that for
any ζ ∈ (0, ζ∗), the matrix F (ζ) given below is Hurwitz.

F (ζ) :=

[
An −Γ−1

1 KnB
T
r

1
ζC

T
r Cn − 1

ζ (Ir −AT
r )

]
(14)

Proof: See Astolfi et al. (2021).

The stability and convergence of the observer, as well as
improved performance in terms of sensitivity to noise, is
proven in the following section.

4. PERFORMANCE ANALYSIS

We investigate the performance of the suggested observer
in terms of convergence and steady state bounds in the
presence of high-frequency noise. We first show that the
proposed observer (9)-(12) holds the same features of
arbitrary small convergence rate and the stability to noise.
These results are highlighted in the following theorem.

Theorem 1. Let the trajectories of (1) be such that x ∈ X
for all u ∈ U , and let the noise be generated by (2). For the
observer (9)-(12), fix the order of filters r, and tune a, b in
(9) such that M is Hurwitz. Let the initial conditions of
all the filters to be 0, and choose zi(j) (0) = x̂i+1(j)(0) for
i = 1, . . . , n− 2, j = 1, . . . , n+ 1, and select x̂i(j)(0)s such
that the matrix E(0) has full column rank. Then there
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exists a ζ∗ such that if one chooses ζ ∈ (0, ζ∗), there exists
an ε∗ > 0 and some positive constants ρ1, ρ2 and ρ3 such
that for all 0 < ε ≤ ε∗, the state estimates obtained from
(12) satisfy

‖xi(t)− x̂oi(t)‖ ≤ ρ1ε
1−iexp(−ρ2

ε
t)|x(0)− x̂o(0)|+ρ3ε

1−iµ

(15)

Proof: Let us define e = X− X̂o, e(j) = X− X̂(j) and use
(12) to write:

e =

n+1∑
j=1

θ̂je(j) = e(n+1) + E ˆ̄θ (16)

Employing (9) and (10), one can get the error dynamics
for each individual observer as

ė(j) = M̃εe(j) − K̃εB
T
r η(j) +B(f(x, u)− fs(x̂o, u))

η̇(j) = − 1

ζε
(Ir −AT

r )η(j) +
1

ζε
CT

r (Ce(j) + v)
(17)

where B = [0(1)×(n−2) BT
n ]

T , M̃ε is Mε with chang-

ing only J1 to

[
0 1
0 0

]
(similarly, M̃ is equal to M for

the same J1), and K̃ε = [a1

ε ,
b1
ε2 , 0(1)×(2n−4)]

T (Also,

define K̃ equal to K̃ε for ε = 1). Now define Γ (ε) =
diag

(
1, ε, ε, ε2, ε2, . . . , εn−2, εn−2, εn−1

)
, and consider the

coordinate change ψ(j) := [
Γe(j)
η(j)

], the time rescaling t →

τ(t) := t
ε , and recall the properties CΓ−1 = CΓ =

C,ΓB = εn−1B,ΓK̃ε =
1
ε K̃ and ΓM̃εΓ

−1 = 1
ε M̃ to write

dψ(j)

dτ
= F̃ψ(j) + εH∆(x̂o, x, u) +

1

ζ
Gv. (18)

where F̃ , H are given by:

F̃ :=[
M̃ −K̃BT

r
1
ζC

T
r C − 1

ζ (Ir −AT
r )

],

H :=(BT , 01×r)
T , G := (01×(2n−2), Cr)

T

(19)

∆(x̂o, x, u) := εn−1[f(x, u)− fs(x̂o, u)] (20)

Now let us use the results of lemma 1 to show the matrix
F̃ in (18) is Hurwitz. Comparing (19) and (14), one can

see that F̃ is equal to F by replacing An, Cn,Γ
−1
1 Kn

with M̃, C, K̃, respectively. So, to show that the matrix
F̃ is Hurwitz, it is sufficient to check that M̃ − K̃C
(equivalent to An − Γ−1

1 KnCn in (14)) is Hurwitz. Since

M̃ − K̃C = M is Hurwitz by selection of a, b (see Lemma
1 in Astolfi and Marconi (2015)), then there exists a

ζ∗ such that if one chooses ζ ∈ (0, ζ∗), F̃ is Hurwitz.
Hence, there exists a symmetric positive definite matrix
P̃ ∈ R(2n−2+r)×(2n−2+r) such that

P̃ F̃ + F̃T P̃ = −I(2n−2+r). (21)

By defining the matrix Eψ ∈ R(2n−2+r)×n whose jth
column is equal to ψ(j) − ψ(n+1), we can write (16) as

ψ = ψ(n+1) + Eψ
ˆ̄θ (22)

Where ψ = [
Γe
η
] =

∑n+1
j=1 ψ(j). On the other hand, the

dynamics of Eψ can be easily obtained using (18) as

dEψ

dτ
= F̃Eψ. (23)

Taking the derivative of (22) with respect to τ , and using
(11), (18), (23) and τ = t

ε , yields:

dψ

dτ
=F̃ψ(n+1) + εH∆(x̂o, x, u) +

1

ζ
Gv

+F̃Eψ
ˆ̄θ − εEψPETCT (Ce+ v).

(24)

We define C̃ = (C, 01×r) and use CE = C̃Eψ, Ce = C̃ψ,
and (22) to write (24) as

dψ

dτ
= F̃ψ + εH∆(x̂o, x, u) +

1

ζ
Gv − εEψPET

ψ C̃
T (C̃ψ + v)

(25)
One can pose the Lyapunov candidate function V (ψ) =

ψT P̃ψ subject to (21), and use (25) to obtain

dV (ψ)

dτ
= −ψTψ − 2εψT P̃EψPET

ψ C̃
T C̃ψ

+ 2εψT P̃H∆(x̂o, x, u)

− 2εψT P̃EψPET
ψ C̃

T v +
2

ζ
ψT P̃Gv

Let us denote the smallest and the lagest eigenvalues of
P̃ in (21) as p and p̄, respectively. Furthermore, from (11)

we have ‖P‖ ≤ γ, and from (23), and the fact that F̃
is Hurwitz, we get ‖Eψ‖ ≤ ĉ1‖Eψ(0)‖ where ĉ1 is some
positive constant. Also, considering (20) and the definition
of ψ we have |∆(x̂o, x, u)| ≤ f̄‖ψ‖. Using these bounds,
and the following Young’s inequality

‖ψT (−2εP̃EψPET
ψ C̃

T +
2

ζ
P̃G)v‖ ≤

1

2
‖ψ‖2 + 1

2
‖(−2εP̃EψPET

ψ C̃
T +

2

ζ
P̃G)v‖2 ≤

1

2
‖ψ‖2 + 2‖v‖2(εp̄ĉ21‖Eψ(0)‖2γ +

p̄

ζ
)2

yields dV (ψ)
dτ ≤ − 1

2‖ψ‖
2(1−4εp̄c1)+2(c2ε+c3)

2‖v‖2, where
c1 = ĉ21‖Eψ(0)‖2γ + f̄ , c2 = p̄ĉ21‖Eψ(0)‖2γ, c3 = p̄

ζ . We

can now choose any ε∗ < min{ 1
4p̄c1

, 1} such that there

exists ρ2 > 0, c4 > 0 satisfying, for any ε ∈ (0, ε∗), the
inequalities 1− 4εp̄c1 ≥ 4ρ2p̄ and 2(c2ε+ c3)

2 ≤ c4. Then

we get dV (ψ(τ))
dτ ≤ −2ρ2V ((ψ(τ))+c4‖v(τ)‖2. By using the

comparison principle, we obtain

V (ψ(τ)) ≤ exp(−2ρ2τ)V (ψ(0))

+

∫ τ

0

exp(−2ρ2(τ − s))c4|v(s)2|ds

≤ exp(−2ρ2τ)V (ψ(0)) + c5µ
2

(26)

where c5 = c4
2ρ2

. The inequality (15) then follows by using

p‖ψ‖2 ≤ V ≤ p̄‖ψ‖2,‖ψ‖2 ≤ ‖e‖2 + ‖η‖2, η(0) = 0,

‖xi − x̂oi‖ ≤ ε1−i‖ψ‖, τ = t
ε with ρ1 =

√
p̄
p , ρ3 =

√
c5
p .

Remark 1. One can conclude from the proof of theorem 1
that the non-restrictive assumptions zi(j) (0) = x̂i+1(j)(0)
and matrix E(0) having full column rank, are not neces-
sary to obtain the bound (15), but they are required for
the peaking reduction feature of the proposed structure as
discussed in Shakarami et al. (2020).

We can verify from (15) that the estimation error obtained
from the proposed observer converges to zero with an
arbitrarily fast convergence rate. We can also conclude
that the observer is ISS with respect to noise. The next
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(12) satisfy
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ε
t)|x(0)− x̂o(0)|+ρ3ε

1−iµ

(15)

Proof: Let us define e = X− X̂o, e(j) = X− X̂(j) and use
(12) to write:

e =

n+1∑
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θ̂je(j) = e(n+1) + E ˆ̄θ (16)

Employing (9) and (10), one can get the error dynamics
for each individual observer as

ė(j) = M̃εe(j) − K̃εB
T
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1
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where B = [0(1)×(n−2) BT
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ing only J1 to
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0 0

]
(similarly, M̃ is equal to M for

the same J1), and K̃ε = [a1

ε ,
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ε2 , 0(1)×(2n−4)]

T (Also,

define K̃ equal to K̃ε for ε = 1). Now define Γ (ε) =
diag

(
1, ε, ε, ε2, ε2, . . . , εn−2, εn−2, εn−1

)
, and consider the

coordinate change ψ(j) := [
Γe(j)
η(j)

], the time rescaling t →

τ(t) := t
ε , and recall the properties CΓ−1 = CΓ =

C,ΓB = εn−1B,ΓK̃ε =
1
ε K̃ and ΓM̃εΓ

−1 = 1
ε M̃ to write

dψ(j)

dτ
= F̃ψ(j) + εH∆(x̂o, x, u) +

1

ζ
Gv. (18)

where F̃ , H are given by:

F̃ :=[
M̃ −K̃BT

r
1
ζC

T
r C − 1

ζ (Ir −AT
r )

],

H :=(BT , 01×r)
T , G := (01×(2n−2), Cr)

T

(19)

∆(x̂o, x, u) := εn−1[f(x, u)− fs(x̂o, u)] (20)

Now let us use the results of lemma 1 to show the matrix
F̃ in (18) is Hurwitz. Comparing (19) and (14), one can

see that F̃ is equal to F by replacing An, Cn,Γ
−1
1 Kn

with M̃, C, K̃, respectively. So, to show that the matrix
F̃ is Hurwitz, it is sufficient to check that M̃ − K̃C
(equivalent to An − Γ−1

1 KnCn in (14)) is Hurwitz. Since

M̃ − K̃C = M is Hurwitz by selection of a, b (see Lemma
1 in Astolfi and Marconi (2015)), then there exists a

ζ∗ such that if one chooses ζ ∈ (0, ζ∗), F̃ is Hurwitz.
Hence, there exists a symmetric positive definite matrix
P̃ ∈ R(2n−2+r)×(2n−2+r) such that

P̃ F̃ + F̃T P̃ = −I(2n−2+r). (21)

By defining the matrix Eψ ∈ R(2n−2+r)×n whose jth
column is equal to ψ(j) − ψ(n+1), we can write (16) as

ψ = ψ(n+1) + Eψ
ˆ̄θ (22)

Where ψ = [
Γe
η
] =

∑n+1
j=1 ψ(j). On the other hand, the

dynamics of Eψ can be easily obtained using (18) as

dEψ

dτ
= F̃Eψ. (23)

Taking the derivative of (22) with respect to τ , and using
(11), (18), (23) and τ = t

ε , yields:

dψ

dτ
=F̃ψ(n+1) + εH∆(x̂o, x, u) +

1

ζ
Gv

+F̃Eψ
ˆ̄θ − εEψPETCT (Ce+ v).

(24)

We define C̃ = (C, 01×r) and use CE = C̃Eψ, Ce = C̃ψ,
and (22) to write (24) as

dψ

dτ
= F̃ψ + εH∆(x̂o, x, u) +

1

ζ
Gv − εEψPET

ψ C̃
T (C̃ψ + v)

(25)
One can pose the Lyapunov candidate function V (ψ) =

ψT P̃ψ subject to (21), and use (25) to obtain

dV (ψ)

dτ
= −ψTψ − 2εψT P̃EψPET

ψ C̃
T C̃ψ

+ 2εψT P̃H∆(x̂o, x, u)

− 2εψT P̃EψPET
ψ C̃

T v +
2

ζ
ψT P̃Gv

Let us denote the smallest and the lagest eigenvalues of
P̃ in (21) as p and p̄, respectively. Furthermore, from (11)

we have ‖P‖ ≤ γ, and from (23), and the fact that F̃
is Hurwitz, we get ‖Eψ‖ ≤ ĉ1‖Eψ(0)‖ where ĉ1 is some
positive constant. Also, considering (20) and the definition
of ψ we have |∆(x̂o, x, u)| ≤ f̄‖ψ‖. Using these bounds,
and the following Young’s inequality

‖ψT (−2εP̃EψPET
ψ C̃

T +
2

ζ
P̃G)v‖ ≤

1

2
‖ψ‖2 + 1

2
‖(−2εP̃EψPET

ψ C̃
T +

2

ζ
P̃G)v‖2 ≤

1

2
‖ψ‖2 + 2‖v‖2(εp̄ĉ21‖Eψ(0)‖2γ +

p̄

ζ
)2

yields dV (ψ)
dτ ≤ − 1

2‖ψ‖
2(1−4εp̄c1)+2(c2ε+c3)

2‖v‖2, where
c1 = ĉ21‖Eψ(0)‖2γ + f̄ , c2 = p̄ĉ21‖Eψ(0)‖2γ, c3 = p̄

ζ . We

can now choose any ε∗ < min{ 1
4p̄c1

, 1} such that there

exists ρ2 > 0, c4 > 0 satisfying, for any ε ∈ (0, ε∗), the
inequalities 1− 4εp̄c1 ≥ 4ρ2p̄ and 2(c2ε+ c3)

2 ≤ c4. Then

we get dV (ψ(τ))
dτ ≤ −2ρ2V ((ψ(τ))+c4‖v(τ)‖2. By using the

comparison principle, we obtain

V (ψ(τ)) ≤ exp(−2ρ2τ)V (ψ(0))

+

∫ τ

0

exp(−2ρ2(τ − s))c4|v(s)2|ds

≤ exp(−2ρ2τ)V (ψ(0)) + c5µ
2

(26)

where c5 = c4
2ρ2

. The inequality (15) then follows by using

p‖ψ‖2 ≤ V ≤ p̄‖ψ‖2,‖ψ‖2 ≤ ‖e‖2 + ‖η‖2, η(0) = 0,

‖xi − x̂oi‖ ≤ ε1−i‖ψ‖, τ = t
ε with ρ1 =

√
p̄
p , ρ3 =

√
c5
p .

Remark 1. One can conclude from the proof of theorem 1
that the non-restrictive assumptions zi(j) (0) = x̂i+1(j)(0)
and matrix E(0) having full column rank, are not neces-
sary to obtain the bound (15), but they are required for
the peaking reduction feature of the proposed structure as
discussed in Shakarami et al. (2020).

We can verify from (15) that the estimation error obtained
from the proposed observer converges to zero with an
arbitrarily fast convergence rate. We can also conclude
that the observer is ISS with respect to noise. The next

theorem characterizes the behaviour of the steady-state
estimation error following the ideas presented in Astolfi
et al. (2016, 2018).

Theorem 2. Consider system (1) where x ∈ X and u ∈ U ,
and the observer (9)-(12), and define m = �n+1

2 �. Choose
any stabilizing selection of a, b, ζ, r, and let the noise
generated by (2). Then, there exists some ε∗(ε) and κ̂ > 0
such that for all positive ε ≤ ε∗(ε) we have

lim
t→∞

sup |xi(t)− x̂oi(t)| ≤ κ̂i(
ε

εζ
)r

εi

ε2i−1
µ

for i = 1, . . . ,m

lim
t→∞

sup |xi(t)− x̂oi(t)| ≤ κ̂i(
ε

εζ
)r
εn−i+2

ε
µ

for i = m+ 1, . . . , n

(27)

Proof: We consider the linear case where f(x, u) =
fs(x, u) = Fx = FLX where F ∈ R1×n is the vector
of coefficients, with |F| ≤ f̄ , and L ∈ Rn×(2n−2) :=
blkdiag(C2, . . . , C2, I2). The obtained bounds can also be
extended to the nonlinear setting, as shown in Astolfi et al.
(2016). We first model the noise (2) as the output of an
autonomous system:

εẇ = Sw, w ∈ R2nv

v = Pw
(28)

where the matrices S ∈ R2nv×2nv ,P ∈ R1×2nv are given

by S := blkdiag(S1, . . . ,Snv
), where Si =

[
0 ωi

−ωi 0

]
, and

P := [0 1 0 1 · · · 0 1]. The system (28) may be thought
of as a generator of nv harmonics at the frequencies ωi

ε .
Now consider t = τε to re-write (25) as

ψ̇ =
1

ε
F̃ψ + εn−1HFLΓ̃ψ +

1

ζε
GPw −D(t)(C̃ψ + Pw)

(29)

where D(t) = EψPET
ψ C̃

T is a time-varying term that

goes to zero in time due to the dynamics (23), and

Γ̃ = (Γ−1
2n−2, 0(2n−2)×(r)). We compactly write (29) as

ψ̇ = Ψψ+ΩPw−D(C̃ψ+Pw). To show the Hurwitzness

of Ψ = 1
ε F̃ + εn−1HFLΓ̃, it is sufficient to see that, 1

ε F̃

is the dominant term in Ψ. Because F̃ ,H,F and L do not
depend on ε, and we have |εn−1Γ̃| ≤ 1. So, for sufficiently

small ε, Ψ is Hurwitz. Let us now define ψ̃ = ψ −Πw and
write:

˙̃
ψ = Ψψ̃ + (ΨΠ+ ΩP − 1

ε
ΠS)w −D(t)C̃ψ̃ − v̂ (30)

where v̂ = D(t)(C̃Πw + Pw). If we find Π such that
ΨΠ+ΩP− 1

εΠS = 0, then system (30) is an exponentially
stable system and based on theorem 1, and assuming a
solution Π for the Sylvester equation

ΠS = ε(ΨΠ + ΩP) (31)

we can write ψ̃ss = ψss − Πw = 0 for the steady-state.
Therefore, the steady-state behaviour of the error can be
characterized by finding the solution to (31). Using the
fact that the eigenvalues of S are on the imaginary axis
and those of Ψ are all negative, the solution of (31) is
unique, and it can be shown that

Π(ε) =
+∞∑
k=1

εkΠ̄k, Π̄k = Ψk−1ΩPS−k (32)

satisfies (31). By using x− x̂o = LΓ̃ψ and denoting by πi

the ith row of the matrix LΓ̃, we get xi(t)− x̂oi(t) = πiψ
for i = 1, . . . , n. Now, we can write

lim
t→∞

sup |xi(t)− x̂oi(t)| = lim
t→∞

sup |πiΠw(t)|. (33)

Moreover, using the definition (19), one can check that for

k = 1, . . . , r we have πΨk−1Ω = 0. Now let k̂is be some
positive constants depending on a, b,F . By letting i = 1,

we get |π1ε
r+1ΨrΩ| = k̂1

εr+1

ζrεr+1 . Considering the fact that

for a small ε, the dominant term in (32) is the smallest
power of ε, we write

|π1Π| = π1ε
r+1ΨrΩ|PS−k|+

∞∑
r+2

|π1Π̄k| ≤ k̂1
εr+1

ζrεr+1
.

(34)
Besides, πiε

r+1ΨrΩ = 0 for i = 2, . . . , n. Now we let i = 2

to get |π2ε
r+2Ψr+1Ω| = k̂2

εr+2

ζrεr+3 and |πnε
r+2Ψr+1Ω| =

k̂n
εr+2

ζrεr+1 . The rest of the proof is then to follow the same

steps for i = 3, . . . ,m and combining the bounds on πiΠ
with (33) to verify (27), for a small ε and the constants
κ̂is taken as independent of ε, ε, ζ.

Theorem 2 shows that, as a result of using filters (7), the
steady-state bound of the estimation error is multiplied by
the term ( ε

εζ )
r compared to a single low-power observer

Astolfi and Marconi (2015), which is similar to the results
obtained in Astolfi et al. (2021) for a filtered HGO com-
pared to a single HGO (compare (6) and (8)).

5. SIMULATION STUDY

We consider the Rössler (chaotic) oscillator, Chlouverakis
and Sprott (2006), to compare the proposed method to
some traditional observers. By performing a coordinate
change, one can describe a Rössler oscillator by (1) with
n = 3 and

f(x) = u− βx1 + (αβ − 1)x2 + (α− β)x3

+ (x2 − αx1)(x1 − ax2 + x3)
(35)

where we have α = 0.5, β = 3, u = −1. This simulation
example was also used in Astolfi et al. (2021). The output
of system (35) is given by y(t) = x1(t) + v(t) where

v(t) = 0.6sin( 1ε t)+sin(
√
3
ε t) with ε = 10−3. System (35) is

chaotic for the given parameters and the initial conditions

x (0) = [2,−2, 1]
T
. We compare the estimate errors using a

FLP MHGO, a HGO, a Low-power observer and a filtered
HGO. For all the observers, we place the poles at −1,

which means Kn = [3, 3, 1]
T

for the HGO (3) and the
filtered HGO (3), (7), and a1 = a2 = b1 = 2, b2 = 0.5 for
a low-power observer (9) and a FLP MHGO (9)-(12). Also,
we let ε = 0.05, ζ = 0.1, γ = 103, r = 2 (where applicable)
throughout the simulation study. The initial conditions of

the FLP MHGO are x̂(1)(0) = [−4,−4,−4]
T
, x̂(2)(0) =

[−4, 4, 4]
T
, x̂(3)(0) = [4,−4, 4]

T
, x̂(4)(0) = [4, 4,−4]

T
.

Since θ̂(0) = [0, 0, 0, 1]
T
, we let x̂(0) = x̂(4)(0) for all

the other observers to provide a fair comparison. Figure
1 compares the observer performances in estimating x3.
The figure illustrates that the suggested observer in this
paper shows a better performance in terms of transient
response. It also shows the steady-state responses where
the FLP MHGO yields smaller steady-state oscillations
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Fig. 1. State estimation error of x3 in system (35) using a
HGO, a filtered HGO (FHGO), a low-power observer
(LP) and a filtered LP MHGO (FLP MHGO)

around zero. The steady-state values of all the estimation
errors are given in Table 1 where we have defined ‖xi(t)−
x̂i(t)‖s = lim

t→∞
sup |xi(t) − x̂i(t)|. It is expected that the

FHGO and the low-power perform better than a HGO, and
that the FLP MHGO yields smaller steady state values
compared to both LP and FHGO. The comparison of the
LP and the FHGO shows that the low-power performs
better than a FHGO for x2 and x3 and not for the x1,
which is also reasonable considering that the upper bounds
on x1 − x̂1 for the FHGO and the LP are proportional to
ε3

ζ2ε3 = 8× 10−4 and ε
ε = 2× 10−2, respectively.

Table 1. The steady state values of estimation
errors using different observers

HGO FHGO LP
FLP
MHGO

‖x1 − x̂1‖s 0.0660 0.0018 0.0436 0.0012
‖x2 − x̂2‖s 1.3353 0.0358 0.0298 8.66×10−4

‖x3 − x̂3‖s 9.1738 0.2386 0.1489 0.0043

6. CONCLUSION

This paper proposes a modification of low-power MHGOs
that incorporates low-pass filters in the dynamics. The
proposed observer is proven to be stable with an im-
proved steady-state response in the presence of noise. The
simulation results demonstrate the improvements of the
proposed observer including peaking reduction and lower
noise sensitivity compared to similar observers. The focus
of the future work is to provide a nonlinear separation
principle to use the observer in controller design.
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