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I. Classical Lorentz model of dielectric function

In classical electromagnetic (EM) theory, the wave-matter interactions can be described by the Maxwell’s

equations [S1]:

V-D=0
VxE = —%—B
t
) S1
V-B=0 G
VxH=J_+ D
ot
with the constitutive relations in an isotropic medium expressed as
D=gE+P
B=uH . (82)
J,=0E

Here, D is electric displacement vector; E is the electric field strength; B is the magnetic induction strength; H is
the magnetic field strength; J,; is the current density; o is the permittivity of vacuum; P is the electron polarization;
1 is the magnetic permeability and there is u = o through the manuscript; o is the electron conductance. We do
not consider the free charges py = 0.

Then, we consider the Lorentz model of electric permittivity in medium. The electron gas subjected to an

external electric field E can be given by [S1]:
m, (i +yF+ o) =—eE(r). (S3)

Here, r is the position vector of electron; m. is the mass of electron; the electrons oscillate in response to the
applied electromagnetic (EM) field E(f), and their motion is damped with a characteristic frequency y = 1/r and z
is the relaxation time of electron gas. We assume that there are diversiform types of electrons, including the free
electron and polarized electrons; w; is the displacement electron resonance frequency of i-th type electrons and
there is w; = 0 for the metal materials. If we assume a harmonic time dependence E(¢) = E¢e ™" of the driving field
(we use this time convention throughout the manuscript and supplementary materials), a solution of this equation

describing the oscillation of the electron is

r=—-———E, (S4)

and the velocity is

v =f = -2 10 E. (S5)
m, (a)2 - +ia)7/)

Firstly, for the metal materials, there are J, # 0 and electric polarization P = 0. Thus, the current density is

Z—iwf" E=0E. (S6)

7 (a)z -’ +ia)7/)

2
3, =-NYev, = ¢

m

In the special case that there is only one type of free electron, the current can be downgraded into
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N, .
J_ =—-Nev, = ¢ +:0E (S7)
m, (a) - +ia)7)
and the fourth equation of Maxwell’s equation can be written as
D @’ oD(w
V><H:J0+a—:—ia) & +i22 |E = —iws, | 1-———L— E = —ios (o) E = ( ). (S8)
ot w (coz -l + ia)y) ot

Here, N is the density of free electrons; w, = /Ne?/m,¢, is the plasma frequency and w; = 0.
On the other hand, for the dielectric materials, there are J, = 0 and electric polarization P # 0 (D = gE + P).

The electric dipole moment p is
E, (S9)

and the electron polarization is

Ne’ f

m,&, < (a)2 -} +ia)7/)

P=—¢, E=¢,y,E. (S10)

In the special case that there is only one type of electric dipole moment, the electron polarization can be

downgraded into

Né? 1

m,&, (co2 -} +ia)7/)

P=-g, E=¢,y,E (S11)

and the fourth equation of Maxwell’s equation can be written as

X D
VxH=1J, +D_ —io(&E+P) =—iws, - %  |g- —iwe(w)E = (o) . (S12)
ot (a)2 —a)’_2 +ia)7) ot

Here, w, = y/Ne?/m,¢, is consistent with the plasma frequency.
Overall, from the equation (S8) and (S12), no matter for the metal or for the dielectric, the permittivity e(w)

can be expressed universally by

o - +ia)y)

e(a)):eo[l—(w—;]. (S13)

Therefore, the Maxwell’s equations and Helmholtz equations of EM field can be expressed as

V-D(w)=0
OB

VXE=——
ot

V-B=0
oD (w)
ot

(S14)

VxH =

and



V’E+k* (w)E=0

; S15
VH+kE* (0)H=0 (1)

respectively. Here, &(w) is a complex value and depends on the EM frequency. Thus, the wavenumber k*(w) =
w’e(w)u = w*e(w)uo is also complex, where the real part of k() is related to the propagating property and the

imaginary part of k(w) is related to the attenuation.

I1. Optical Dirac equation and spin-orbit couplings of EM fields

To study the spin-orbit couplings (SOCs) in EM field, it needs to introduce the optical Dirac equation. The Dirac
equation is a relativistic quantum mechanical one for elementary spin-1/2 particle [54], whereas with the identity

for arbitrary two vectors A and B: A X B = —i(A . §)B [55], where S is the spin-1 matrix in SO(3) expressed as:

0 0 0Y(0 0 =\(0 i 0
$={8,.8,.8.}=5/0 0 i[Jo 0 0|~ 0 o, (S16)
0 - oJli 0 ofJlo o

the Maxwell’s equations in the form of the Dirac equation named as optical Dirac equation have been introduced

and researched for years [52]

0 S
H‘P)zv(A ]-f) ‘I’)zv&-f)|‘1’>:ih§|‘}’>, (S17)

with the Riemann—Silberstein (RS) vector (6-vector photon wave function) given by [53]

|~y>:%[i$;j | (S18)

Here, v = 1/+/eu is the velocity of light in medium. In the form of RS vector, the Minkowski-type canonical

momentum and spin angular momentum (SAM) can be expressed as

1 . . 1 p o0 1 .
P =—Im{¢E - (V)E+uH - (V)H| =—(¥ ¥)=—/(¥|P|V¥), S19
wmfoE (Vg ()} =Ll B2t pl) 19
and
1 1 S 0 1 A
Y=—1Im{cE xE+uH xHl =—(¥|h Yy =—(Y|Z|VY). S20
Ltnfer gt Lo - Lovigy) 0
Here, p = —iAV is the momentum operator. Therefore, the orbital angular momentum (OAM) operator and
intrinsic SAM operator are
L=fxp (S21)

and

. S 0
T=n" |, (S22)
0 S



respectively.

Firstly, the time derivative of position operator £ can be calculated as
Qs 0 S
f:i[H,f]:v ~ | =va. (S23)
h S 0
Thus, the underlying physics of the operator v@ can be understood as the group velocity of EM field which given

by the Poynting vector because there is

P S Lo (e d 0 S A
p=_RelE XH}:ERe{—z(E .S)H}=(\P|v{§ O}|‘P>=(‘P|va|‘l’>. (S24)

Notable that the Poynting vector p# determines the kinetic Abraham-Poynting momentum P4 in the EM system
P4 o« pA/? [56].
Secondly, the conserved properties of SAM and OAM can be expressed as
N T RSN L NS T
Z_%[H,ZJ— Va xp andL_;[H,LJ_vaxp. (S25)
These equations definitely show that the SAM and OAM are not conserved separately in a general EM system.

However, the total angular momentum (AM) operator j = L + £ is conserved owing to

[H):] -0. (S26)

Obviously, the SOC is related to the operator fISO =vaxp . In this way, the spin-orbit interactions can be

calculated as

. 0 Sxp i .
_ —(9|y " v)E-(E- . 527
Hy, = (¥ |H, [¥) = (V| {éxﬁ . }|‘P> 4[(H V)E-(E"-V)H] (S27)

Therein, the real part of Hso is

/Aoy . _ih . . _ ho

ReH,, = Re{z[(H -V)E-(E ~V)H]} —Z[V(H E-E'-H)|= —=VC. (S28)

This term indicates that the SOC is related to the gradient of EM helical density [56]

£
C=-——Im{E"-B S29
- Im{E"- B} (S29)
in the EM system.
On the other hand, the imaginary part of Hso is
in . . o h a_h 4

ImH,, = Im{z[(H V)E-(E .V)H]} = VXZRe{ExH b= FVp’. (S30)

This term indicates that the SOC is also related to the curl of Poynting vector/kinetic Abraham-Poynting
momentum, which is proportional to the EM transverse spin

S, =LV><pA =

P L yxp (S31)
w

kZ

in the nondispersive medium [56]. This quantity of SOC in Eq. (S25), whose real part and imaginary part are

given in Eq. (S28) and Eq. (S30), respectively, is one of key achievement in our manuscript.



To understand these SOC term, we take the paraxial Hermite-Gaussian (HG) optical beam propagating in the
z-direction in Cartesian coordinates (x, y, z), in which no spin-orbit AM conversions exist approximatively, for
example. However, there will still be SOCs in the system. The electric and magnetic field components can be

expressed as [S2]

T
N .1 0 0 A
E, = 1 Uy X ¥ Uy Y+ | -7, T |UngZ | € = (S32)
ik ox y
and
k 1 a o !
H,, = +77)qu(}§‘9_77.qu6§7’+._ U/ i/ M Uy Z e, (S33)
ou ik ox oy

where 7, and 7, are arbitrary complex constants describing the relative strength, Im{n;n,} specifies the
polarization ellipticity (helicity) of the paraxial HG beam, and the superscript T indicates the transpose of the

matrix. The complex amplitude ung is given by

_ M H {ﬁx}]_]{ﬁy}xp[_xuyz _ik(xz+y2)]exp(—i(1+m+n)tan1 [i}} (S34)

UHG, mn W(Z) m W(Z) W(Z) WZ(Z) 2R(z) Zp

Here, H,(x) is the Hermite polynomial with non-negative integer index m, zz = nwé /A the Rayleigh range,
w(z) = WO\/TZ/Z}% the beam width of the propagating wave, wy the beam radius at the beam waist, R(z) the
radius of curvature of the wavefronts, A the wavelength, and the last factor exp(—i(l +m+n)tan~(z/ ZR)) is
the Gouy phase.

The EM helicity of paraxial HG beam and the gradient of EM helicity are

Cuo = %lm[n;m 01 Junging (s35)
and
* * T
VCy = %Im[ﬂ;ﬂx —mﬂj]{au‘g’ﬂﬁ %, auﬂg;’“G §,02 | , (S36)
respectively. Here, the z-component is ignored in the paraxial approximation (azuTI:G <k 61;_]:(; & k?uyg). The

horizontal components of this gradient of EM helicity are similar to the projections of the longitudinal spin

component (S;) of paraxial HG beam into the xy-plane

1 . A . Ou Oug || 4
§|:_(77x77y _an}v)(”HG ﬁ_”ﬂe ﬁ]}x

& 1 . Al . Ou ou;, R
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~

N
IS

2(nin, —mn, Juhgtg

—kiz(ﬂ,:m +77;77y)(v”;10 X Vit )Z +2_]1€2(77:77y —U(fyﬂx)vi (u;[GuHG)



This term indicates the SOC between the longitudinal spin (EM helicity) and the intrinsic/extrinsic OAMs [43,44],
which have led to the spin-orbit interaction phenomena such as spin Hall effect and spin-to-orbit AM conversions,
etc. On the other hand, the imaginary part of Hso given by the vorticities of kinetic Abraham-Poynting momentum

is related to the EM transverse spin

1 . e\ Onclng |
E{Jr(mm +7m, )M}x

oy

1 2 1 ou; .u
S =—Vxp=—Im | * Lyt ) actiG (o . (s37
T 2k2 p 46() lk |: (773:77)( nyny ) ax :| y ( )

kl—z{(nim + 1, )( Vit X Vityg ). —%(nﬁim =11, )V (Ui tyg )}i

in which the x- and y- components are related to the inhomogeneities/structural properties of EM field and the z-
component is related to the Berry curvature of EM system [57]. This term indicates the SOC between the
transverse spin and the intrinsic/extrinsic OAMs, which have led to the phenomena such as spin-momentum
locking and orbit-to-spin AM conversions [23,58], etc. Notable that the total SAM is given by S =S; + Sr.

In sum, from the former analysis, the term Hso definitely describes the SOC in the EM system, and we will

uncover the mechanisms of the formation of various EM spin topological defects by using this term.

II1. Phenomenology of EM spin skyrmions at the multilayered systems

The phenomenological theory of the formation of specific Néel-type configuration photonic skyrmion at metal
surface was performed in Ref. [29]. Here, we aim to generalize the theory to uncover the formation of various
configurations of EM spin skyrmions at the multilayered system. The square modulus of total angular momentum
can be expressed as

J-J=L-L+2L-S+S-S. (S38)
In the multilayered system, there is cylindrical symmetry, which is associated with the conservation of the square
modulus of total AM in the normal direction (assuming in the z-direction in the cylindrical coordinates (7, ¢, z)).
Thus, the OAM and SAM components of Eq. (S38) are L=r x P and S = r x PS, respectively. Therein, the
kinetic Abraham-Poynting momentum is decomposed into the Minkowski-type canonical momentum P and the
Belinfante spin momentum PS5, and the Belinfante spin momentum is given by PS=V x ¥/2. Obviously, in physics,
the variation of the integration of J-J on the local spin vector in the whole plane perpendicular to z-axis should be

Z€ro:

5(3-3)=5[ J-3dQ =5 L-LdQ+5[ 2L-8dQ+5[ $-8dQ

=o[ r-rPdQ+ 5[ 2v xRV PIAQ+ S| rrPdQ
Because we only interest in the geometry of the directional vector of spin texture, we set r as the unit directional
vector and one has r-r =1, and then the Eq. (S39) can be translated into

5(3-3)=5[ (P> +2P) P} + P*)dQ. (S40)

Subsequently, from relativity, the Minkowski-type canonical momentum should be proportional to energy



density W and decay by 1/r-dependent for cylindrical waves (such as the surface Bessel modes [29]):
ne w

P = .
ho r

(S41)

Here, ¢ is the quantum number of OAM. By carefully choosing the relative complex amplitude of
electric/magnetic fields, we can obtain W = hw for a single wave packet. Therefore, the OAM term is a constant
quantity and the variation of OAM term on the local spin vector is zero: 3L = 0. Then, as the situation of magnetic

skyrmions [6], one can assume that the normalized local spin vector X has an expression of
X = 1o, [sin © cos DF, sin Osin D@, cos OF | (S42)

by ignoring the dependent of ® and ® on z-axis and considering ® = O(r,p) and ® = O(r,p) for the spin vector of
a single wave packet. In particular, for the Néel-type, Bloch-type and twisted type skyrmions discussed in our
manuscript, we can further set that ® = ®(r) and ® = Constant. Then, the variational equation Eq. (S40) can be

calculated as

2
1o —2(sin2®+cos2®sin2<l>)a (:)
5(J-9)= Z [“o® a@: N L (S43)
—sin 20 (sin ® +cos2®)(—j +w
or r
where we use the calculus
. .2
J 2(sin2 @ +cos’ Osin’ CD)@-%M o © dr
0 or r or
in2@sin’ ® 2cos2@sin’ ® 0O o0\ 0’0 (549
= J”c so| leIl _LeossTsm —2sin20@cos’ ® (—j - 2(sin2 ® +cos’ Osin’ d)) — |dr
0 r r or or r
For the Néel-type skyrmion, there is ® = 0, and the variational equation is downgraded to
2 2
—2sin’ ® g ? —sin 2®£@j =0. (845)
r r
The nontrivial solution of this partial differential equation (S45) is
O(r)=tarccos[—¢r—qq,], (S46)
The constants ¢; and ¢; are determined by the boundary conditions.
For the Bloch-type skyrmion, there is ® = n/2, and the variational equation is downgraded to
0’® 2sin20
-2 + =0. S47
or’ r’ (547)
By specifying r = ¢, the equation is translated to
2
0 ?-@—sinz(a:o. (548)
or ot
For the twisted skyrmion, we can specify that ® = /4, and the variational equation is downgraded to
2 2.
~(1+sin® @)@—ﬁsinz(a(@j 4 Sin20 (S49)
or 2 or r

By specifying r = ¢, the equation is translated to



o S50
ot l+sin’@® (550)

The Eq. (S48) and Eq. (S50) can be solved numerically. By solving these partial differential equations by

0°© 2 sin20 (@T_@_ sin 20
o 2 1+sin’®\ or

MATHEMATICA, one can obtain the similar curves as that shown in Fig. S1, which indicates the spin vector
varies from centre ‘up’ state to boundary ‘down’ state gradually without discontinuities/singularities. The

skyrmion number of these spin textures
1 M M
Ny =EﬂQM-(—xEjdm’y (S51)

with the normalized spin vector M = X/|X| is equal to —1 universally and the configurations of EM spin skyrmions

can be tuned by the SOCs.
In the section V, we will investigate the SOCs of various EM modes akin to those in magnetic skyrmions to

analyze the transitions between the various configurations of EM topological textures.

O ()

/2

0 0.2 0.4 0.6 0.8 1
r

Fig. S1. The solution of partial differential equation (S45). The boundary conditions include ®(0) =0 and ©(1) ==. For the Eq. (S48) and Eq.

(S50), the abscissa axis is 7.

IV. Various EM modes and EM field topological structures
1. Electric field topological quasiparticles in surface plasmon polariton modes
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Fig. S2. (a) Schematic diagram of one-layer configuration containing lossy metal to excite the p-polarized surface modes (surface plasmons
polaritons: SPPs). The interfaces are localized between the planes z = +a/2 and z = —a/2. (b) The permittivity of metal film and (c) the angular
frequency (w/w,) via the propagating constant Re(f). w, = 5.36x10"%/s (4, = 0.35x10m) is the plasma frequency and the characteristic
frequency y = 10'¥/s. The red/blue lines denote the symmetric/anti-symmetric surface modes of air-metal-air structure with the thickness equal

to 0.24. The black line represents the light cone of vacuum. &y = w/c is the wavenumber in vacuum.



Multilayered configuration is beneficial for designing and fabricating the dispersion-engineered artificial

metamaterials [47,48]. For the lossy metal in the multilayered systems (Fig. S2(a)), the permittivity &(w)

(refractive index n(w)) is

@’ @’ @
o= (o) 1| )

For the noble metal, it is naturally that the characteristic frequency y = 10'*H, and w, = 10'°H,. Thus, we use the

(S52)

characteristic frequency y = 10'H, and consider @ < w). Thus, the real part of permittivity is negative: Re{e(w)}

<0 (Fig. S2(b)).
For the insulator-metal-insulator system shown in Fig. S2(a), only the p-polarized (transverse magnetic, TM)

surface EM mode can be excited [S3]. The electric/magnetic field components of the p-polarized surface modes

in Cartesian coordinates (x, y, z) are summarized in Table S1:

Table S1. Electric/Magnetic field components of the p-polarized surface EM modes

. a a
Region z>+5 ——<z<+—= zZ< ——
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X X X X
. k+ E+ km Em+ km Em— k— E—
Electric Er—- 225 . Esz:f++ET7=+;za ! __:25 : E;=+_:25 .
field B oy : B oy B Oy B* oy
A —ki(z-a - B +k!"(z-a 37 —k!"(z+a — A7 +k- (z+a
E* :8_:56 k; (z-a)2) E" =E" +E" :g_;fe k! (z=a/2) +g_m§e k! (z+a/2) E ="¢e k2 (z+a/2)
L L P
y Y y v
. . + aE+ . m 6Em+ . m 6E1n7 . _ 6E7
Magnetic | . _ foz” OF. H" = H" g =4 1080 OF | jwe” OF, Ho =0 O
field 7 p- Ox ’ ’ 7 p Ox p Ox ’ p- Ox
H =0 H!'=0 H; =0

Here, i =+, — and m are corresponding to the regions z > +a/2, z < —a/2 and —a/2 < z < +a/2, respectively. {(x,y) is
the function of horizontal coordinates (x,y) and satisfies the transverse Helmholtz equation V¢ + f2¢& = 0 with

V2= 02/0x* + d%/0y?. By considering the EM boundary conditions, the dispersion relation can be expressed as

[S3]
k'™ + ke )k e" + k. e
—2k}'a :( / / )( / 7/ 7) . (853)
(kr/em—k: [e*) (k! e~k &)
Here, the propagating constant (horizontal wavevector) f is expressed as
B =k'(0)-k'(0)+k! -kl =0’ (0) ' +k. -k, (S54)

where &' is the total wavenumber and £ is z-component wavenumber of i-th layer. Here, it is worth noting that
the propagating constant £ is a complex number for the lossy mode [61], where the real part indicates the

propagating property and the imaginary part represents the attenuation. The field parameters are



B K K5 i B K k5 . A =+B 4B
—:ﬁe : _:Te : " . (SSS)
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+

Since only the relative amplitude makes physical sense, one can set one of 4+, B+, B_and 4- to be 1 and the other
amplitude coefficients can be calculated properly.
Particularly, for the air-metal-air structure considered in our manuscript, there is &" = ¢~ = &y. Here, & is the

permittivity of air. Therefore, the dispersion relation (S53) can be re-expressed as
“k"a _ kzm/gm +k;/€0

T ek e,

(S56)

for the symmetric modes and
e K [ET K gy 57)
K& =k e,
for the anti-symmetric mode. The dispersion relations of the symmetric and antisymmetric modes are shown in
the red and blue lines of Fig. S2(c), respectively. If the thickness of layer is thick enough, the left terms of both
Eq. (S56) and Eq. (S57) are zero approximatively, and hence the propagation constants can be expressed

universally as

&"e, w | &
p=w —Omﬂo == # (S58)
& teé c\l+¢ /50
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Fig. S3. Electric field defect constructed by the 0-order Bessel surface mode at a low frequency limit. The real parts of (a) z- and (b) radial
electric field components in xz-plane (y = 0). In the metal layer, the real parts of (c) z- and (d) radial electric field components in xy-plane (z =
a/2 - 10nm), and the corresponding (¢) 1D contour at y = 0 and () electric field texture (region: 84x84). One can find that the amplitude of
radial component electric field is much larger that of z-component electric field, which makes that the skyrmion number of electric field texture

is approximatively zero (Nsk = 0). Here, the wavelength 2 = 1x10~m. The angular frequency w = 1.88x10'¥s. a is the thickness of metal and

here we set a = 0.24.

In the following, we analyze the electric field topological defects in the multilayered air-metal-air structure.
We primarily take the 0-order Bessel-type surface mode, which was known as electric field skyrmions in various

references [18,20], for instance. We must emphasize that the results can be generalized into other electric field



topological defects because these topological defects can be constructed with the superposition of Bessel-type
mode arranged in a specific symmetry [26].

If the frequency is small enough (such as terahertz wave with @ << w,), one can find that 1 + &"/gy = £"/eo
and the propagating constant = k*= ky is a pure real number approximatively. In the case, the decaying factors
in the upper/lower subspace are kf = \/m =~ 0. The horizontal electric field components are zero
approximatively (Fig. S3(a-b)), especially at a low frequency limit, and thus the topological defects constructed
by the electric field of 0-order Bessel-type surface mode are considered as a combination of purely “up’ state and
‘down’ state. While in the metal layer, there is k] = \/m > [. The horizontal electric field components
are much larger than the normal electric field component (Fig. S3(c-d)). At a low frequency limit, the normal
electric field component can be ignored and thus the skyrmion number of the topological defects constructed by
the electric field of 0-order Bessel-type surface mode can be considered as zero (Nsx = 0) (Fig. S3(e-f)). In addition,
the electric field skyrmion lattice constructed by this SPP mode in C6 symmetry can be found in Fig. 3(a) in main

text, whose skyrmion number is also considered as zero (Nsx = 0).
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Fig. S4. Electric field defect constructed by the 0-order Bessel-type surface mode at visible frequency. The real parts of (a) z- and (b) radial
electric field components in xz-plane (y = 0). In the metal layer, the real parts of (c) z- and (d) radial electric field components in xy-plane (z =
a/2 - 10nm), and the corresponding (e¢) 1D contour at y = 0 and (f) electric field texture (region: 34x31). For the electric field texture in the
upper/lower subspace or in the metal layer, one can also find that the electric field vector whirls from ‘down’ state to ‘up’ state along the radial
direction, which is a manifestation Néel-type topological texture. Here, A = 6.38x107m, which is corresponding to the angular frequency o =

2.95x10%/s. a is the thickness of metal and here we set a = 0.21.

As the frequency increases (for example, in the near-infrared or visible region), the propagating constant is
a complex number and Re(f) > ko owing to the fact that Re(¢"/eg) < Re(l+e"/eo) < 0. In the instance, the z-
component wavenumber kJ* = /82 — (k™)? has a same order of magnitudes with the propagating constant £.
The azimuthal electric field component is always zero for the p-polarized 0-order Bessel-type surface mode and
the electric field vector varies from the ‘down’ state to ‘up’ state in the radial direction (Néel-type) (Fig. S4).
Therefore, the electric field vector of field skyrmion lattice constructed by this lossy SPP mode in C6 symmetry

(Fig. 3(b) in main text) whirls along the radial direction and its skyrmion number is +1 (Nsx = +1) in the metal



layer. Noteworthily, owing to the boundary condition from Maxwell’s equations, the normal electric field
components are inverted and the horizontal electric field components are continuous through the interface.

At the lossless limit, the topological properties of electric field topological defects are similar to those of
lossy metal (Fig. S5), which indicates that the lossy property of material does not affect the topological geometries
of these electric field topological defects. Thus, the skyrmion number of the electric field skyrmion lattice

constructed by this lossless SPP mode in C6 symmetry is also +1 (Fig. 3(b) in main text).
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Fig. S5. Electric field defect constructed by the 0-order Bessel-type surface mode at the lossless limit. The real parts of (a) z- and (b) radial
electric field components in xz-plane (y = 0). In metal layer, the real parts of (c) z- and (d) radial electric field components in xy-plane (z = a/2
- 10nm), and the corresponding (e) 1D contour at y = 0 and (f) electric field texture (region: 31x34). One can also find that the electric field
vector whirls from ‘down’ state to ‘up’ state along the radial direction, which is a manifestation Néel-type topological texture. Here, y =0, 1=

6.38x107m, which is corresponding to the angular frequency m = 2.95x10'%/s. a is the thickness of metal and here we set @ = 0.24.
Furthermore, as the frequency increases further and approaches the plasma frequency w, (w,/ V2<w<

wp), the imaginary part of permittivity can be ignored and there will be 1 + &”/go >0 and &"/ey < 0. In the case, the

propagating constant 8 is a pure imaginary number and the propagating mode is forbidden, which was known as

band gap as indicated by part IV in Fig. 1(a).

2. Electric field topological quasiparticles in slot waveguide modes

If the frequency is larger than the plasma frequency w > w,, the loss can be ignored and the permittivity is
w2
0<g(w)=go(l—w—‘z’J<go. (859)

The relative permittivity can be found in Fig. S6(a).

In the case, the slot-waveguide-like modes (contain symmetric TE and TM modes) will be excited in the aire-
medium-air structure. We must emphasize that, to produce the slot-waveguide-like modes, there should be another
two interfaces as shown in Ref. [62]. Here, we assume the two interfaces localized at infinity. Although this will
make the total energy density in air infinite, it would not affect the field distributions in the layer or near the

air/medium interfaces. The electric/magnetic field components of the slot-waveguide-like modes in Cartesian



coordinates (x, y, z) are summarized in Table S2.

Table S2. Electric/Magnetic field components of the slot-waveguide-like modes
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Therein, the electric and magnetic Hertz potentials fulfil the transverse Helmholtz equations:
ViEh g =0 Vig e e
in the layer and the surround materials. The superscript £ and H represent the electric modes (TM modes) and

magnetic (transverse electric: TE modes) modes, respectively. By considering the boundary conditions, the

dispersion relation can be expressed as

&" Ufa &* Wta
Fcoth[ 5 j =— 7 cot[ 5 j (S60)
for the electric mode, and
m H + H
K cotn| Lo o[ A (S61)
Ut 2 w 2

for the magnetic mode. Here, the parameters U?, WE, U™ and W can be calculated by
WEZ :kiZ _ﬂE2 WH2 :kiZ _ﬁH2
UEZ :ﬁEZ _km2 UHZ :ﬂHZ _km2 :

By solving the propagation constants £ and 87 (pure real numbers), the field parameters are

(S62)



AEm — BEm CE+ =DE—

e & WEta Ufa Ufa
=C""—-cos +T exp +T +exp 5
g"
+ H H H
At =g ot phe g ot Bl A exp e +exp _Ua
Pz 2 2 2

Since only the relative amplitude makes physical sense, one can set A" to be 1 and AE™ = +i./u,/ &, and then

(S63)

the field distributions excitated by circularly polarized light can be calculated properly. The dispersion relations

of the symmetric TM and TE modes are shown in the red and blue lines of Fig. S6(b-c), respectively.
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Fig. S6. Relative permittivity and dispersive relations of slot-waveguide-like modes at air-medium-air structure. (a) the relative permittivity
of medium via the frequency in the situation @ > w,; the propagating constants of (b) symmetric electric modes and (c) symmetric magnetic
modes via the frequency. Since the slot-waveguide-like mode is occupied in the whole space, the propagating constants of these symmetric

electric and magnetic modes are equal. The black lines represent the light cones in air. The thickness of layer is equal to 0.21. ), = 5.36x10'%/s
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components in xy-plane (z = 0), and the corresponding (g) 1D contour at y =0 and (m) electric field texture (region: 84x82). It is worth noting
that one can transform the imaginary part into the real part by add an additional constant phase to the amplitude. It can be found that, in the
medium layer, the electric field vector whirls from “up’ state to ‘down’ state along the azimuthal direction, which is a manifestation of Bloch-
type topological texture. Here, /4 = 3.33x107m, which is corresponding to the angular frequency @ = 5.66x10"/s. a is the thickness of metal

and here we set a = 0.24.

In the case, since the slot-waveguide-like mode is occupied in the whole space, the propagating constants of
symmetric electric and magnetic modes are equal approximatively. In air, the azimuthal and radial electric field
components exist simultaneously for the 0-order Bessel-type surface mode (Fig. S7(a-c)). The electric field vector
varies from the ‘up/down’ state to ‘down/up’ state along the radial and azimuthal directions simultaneously, and
thus the electric field textures can be considered as twisted configurations in the upper/lower subspace. While in
the medium layer, the radial electric field component cancels out due to the mode’s coupling (Fig. S7(b,e)). Thus,
the electric field topological defect in the layer can be considered as Bloch-type configuration (Fig. S7(g-h)). And
the skyrmion number of this electric field skyrmion lattice constructed by this slot-waveguide-like mode in C6
symmetry is —1 (Fig. 3(c)). Noteworthily, owing to the boundary condition from Maxwell’s equations, the normal
electric field components are parallel and the horizontal electric field components are continuous through the

interface (Fig. S7).
3. Electric field topological quasiparticles in dielectric waveguide wave mode

For the dielectrics, the damping can be ignored naturally the permittivity is (Fig. S8(a))
i
g(w)=¢g | 1+Y ——L— 1 Se4
(@)=4 Z o' -’ (564)

The relative permittivity can be found in Fig. S8(a).

In the case, the waveguide modes (contain symmetric and anti-symmetric TE and TM modes) will be
produced in the dielectric layer. The electric/magnetic field components of the waveguide modes in Cartesian
coordinates (x, y, z) are summarized in Table S3.

Therein, the electric and magnetic Hertz potentials fulfil the transverse Helmholtz equations:
VIER+pE =0 VIET+pET =0 (S65)

in the metal region and surround materials. The superscripts £ and H represent the electric modes and magnetic

modes, respectively. By considering the boundary conditions, the dispersion relations can be expressed as

m E +
%cot[UzaJ=+% (S66)
for the anti-symmetric electric mode, and
e" U*a &*
Ftan[ > ] = —F (867)

for the symmetric electric mode, and



for the anti-symmetric magnetic mode, and

ﬂm UH
tan
U’ ( 2

=+
a H
)=

(S68)

(S69)

for the symmetric magnetic mode. Here, the parameters U, W, U and W* can be expressed as

WEZ

— ﬁEZ _kiZ
E2 :ka _ﬁEZ UH2

WH2 :ﬂHZ _kiZ

:km2_IBH2 :

(S70)

Table S3. Electric/Magnetic field components of the waveguide modes
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By solving the propagation constants SE and S (pure real numbers), the field parameters for the symmetric modes

are

Em — BEm CE+ — DE—
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Moreover, the field parameters for the anti-symmetric modes are
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Since only the relative amplitude makes physical sense, one can set A" to be 1 and AE™ = +i./p,/ &0, and then
the field distributions excited by circularly polarized light can be calculated properly. The dispersion relations of
the symmetric (red/magenta) and antisymmetric (blue/green) magnetic/electric modes are shown in Fig. S8(b-c),

respectively.
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Fig. S8. Dispersive relations of waveguide modes at air-dielectric-air structure. (a) the relative permittivity of dielectric via the frequency; (b)
the propagating constants of symmetric (red line) and anti-symmetric (blue line) magnetic modes via the frequency and (c) the propagating
constants of symmetric (magenta line) and anti-symmetric (green line) electric modes via the frequency. Here, we only focus on the frequency
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Fig. S9. Electric field defect constructed by the 0-order Bessel-type guided wave mode. The imaginary parts of (a) z-, (b) radial and (c)
azimuthal electric field components in xz-plane (y = 0). In the layer, the imaginary parts of (d) z-, (e) radial and (f) azimuthal electric field
components in xy-plane (z = a/2 - 10nm), and the corresponding (g) 1D contour at y = 0 and (h) electric field texture (region: 1.24x1.24). One
can find that the electric field vector whirls from ‘up’ state to ‘down’ state along the radial and azimuthal direction simultaneously, which is a
manifestation of twisted-type topological texture. Here, 4 = 9.90x107m, which is corresponding to the angular frequency @ = 1.90x10%/s. a

is the thickness of metal and here we set a = 0.34.



In the case, the propagating constants of symmetric and anti-symmetric electric/magnetic modes are different
completely. In the layer, the radial and azimuthal electric field components exist simultaneously for the 0-order
Bessel-type mode, which is a manifestation of twisted-type field textures (Fig. S9(d-h)). The skyrmion number
of electric field skyrmion lattice constructed by this waveguide mode can be —1, as shown in Fig. 3(d) in the main
text. Noteworthily, owing to the boundary condition from Maxwell’s equations, the normal electric field
components are parallel and the horizontal electric field components are continuous through the interface (Fig.

S9).

V. EM spin topological defects and their topological state transitions

In the section VI, we analyze the mode properties and electric field topological textures in multilayered structure.
The formations of various configurations of field topological textures are based on the modes’ coupling but not
the SOCs. On the other hand, to understand the formations of various photonic spin topological defects in
multilayered structures, we should analyze the SOC terms given in the Section II. Noteworthily, the dispersive
effect is not considered in SOC terms (Eq. (S29) and Eq. (S31)) [28,56].

In the layer, the real and imaginary parts of SOC term are given by the gradient of helical density and

vorticites of kinetic Abraham-Poynting momentum. The expressions of gradient helical density are

* * OE” oH
(ReHy) = 12ve) =M%y g e Oy g O Py g Tl (S73)
’ k T2 or or or o or ° 7 or
ho
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* * OE” OoH
(ReHy,). = 12(ve) =ty g e Oy g e oy Tl (s75)
: k =2 oz oz oz oz oz 7 7Y oz

And the vorticites of kinetic Abraham-Poynting momentum are
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For the real part of SOC term, the variation of EM helicity is corresponding to the variation of longitudinal spin,
because the longitudinal spin is proportional to the EM helicity by S; = ¥, ha, k [57]. The variation of longitudinal
spin is widely existing in the phenomena of spin-orbit interactions such as: the spin-based position of light and

the spin-based orbital angular momentum of light [43,44]. Whereas the vorticities of kinetic Abraham-Poynting



momentum is corresponding to the EM transverse spin [23,57,58], which is related to the structural properties of
EM fields. Moreover, the EM transverse spin given by the vorticities of kinetic Abraham-Poynting momentum
also represents the intrinsic spin-momentum locking of light [60], and is widely existing in the phenomena of
spin-orbit interactions such as: unidirectional guided wave of light [36-38], orbital-to-spin AM conversions [43]
and photonic spin topological defects [19,21-28]. Particularly, in section I1I, we demonstrate that either the Néel-
type or the Bloch-type or the twisted-type skyrmions can be excited in the confined EM field, and the point that
determines which one would be generated is the SOC terms given by Egs. (S73-S78).
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Fig. S10. SOC and spin texture of +1-order Bessel-type surface mode at a low frequency limit. In the metal layer, the (a) z- and (b) radial
components of real part of SOC term ReHso in xy-plane (z = a/2 - 10nm). The (c) z-, (d) radial and (e) azimuthal components of imaginary
part of SOC term ImHjso in xy-plane (z = a/2 - 10nm). The (f) z-, (g) radial and (h) azimuthal SAM components in xy-plane (z = a/2 - 10nm),
and the corresponding (i) 1D contour at y = 0 and (j) spin texture (region: 2Ax21). One can find that the amplitude of z-component SAM is
much larger that of horizontal SAM components, and a cylindrical domain wall-like texture (skyrmion number Ngx = —1) is present. Here,

= 1x107m, which is corresponding to the angular frequency » = 1.88x10's. a is the thickness of metal and here we set @ = 0.24.

For the SPP modes in the air-metal-air multilayered structure, if the frequency is small enough (v << w,,
such as terahertz wave), there is 1 + &£"/gg = £"/go and thus the propagating constant =~ k*= ko is a pure real number
approximatively, as indicated by region I in Fig. 1(a). In the case, the decaying factor in the metal is enormous
because k' = \/m > [ and the EM field is only localized in the surface of conductor. Therefore, the
real part of the z-component of SOC term (ReHso): is much larger than the real part of the horizontal components
of SOC term (ReHso), (Fig. S10(a-b)). In addition, the imaginary parts of SOC term (ImHso) will affect the
horizontal SAMs by two mechanisms: 1. Rashba-like SOC leading to radial SAM by (ﬁ X Pq‘,“) - S, which is also
corresponding to the intrinsic spin-momentum locking of EM wave [60]; 2. Azimuthal SAM originating from the
z-component kinetic Abraham-Poynting momentum by (V, X PA) [58]. The configuration of photonic spin

topological defects is determined by the ratio of these two mechanisms. In the instance, the magnitude of z-



component kinetic Abraham-Poynting momentum is larger than that of azimuthal kinetic Abraham-Poynting
momentum, and thus the magnitude of azimuthal EM transverse spin is larger than that of radial EM transverse
spin. However, both two the horizontal SAMs are extremely small (Fig. S10(c-e)). Thus, it can be considered that
there is only the SOC in the z-direction, which results in the z-component SAM being prominent (Fig. S10(f-h)).
Particularly at a low frequency limit, and the spin topological textures of +1-order Bessel-type surface modes can

be considered as a combination of purely ‘up’ state and ‘down’ state universally (Figs. S10(i-j)).
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Fig. S11. SOC and spin texture of +1-order Bessel-type surface mode at visible frequency. In the metal layer, the (a) z- and (b) radial
components of real part of SOC term ReHso in xz-plane (y = 0). The (c) z-, (d) radial and (e) azimuthal components of imaginary part of SOC
term ImHso in xz-plane (y = 0). The (f) z-, (g) radial and (h) azimuthal spin components in xy-plane (z = a/2 - 10nm), and the corresponding
(i) 1D contour at y = 0 and (j) spin texture (region: 24x21). One can find that the spin vectors vary from “up’ state to ‘down’ state in a period,
and thus the skyrmion number Ngx = —1. However, since an azimuthal spin component exists, it is a manifestation of twisted-type skyrmion
texture. This twisted-type skyrmion can be also found in the hyperbolic Metamaterials [S4]. Here, A = 6.38x107m, which is corresponding to

the angular frequency @ = 2.95x10'/s. a is the thickness of metal and here we set a = 0.2

As the frequency increases (for example, in the near-infrared or visible spectrum), the propagating constant
is a complex number and Re(f5) > ko owing to the fact that Re(e"/e9) < Re(1+&"/eo) < 0, as indicated by region 11
in Fig. 1(a). In the case, the z-component wavenumber k' = \/m has a same order of magnitudes with
the propagating constant 5. Thus, the real and imaginary parts of the z-component SOC term are nonzero ((ReHso):
in Fig. S11(a) and (ImHso): in Fig. S11(c)) and lead to the z-component SAM (Fig. S11(f)). In addition, the SOC
in the z-direction (Fig. S11(d)) results in the radial SAM by (ﬁ X Pq‘,“) - S (Fig. S11(g)). On the other hand, owing
to the complex property of propagation constant or the lossy property of these EM modes, the kinetic Abraham-
Poynting momentum in the z-direction appears, and thus the azimuthal SAM component appears since S, &
(V, x PA) (Fig. S11(e)) and thus the spin textures can be considered as the twisted-type skyrmions (skyrmion
number Ngx = 1) (Fig. S11(i-k)). Noteworthily, owing to the intrinsic spin-momentum locking of EM field in

dispersive medium, the dispersion will cause that the spin-momentum locking is transformed from right hand rule



to left hand rule [28], and thus the signs of SAMs in Fig. S11(c)/Fig. S11(d) and Fig. S11(f)/Fig. S11(g) are
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Fig. S12. SOC and spin texture of +1-order Bessel-type surface mode at lossless limit. In the metal layer, the (a) z- and (b) radial components
of real part of SOC term ReHso in xz-plane (y = 0). The (c) z-, (d) radial and (e) azimuthal components of imaginary part of SOC term ImHgo
in xz-plane (y = 0). The (f) z-, (g) radial and (h) azimuthal spin components in xy-plane (z = a/2 —10nm), and the corresponding (i) 1D contour
at y =0 and (j) spin texture (region: 2Ax21). One can find that, in a period, the spin vectors vary from ‘up’ state to ‘down’ state, and thus the
skyrmion number Ngx = —1. The azimuthal spin component is zero in the case, which is a manifestation of Néel-type skyrmion texture. Here,

y=0, 4 =6.38x10"m, which is corresponding to the angular frequency w = 2.95x10'%/s. a is the thickness of metal and here we set a = 0.2/.

At the lossless limit, as shown in region III of Fig. 1(a), the helical density is zero and the gradient of helical
density is also zero (ReHso = 0) (Fig. S12(a-b)). However, the z component of the imaginary part of SOC term
(ImHso)- is nonzero (Fig. S12(c)). Thus, there is still the z-component SAM. On the other hand, there is only
azimuthal kinetic Abraham-Poynting momentum in the layer and thus the azimuthal component of imaginary SOC
term disappears (Fig. S12(d-e)). Therefore, the configuration of spin topological defect is translated from the
twisted type to Néel-type (Figs. S11(f-j)). From the intrinsic spin-momentum locking property of EM field in
dispersive medium [28], the spin-momentum locking is transformed from right hand rule to left hand rule, and
thus the signs of SAMs in Fig. S12(c)/Fig. S12(d) and Fig. S12(f)/Fig. S12(g) are opposite.

In the part I'V of Fig. 1(a), the propagating constant f is a pure imaginary number and the propagating mode
is forbidden. Thus, no spin topological defect exists in the situation.

As the frequency increases larger than the plasma frequency o > w,, the metal is transformed to dielectric
with relative permittivity smaller than 1. The slot-waveguide-like mode will be present in the layer and the
propagation constant is localized beyond the light cone comparing to that of SPP modes (within the light cone),
as shown in region V of Fig. 1(a). The propagation constant is purely real and equal to the wave number in the

medium layer approximatively. Therefore, the decaying factor in the z-direction is extremely small and one can



consider that the helical density is homogeneous in the layer along the z-direction, which causes that the z-
component of real part of SOC term is zero in the layer (ReHso). = 0. Thus, the z-component SAM is determined
by the imaginary part of the SOC term (ImHso).. In the case, the kinetic Abraham-Poynting momentum in the z-
component is nonzero, and the azimuthal SAM appears due to S, < (V,. X PA) (Fig. S13(e)). On the other hand,
the radial SAM is given by (ﬁ X P,,f) - S. Because the outer normal direction of upper interface is inverse to that
of the lower interface whereas the azimuthal kinetic Abraham-Poynting momenta are parallel in the upper and
lower interfaces, the radial SAM is cancelled out in the layer (Fig. S13(g)). This is a manifestation of Bloch-type
spin topological defect (Fig. S13(i-j)). Moreover, the Bloch-type configuration is stable through the layer, which
is one of key achievement of our manuscript. Noteworthily, since the relative permittivity of layer is larger than
0, the intrinsic spin-momentum locking satisfies the right hand rule in the layer, and the sign of SOC term in Fig.

S13(c)/Fig. S13(e) is consistent with that of SAM in Fig. S13(f)/Fig. S13(h).
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Fig. S13. SOC and spin defect of +1-order Bessel-type surface mode at frequency larger than the plasma frequency. In the layer, the (a) z- and
(b) radial components of real part of SOC term ReHso in xz-plane (y = 0). The (c) z-, (d) radial and (e) azimuthal components of imaginary
part of SOC term ImHjso in xz-plane (y = 0). The (f) z-, (g) radial and (h) azimuthal spin components in xy-plane (z = 0), and the corresponding
(i) 1D contour at y = 0 and (j) spin texture (region: 82x81). In the case, the slot-waveguide-like modes are present, and the symmetric TE and
TM modes with their propagating constants identical are excited. The radial SAM component is cancelled out due to the intrinsic spin-
momentum locking property of EM transverse spins in the upper and lower interfaces, which is a manifestation of Bloch-type topological
texture. In a period, the spin vectors vary from ‘up’ state to ‘down’ state, and thus the skyrmion number Nsx = —1. Here, 4 = 3.33x107m, which

is corresponding to the angular frequency w = 5.66x10'%s. a is the thickness of metal and here we set a = 0.24.

For the waveguide mode in Fig 2(a), the z-component and radial component of gradient helical density (Fig.
S14(a-b)) and the three components of vorticities of kinetic Abraham-Poynting momentum (Fig. S14(c-e)) appear
simultaneously (the z-component kinetic Abraham-Poynting momentum is nonzero). Thus, the radial and
azimuthal SAM components are existing simultaneously (Fig. S14(f-h)) in the layer for the +1-order Bessel-type

mode, which is a manifestation of twisted-type spin topological textures (Fig. S14(i-j)).
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Fig. S14. SOC and spin defect of +1-order Bessel-type surface mode at visible frequency. In the layer, the (a) z- and (b) radial components of
real part of SOC term ReHgo in xz-plane (v = 0). The (c) z-, (d) radial and (e) azimuthal components of imaginary part of SOC term ImHjso in
xz-plane (y = 0). The (f) z-, (g) radial and (h) azimuthal spin components in xy-plane (z = a/2 —10nm), and the corresponding (i) 1D contour
at y = 0 and (j) spin texture (region: Ax4). In a period, the twisted-type spin textures vary from ‘up’ state to ‘down’ state. Thus, the skyrmion
number is =1 (Nsx = —1). Here, 2 = 9.90x107m, which is corresponding to the angular frequency w = 1.90x10's. a is the thickness of metal

and here we set a = 0.34.
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Fig. S15. Spin defect of hybrid modes containing the symmetric and antisymmetric +1-order Bessel-type guided wave modes at visible

frequency. The (a) z-, (b) radial and (c) azimuthal SAM components in xz-plane (y = 0). In the layer, the (d) z-, (¢) radial and (f) azimuthal



spin components in xy-plane (z = a/2 —10nm), and the corresponding (g) 1D contour at y = 0 and (h) spin texture (region: 1.24x1.22). It can
be observed that the skyrmion numbers are unequal to +1 (Ngx # +1) owing to the mismatch of propagating constants between the symmetric
and antisymmetric guided modes, which indicates a topological phase transition. Here, A = 9.90x107m, which is corresponding to the angular

frequency w = 1.90x10'%/s. a is the thickness of metal and here we set a = 0.3/.

In addition, it can be noticed that there will be the symmetric and antisymmetric modes existing for the EM
modes within the light cone. When the modes are beyond the light cone (vpn > ¢), only the symmetric modes exist
in the structure. More importantly, the propagating constants of symmetric electric and magnetic modes are
identical, and hence the topological geometry of the photonic topological textures constructed by these symmetric
electric and magnetic EM modes are maintained from the modes’ coupling. Whereas if the modes are localized
within the light cone (vpn < ¢), the propagating constants of symmetric and antisymmetric modes are different. In
this instance, one cannot find a connected boundary to define the topological geometry of this spin texture
constructed by the symmetric and antisymmetric EM modes simultaneously (Fig. S15). Therefore, we can
conclude that the coupling between these symmetric and antisymmetric modes will result in a photonic analogy

of topological phase transition for the spin texture.

VI. EM topological defects in C4 and C6 rotating symmetry
Here, we first give the details of derivations of field distributions for the photonic meron and skyrmion lattices in
C4 and C6 rotating symmetries, respectively.

The normal electric field component E. = 4/¢ ¢ should fulfill the Helmholtz equation

ViE(xp.2)+ BPE(x,,2) =0, (S79)
where the trial solution can be expressed as
£(xp.2)= X(¥)Y (y)e™ . (S80)

Here, the +k.z indicates the field decay to the negative infinity (below the interface) while —k.z indicates the field
decay to the positive infinity (above the interface). By substituting equation (S80) into equation (S79), it can be

obtained that

2 2
LI SR Sy Y (S81)
X ox~ Yoy
which can be separated into
2
% 66 )2( +uf’ =0
N (S82)
10Y )
——+vB =0
Y oy
with u + v = 1. The nontrivial solution of expression (S79) is
Asin(\/;ﬂx) sin(\/;ﬂy)Jchos(x/;ﬂx) cos (x/;ﬁy)
&(xp,2)= e (S83)

+Csin(\/;ﬂx)cos(\/;ﬂy) + Dcos(x/;ﬂx)sin(\/;ﬂy)



If we set

L = jﬁ” =24, n=integer
) up (S84)
mr
L = =24 ~m=integer
) \/; ﬂ P
with Ag= 2n/p, one can get
2 2 2 2 1
prv=|BE| LB i) M =—[n*+m*]=1, (S85)
Lp) \p) ") L )| 4
and then one can obtain that two groups of solutions
n=0 m=%2 and n=22 m=0. (S86)
Therefore, the nontrivial solution in expression (S83) is converted into
&(x,y,z) ={Acos(Bx)+ Beos(By)+Csin(+£px)+ Dsin(+By)} e
(S87)

={A'cos(fx)+ B'cos(By)+C'sin( Bx)+ D'sin(By)} e
The parameters in expression (S87) can be calculated further with rotating symmetry with rotating matrix R_(¢).
The rotating symmetry operator can be expressed as
R.(p){E.[R.(~p)F]2}=€" {E.(F)2}. (S88)
Note here that there is always R_(@){E.2} = E.Z for the normal electric field component.

For the C4 rotational symmetry, the calculated z-component electric field components are given in Table. S4.

Table. S4. Calculated z-component electric field component for the meron lattices

1=0 B =g = fcos () +cos(py)} e
=1 E, =%§=%{sin(ﬂy)+isin(ﬁx)}eik:z
=2 £ = 2 oo ) cos ()}
1=3 E, :%5:%{sin(ﬂy)—isin(ﬂx)}e“zz

As the /=0 or /=2, the spin-orbit coupling is absence in the cases, the electric field distributions can be
regarded as the field meron lattices [26]. While for /=1 and /=3, the spin vectors can be regarded as the spin meron
lattices [26]. Here, we only consider / = 1, where the skyrmion number of spin meron lattices is £1/2.

For the C6 rotational symmetry, the calculated z-component electric field components are given in Table. S5.
As the /=0 and /=3, the spin-orbit coupling is absence, the electric field distributions can be regarded as the field
skyrmion lattices [18,20]. While for /=1, /=2, [=4 and /=5, the spin vectors can be regarded as the spin skyrmion

lattices [26]. Here, we only consider /=0, where the skyrmion number of field skyrmion lattices is 1.



Table. S5. Calculated z-component electric field component for the skyrmion lattices

IERE YRR TPOE PR AT B
=1 ‘5——{—511{ ﬁchos[ ﬂy]JrZZCos( ﬁx}sin(?ﬂy]+%sin(ﬂx)}eikZ
1=2 Ezz% %{ 2zs1n( ,ijsm( ﬂyJ 5° G'ijcos(gﬂy}r%cos( ﬁx)}eucﬂ
-3 E =§é=%{sﬂn(/ﬁ)—sir{;ﬂx+§ﬂy}—sin(§ﬁx—§ﬂy)}eﬂ

-4 Ezzéﬁz%{%sm[ ﬁxjsm(\/j,b’y]—%cos[%ﬂxjcos(?ﬂy}+%cos(ﬂx)}gkz
T Y Z%{%m@ ﬂxjco{g ﬁy]_m{; ﬂxjsm(g ,;y}%sm( ,;x)}e+kz
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