[bookmark: _Hlk112358523]Supplementary material: Direct spatiotemporal manipulation mechanism to generate spatiotemporally coupled ultrafast light fields

[bookmark: _Hlk132209304]Part I: Principle of the log-polar-to-Cartesian transformation
The log-polar-to-Cartesian transformation includes an optical lens, a geometric transformation element (GTE) and the phase compensation element (PCE). GTE and PCE are set at the front and rear focal planes of the lens, respectively. The phase functions are designed as 

                   (S1a)
for GTE, and

         (S1b)
for PCE. Here, 0 and c stand for the central angular frequency and speed of light in air. a and b are the beam sizes, while (x, y) and (u, v) stand for the spatial coordinates at the front and rear focal planes of the lens with the relations: u=b‧exp(−x/a)‧cos(y/a) and v=b‧exp(−x/a)‧sin(y/a). It is a conformal transformation [1], so, if exchanging the positions of the GTE with the PCE, it can work for the inverse transformation, Cartesian -to-log-polar-transformation, which was ever be used to sort vortex beams [2]. 
[bookmark: _Hlk127383361]Suppose that the incident pulse with a tilted pulse-front is

       (S2)
where rx and ry correspond to the spot sizes of the incident pulse along x and y directions (assuming ry>rx), and y is the y-dependent time-delay with a proportional coefficient of . After passing through the GTE and the optical lens, the light field at the focal plane EFP(u, v, t) becomes

             (S3a)
with

                 (S3b)
[bookmark: _Hlk113716663]where f is the focal length of the used lens. Correspondingly, the partial derivatives of the phase (x, y) to x and y are expressed by

               (S4a)

               (S4b)
[bookmark: _Hlk113743979]respectively. Here, Eqs (S4a) and (S4b) illustrate that (x, y) gets the saddle points when x=a/2‧ln[(u2+v2)/b2] and y=a‧arctan(u/v). Under the stationary phase approximation [1], Eq (S3a) can be approximated as

         (S5)
with

               (S6)
Here, u=b‧exp(−x/a)‧cos(y/a) and v=b‧exp(−x/a)‧sin(y/a)). Accordingly,

                 (S7)
From Eq. (S7), Eq. (S6) is simplified as  =i. In (u, v) coordinate system, Eq. (S5) becomes

          (S8)
with

       (S9a)

                 (S9b)

          (S9c)
Eq. (S8), Eq. (S9a) and (S9b) show the phase-modulation from GTE brings EFP(u, v, t) the spatiotemporally coupled (STC) intensity distribution with spiral structure. However, in Eq. (S9c), the nonlinear phase term (u, v) presents the spiral phase distortion of the light field. To eliminate the distortion, a PCE is designed to possess the conjugate phase with the distorted phase and set in the rear focal plane of the lens for the phase compensation. In addition, in Eq. (S2), the exponential term exp(−iω0y) shows the output light field has a linear phase ω0y, which results in an offset cf in v direction of (u, v) plane as shown in Eq. (S8). The offset stemming from the tilted pulse-front of the light field, can be easily controlled by shifting the position of the subsequent PCE. Accordingly, after the compensations of the nonlinear phase and the v-direction offset, the output light pulse becomes

            (S10)
Correspondingly, in spectral domain it shall be

             (S11)
with

         (S12)
Eq. (S12) means that the compensated light field has linearly dependent spectral TC, or a spectral TC bandwidth l proportional to the spectral bandwidth . If the PCE is changed along v direction by dv, the corresponding spatial phase variation shall be

           (S13)
[bookmark: _Hlk132315244]Eq. (S13) means the output single-coil LS carries the vortex phase in time domain with a central TC of l0=−0a⸳dv/(cf), which can be tuned continuously by adjusting the displacement dv of the PCE. As shown in Eq. (S12), the TC bandwidth l is independent of the PCE position, so the adjustment of the central TC does nothing with l, which means this design allows its central TC and TC bandwidth to be tuned separately. 
 [image: ]
[bookmark: _Hlk110270134][bookmark: _Hlk110327155][bookmark: _Hlk110327228]Fig. S1 The phase modulations of GTE (a) and PCE (b): the first column (gray images) for the simulated phase functions, while the second and third columns for the simulated intensity profiles (green images), and the fourth and fifth columns (red images) for the measured intensity profiles of the laser pulse at different propagation distances from GTE or PCE.
Part II: Experimental Designs 
[image: ]
Fig. S2 Setup to detect the spatial-temporal intensity distribution of the generated single-coil LS. SLSG: generating device of the single-coil LS; BS1-2: unpolarized beam splitters; DL: time-delay line; M1-2: reflectors; L1-3: lenses; β-BBO: type-II β-BaB2O4 crystal; BF: bandpass filter; CCD: CCD camera. 
Figure S2 and Figure S3 are the setups to measure the spatial-temporal intensity distribution and the spectrum-dependent TC characteristics of the single-coil LS, respectively. The measurements have been taken by pump-probe method. Fig. S2 detects the sum-frequency signals between the target light field and the probe pulse at different relative time-delays with a 0.5 mm-thick type-II β-BaB2O4 (β-BBO) crystal for sum frequency generation. Here, Lens L1 (f =100 mm) is used to reduce the spot size of the target light field by a factor of 3.7, and to image the PCE into the β-BBO. The resultant sum-frequency signal at the β-BBO is finally imaged into a CCD camera (BASLER, acA 1600-20gm, 16261236) by lens L3 (f=100mm) with 1 magnification.
[image: ]
Fig. S3 Setup to detect the spectral TC value of the generated single-coil LS. SLSG: generator of the single-coil LS; BS1-3: unpolarized beam splitters; DL: time-delay line; M1-2: mirrors; L1-5: lenses; G1-2: volume holographic gratings; Slit: adjustable Slit; SP: spectrometer; CCD: CCD camera. 
In Fig. S3, the target pulse is imaged onto the grating G1 by the 4-f imaging system composed of L1 and L2 with an identical focal length of 125 mm, where a half waveplate (HW) is used to adjust the polarization direction of the target. A probe pulse, part of the output pulse of the femtosecond fiber laser, has been synchronously combined with the target into G1. Here, Apart from G1, lens L3, the adjustable slit (Slit), lens L4 and grating G2 form together a zero-dispersion pulse shaper. As a result, both the probe and the target are dispersed by G1, so their different spectral components can be picked out by adjusting the position of the Slit with a width of 300 m. After the pulse shaper, a lens L5 (f=100mm) is used to image G2 onto a CCD camera and the entrant slit of a spectrometer SP. The former records the interference images between the target and the probe, while SP captures the target spectra. Based on the interference patterns with different spectral components, we can obtain the TC distribution of the target pulse in the spectral domain. 
Part III: Supplementary Experimental Results
Figs. S4~S6 present the measurements of the spectral TC values with different central TCs selected by l0=2, 0 or 3, respectively. The measurements have taken by recording the interference patterns of the single-coil LS and the probe beams at different narrowband spectra, which are obtained by a slit of Fig S3. When moving the slit, the central wavelengths of the narrowband spectra change from 1023nm to 1039nm. Figs. S4(m), S5(m) and S6(m) correspond l0=2, 0 and 3, where the average bandwidths of the narrowband spectra are 1.30nm, 1.28nm and 1.24nm, and the average intervals between adjacent narrowband spectra are 1.48nm, 1.42nm and1.46nm, separately. Figs. S4(a-l)~S6(a-l) present the measured interference patterns, from which, the spectral TC values of the single-coil LSs are extracted from 7 to 4 for l0=2, from 5 to 6 for l0=0, and from 2 to 9 for l0=3, respectively.  
[image: ]
[bookmark: _Hlk114235597]Fig. S4 The single-coil LS interference patterns with a central TC value l0=2 (a-l) and the probe pulse at different narrowband spectra (m). 
[image: ]
Fig. S5 The single-coil LS interference patterns with a central TC value l0=0 (a-l) and the probe pulses at different narrowband spectra (m).
[image: ]
Fig. S6 The single-coil LS interference patterns with a central TC value l0=3 (a-l) and the probe pulses at different narrowband spectra (m).
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