Interpretable joint clustering of single-cell transcriptomes
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Supplementary Note 1: Consensus PCA

As a preprocessing step for the JOINTLY model, we developed a common PCA, that allows flexibility
toward dataset-specific variation. For normalized and standardized gene expression values for highly
variable genes, we calculate the variance-covariance matrix for each dataset:
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For each dataset, d, calculate the variance-covariance (Vg4) by matrix multiplication of the normalized
and standardized gene expression values (Xq4) and adjusting for the number cells (ng) — 1. This matrix
captures the variance of each feature along the diagonal and the covariance between each pair of features
off the diagonal. Next, we calculate the within-group variance-covariance matrix (V) by summing the
variance-covariance matrices for each dataset (V4) multiplied by the number of cells in each dataset (nq)
and divided by the total number of cells across all datasets:
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The within-group variance-covariance matrix is the decomposed into a reduced dimensional space using

randomized singular value decomposition*. By matrix multiplication between the left singular vectors

(U) and the transposed normalized and standardized gene expression values for each dataset, we calcu-

late a reduced dimensional space for cells.

For each dataset, we calculate the proportion of variance explained in the reduced dimensional space,
and for datasets with less than 80% of variance explained, we calculate additional singular vectors.
First, we calculate the residual matrix between the variance-covariance matrix (V) and the reduced
dimensional space using the left singular vectors (U)
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The residual matrices (Rg) are subject to randomized SVD as described above and dataset-specific left
singular vectors are concatenated to the U matrix, such that U describes at least 80% variance in each
dataset. Finally, the consensus PCA space is calculated by matrix multiplication between U and the
normalized and standardized gene expression values.

Supplementary Note 2: The JOINTLY algorithm
Graph regularized kernel non-negative matrix factorization

We have implemented graph regularized kernel non-negative matrix factorization (NMF) from
KOGNMF', Briefly, let X = (x4, x5, ... x,) € R™™ as a data matrix of non-negative elements. Reg-
ular NMF factorizes X into two low-rank non-negative matrices:

X ~=VH

where H is the clustering matrix defined as HT = (hy, hy, ... hy,) € R™¥, V is the basis matrix defined
as V = (vq, vy, ..v;) € R™¥ and k is the factorization rank, which is generally much smaller than
the smallest dimension of X. This problem can be solved using gradient descent to minimize the re-
construction error under non-negative constraints®.

To obtain a non-linear factorization, a non-linear transformation of X to a higher or infinite D dimen-
sional space, such that @(X) = (@ (x1), D(x3), ... ®(x,)) € RP*" is introduced. This can also factor-
ize this non-linear space into two low-rank matrices:

®(X) ~ WH
To solve this problem, the following loss function can be defined:

argrwr}’ifrll = ||<;D(X) — WH||

However, this problem cannot directly be minimized since @ (X) potentially has infinite dimensions'’.
This issue can be circumvented by using the kernel trick by defining that W is a linear combination of
the features in the non-linear transformed space @ (X). The linear combinations are defined by a new
matrix called F, such that:

W =@(X)F
Substitution of this into the loss function obtains:
argmin = lloX) — @(X)FH||
Now, let K € R™" be a kernel matrix such that K = @7 (X)®(X). This can be exploited to derive
multiplicative updating rules for updating H and F without factorizing @(X) with weights o and p:

aFTK + 2uH
aFTKFH + 2uHHTH

H«HQ®

KHT
KFHHT

F«FQ®

To add graph regularization, such that the factorization also reconstructs the geometric structure of the
data in the non-linear feature space, the following loss function is introduced:

argmin = a|ll®(X) — @(X)FH|| + ATr(HLHT)



where L is the Laplacian matrix defined as L = D — A where D is the degree matrix and A is the adja-
cency matrix of the graph resulting in the following update rules:

aFTK + 2uH + AHA
aFTKFH + 2uHHTH + AHD
HT
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Extending KOGNMF for joint clustering of single-cell RNA-sequence datasets

In the case of single-cell RNA-sequence datasets, this loss function optimizes two low-rank matrices
per dataset; the clustering matrix, H (factor by cell) and the basis matrix in kernel space, F (cell by
factor). The required inputs are kernel matrix, K (cell by cell), which we calculate based on an adap-
tive heat-based kernel in consensus PCA space (see Methods and Supplementary Note 1), as well as
an adjacency and a degree matrix (cell by cell) both of which are calculated from a shared nearest
neighbourhood graph built on consensus PCA.

The graph-regularized kernel NMF can factorize a single dataset considering non-linear similarities
between data points. In the case of joint clustering of single-cell RNA-sequencing datasets, we have
multiple datasets, and there are no guarantees that the same features would contribute to the same fac-
tors if the datasets were factorized independently. To solve this and learn a clustering matrix, H,
where the factors are explained by similar factors across datasets, JOINTLY introduces a feature ma-
trix Vy = (vq, Uy, ... V) € R™¥ per dataset, d. This matrix is factorized with the clustering matrix, H,
resembling regular NMF and reconstructing the original data matrix as X; = VyHy. To use this for
minimizing the difference between factors across datasets, JOINTLY introduce a loss based on the
difference between the reconstructed gene expression space using the V matrix for the target dataset
and all other datasets, minimizing the difference in reconstruction between V matrices:
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For each dataset, this gives us the following update rules for H and F with weights a, p, A and f:
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After updating H and F for all datasets, we update V for each dataset using the new H and least
squares setting negative values to 0:

Va = (XoX5) ' XTH,





