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Note A Single-pulse four wave-mixing14

The interaction between Ultrafast broadband lasers with a nonlinear medi-15

ator enables the generation of various intrapulse wave-mixing processes, as16

illustrated in Fig. A1. The four-wave mixing (FWM) signal refers to the non-17

linear signal arising from three frequency components which sum generates a18

forth frequency component within, but also in the outskirts of the generat-19

ing pulse bandwidth. To obtain a background-free signal we usually truncate20

the high-frequency portion of the broadband pulse and detect the so-called21

’Anti-Stokes’ FWM signal that forms near the pulse edge. Such a third-order22

nonlinear signal is advantageous over other nonlinear spectroscopic techniques23

for not being limited by symmetry constraints, by improved spatial scanning24

resolution, and by a relatively simple experimental setup. FWM has mainly25

been utilized for single pulse coherent anti-Stokes Raman scattering (CARS)26

[1, 2], nonlinear coherent spectroscopy for label-free detection [3] as well as27

other applications [4].28

1



Springer Nature 2021 LATEX template

2 Supplementary Information

Fig. A1 Single-pulse ultrafast nonlinear wave-mixing processes. (a) Right: our
ultrabroad-band laser distribution in the frequency domain (690− 1030nm). Left: The non-
linear Anti-Stokes near-degenerate four-wave mixing (FWM) spectrum (600−690nm). (b-c)
Schematic illustration of two selected wave-mixing process of superimposed photons from
our ultra-broadband pulse (the arrows are colored in correspondence with the laser spectrum
from (a)). (b) Sum frequency generation (SFG). (c) Anti-Stokes near-degenerate FWM.

Note B Single-pulse resonant Sum Frequency29

Generation (SFG)30

Similar to section A, the SFG signal is generated by the sum of all possi-31

ble photon pairs whithin the pulse bandwidth (see Fig.A1.b). As opposed32

to some controversial reports regarding strong enhancement for two-photon33

excitation of exciton resonances in TMDs [5, 6], In this case, we measure a34

single-photon resonant SFG process. The SFG measurements were obtained35

using our sub-10fs laser pulse polarized along the armchair crystallographic36

axis. The nonlinear response was collected using a shortpass filter and mea-37

sured in our spectrometer. The SFG cumulative intensity as a function of the38

arctangent phase can be seen in Fig.B2.39

Note C Photoluminescence Measurements40

To verify we are measuring a monolayer WSe2, we measured its Photolumines-41

cence spectrum. The measurements were obtained using a 532nm CW diode42

laser.43
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Fig. B2 Sum frequency generation (SFG) induced by different spectral phases,
resonant Vs. nonresonant process. Pulse is set with an arctangent phase centered
around the 1s exciton resonance, ωX1s , and varying width Γ. We plot our experimental
results (gray line) against a nonresonant SFG prediction (blue dashed line), and a resonant
anharmonic oscillator (orange dashed line) which includes a quadratic displacement term.

Note D Frequency dependent 3’rd order44

nonlinearity45

D.1 Damped Duffing Oscillator46

The equation of motion of the damped Duffing oscillator ẍ + 2γ0ẋ + ω2
0x =47

− eE(t)
m − αx3, was perturbatively solved by inserting a small perturbation to48

the general displacement x(t) = x0(t)+δx(t). Assuming x0(t) solves the linear49

equation of motion, we can write the solution as:50

x0(t) =

∫
e

m

|Ẽ(ω)|
|D(ω)|

eϕE(ω)−ϕD(ω)−iωtdω (D1)

The equation of motion of the perturbative term δx(t) then takes the51

approximate form of:52

δẍ(t) + 2γ0δẋ(t) + ω2
0δx(t) ≈ −αx3

0(t) (D2)

From Eq. D2, a simple Fourier Transform will yield the result of Eq. 153

from the main text. We note that among other small terms O(δx2), Eq. D254

neglects the shift in resonance due to excitation. We justify this, as we have55

not experimentally observed any significant shift in the resonant frequency56
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Fig. C3 Photoluminescence spectrum of a monolayer WSe2 on 90nm SiO2 on Si
substrate. The measurement was obtained using a CW diode laser with wavelength 532nm.

within the relevant range of error, and numerically, no significant difference in57

the resulting FWM while solving the full differential equation of motion.58

D.2 Two Level System (TLS)59

The TLS was modeled using the von Neumann equation [7]:

˙̂ρ =
i

ℏ
[ρ̂, Ĥ]− γ

(
0 ρ01
ρ10 0

)
(D3)

where ρ is the TLS density matrix, γ is the dephasing time associated with60

T2, and Ĥ is the Hamiltonian. We note that T1 terms can be ignored, as in61

room temperature T1 for excitons in WSe2 is much larger than the dephasing62

time and the pulse temporal width [8–11]. The Hamiltonian of a TLS can be63

written as:64

Ĥ =

(
0 −ea0E(t)

−ea0E(t) ℏω0

)
(D4)

where ℏω0 is the energy of the excited state, e is the electron’s charge, E(t) is65

the applied electrical field and a0 is the exciton’s radius.66

Taking the Fourier Transform of Eq. D3, we can then compute the off-67

orthogonal component ρ01, which is proportional to the induced dipole moment68

and hence to the scattering [7, 12, 13]. While the first order gives a solution69

similar to the harmonic oscillator, the second order yields:70
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δP̃ (ω) ∝ δρ̃01(ω) + δρ̃10(ω) ∝
Ẽ(ω) ∗ (( 1

ω (Ẽ(ω) ∗ ( Ẽ(ω)(ω+iγ)
ω2−ω2

0−2iωγ
))

ω2 − ω2
0 − 2iωγ

(D5)

As can be seen, while proportional to E3, the weights on the electric field are71

completely different than the ones in the AHO model (Eq. 1 from the main72

text).73
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