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Supplementary Methods

We used the dynamical matrix approach?® to describe the linear response of our simplified
mechanical systems. A d-dimensional frame consisting of N point masses connected by N,
springs is fully described by the compatibility matrix C, relating the Nd-dimensional vector of

sites displacements u to the N.-dimensional vector of bond elongations e:

C-u=e (1)

The normal modes of the system are the eigenvalues of the dynamical matrix D, which is given
by:

D=C"kC, (2)

where k is the N, x N, diagonal matrix of spring constants. C* denotes the conjugate

transpose matrix of C. Bond elongations are obtained using, e, = é,, - (u,- — ui), where &, is

the unit vector pointing from site i to j in the undistorted lattice.



Supplementary Schema 1: aSSH model showing the elongation vectors e,, for the unit cell
(dashed rectangle) characterized by the unit cell vector a vector for the aSSH model. The

substrates mases S are fixed.

For the aSSH case:
e =& (u; —uy)
e; =& (u; —u (r + a))
ez =é;uy
ey =6,"u,

In this way we can construct the connectivity matrix:

ey é1x —é1x €1y —C1y Uix
ik-a 5 ik-ay 5
22 =| € €2x €2x e €2y —E€2y sz (3)
e3 0 0 1 0 uly
4 0 0 0 1 2y

where a is the unit vector. In terms of the angles of Scheme 1 our connectivity matrix reads:

cos 6 —cosfO sin @ —sin @
_ | —e*cosa  cosa e*%inag —sina
C= 0 0 1 0 (4)
0 0 0 1
Which allow us to construct, the dynamical matrix after equation 2:
D
cos® —ekacosqg 0 O\ /kx O 0 O cos 6 —cosf  sinf —sinf
—cos @ cosa 0 0[O0 ko, 0 O —etktcosa  cosa  e*%inag —sina
sind e *asing 1 0 0 0 k3 O 0 0 1 0
—siné —sina 0 1 0 0 0 Ky 0 0 0 1

D = 5
assH =\ Dy Dy Dyy Day| )

And the components:



Dy; = Dy, = Kkq c0s% 0 + Kk, cos? a
Dy, = —Kq c0s? 0 — ke 2 cos? o

D13 = Dyy = D31 = D4y = K1 Sin 0 cos 8 — k, sina cos a

—ik-a

D14 = D35, = —k4sin 0 cos 8 + kye sina cos a
Dy; = —k; cos? 0 — kye*? cos? a
Dy3 = Dy = —k4 sin B cos 0 + k,e* % sin a cos a

D33 = Kkq €052 0 + Kk cos? a + k3
D34 = —k; sin? 0 — ke~ *%sin?
D43 = —k; sin? 0 — k,e*®sin? o
D4y = k1 €052 0 + K, cOS? a + Ky

Equation 5 can be can also written as a Hermitian matrix:

D11 Dy D1z Dia

Di; Diq Diy D3
D = 6
assH Diz Dis Dq1+ k3 D3y )

Diy Dis D3y Dig + Ky

Similarly, for the daSSH model, the connectivity matrix is given by:

cos 7] —cosf _ sin @ —singd 0 O
—etktcosag  cosa  e®%inag —sina 0 0
1 — etka 0 0 0 0 0
C= . 7
0 1 — eika 0 0 0 0 (7)
0 0 0 0 1 0
0 0 0 0 0 1

And the dynamical Hermitian matrix:

Diy D1z Diz Diy O

Di; D1y Diy Diz 0

D _| D1z Dia D33 D3y O
aaSSH=\ DYy Di3 D3 Dz O
0 0 0 0 ke

0 0 0 0 0 i

where the components are:

(8)

S O O o o

Di1 = Dyy = Kk €0S? B + K, cos? & + K3 (1 — e~ @) (1 — eika)
Dy, = —Kq c0s? 0 — ke H*cos? o
D13 = k1 sin 0 cos 8 — k, sina cos a
Dis = —k; sinB cos 6 + ke *%sina cos a
D33 = Ky Sin? 6 + K, sin® a

D34 = —k; sin? 0 — ke~ *%sin?



Supplementary Figures
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Supplementary Figure 1. Geometric phase for the trivial and topological pSSH model of
Extended Data Fig. 1
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Supplementary Figure 2. 1D phonon Su-Schrieffer-Heeger (pSSH) model, consisting on 52
mass chain of alternating spring constants k; and k,. For the topological (trivial) case k; =
3000kJ/mol-nm (1000kJ/mol-nm) and x, = 1000kJ/mol-nm (3000kJ/mol-nm). For the heavy
boundary case the first and last mass are equal to 100au and the rest are 1au. For the infinite
case all the masses are equal to 1au.
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Supplementary Figure 3. aSSH model at equilibrium for a finite angle 6=15° between the
masses and the substrate.
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Supplementary Figure 4. Trivial case of aSSH model (Figure 2 of main text). The system
consists of 52 mass chain of alternating spring constants k; and k. For the topological (trivial)
case k; = 3000kJ/mol-nm (1000kJ/mol-nm) and k, = 1000kJ/mol-nm (3000kJ/mol-nm), while



K3 = 1000kJ/mol-nm for all masses. For the heavy boundary case, the first and last masses
are equal to 100au and the rest are 1au. For the infinite case, all the masses are equal to 1au.
The substrate is harmonically restricted in 3D by a x3p = 10° kJ/mol:-nm in all three
dimensions. The masses are restricted to move in a plane with a harmonic restriction of x,, =
10° kJ/mol-nm.
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Supplementary Figure 5. Trivial case of daSSH model (Figure 4 of main text). The dynamical
band structure on the left is generated using the parameters k; = 1, k, = 3, k3 =3 and k, =
ks = 0.5, 86 = a = 60° and m, = 1. The MD band structure of the heavy boundary case for a
system of 52 masses is showed on the right. Bond parameters: x; = 1000kJ/mol-nm
(3000kJ/mol-nm in Figure 4) and k, = 3000kJ/mol-nm (1000kJ/mol-nm in Figure 4), k3 =
3000kJ/mol-nm, and ks = kg = 500kd/mol-nm. The first and last masses are equal to 100au

and the rest are 1au.
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Supplementary Figure 6. Equivalent-spring constants from the realization of the daSSH
model. From the dissociation energy plot, the interaction energies were calculated and
equivalent springs constants determined. AE; = 14.73 kd/mol, AE, = 10.99 kd/mol, AE; =
6.04 kJ/mol, AE, = 8.33 kd/mol. The atomistic top view in the inset starts with strong spring.

The CHARMM potential energy was calculated every 0.1A following the minimization
algorithm L-BFGS.
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Supplementary Figure 7. Trivial case for the Figure 4 of the main text. In both cases, the

molecular chain starts with a weak spring. We identified a boundary mode in both free
boundary and heavy boundary.
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Supplementary Figure 8. Trivial case for the Figure 5 of the main text. Here the heavy

boundary is next to a weak spring in alternating rows of the ribbon. We identified a gap in the
region of interest.



