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Section 1: Reparameterization formalism  

We consider a super-pixel with wavelength-scale dimensions 𝐿𝑥 and 𝐿𝑦, which is divided into 𝑁 

subcells along x-axis direction. Within the mth subcell there is an elliptically-shaped nanopost 

element with a defined length (𝑎𝑚), width (𝑏𝑚) and position (∆𝑥𝑚 , ∆𝑦𝑚) (Fig. S1).  

 

Fig. S1| Schematic of a freeform metasurface device. Schematic of a super-pixel with 

wavelength-scale dimensions 𝐿𝑥 and 𝐿𝑦. The super-pixel is divided into multiple subcells along x-

axis direction. Each subcell consists of a nonrotated elliptical nanopost described by a defined 

length (𝑎𝑚), width (𝑏𝑚) and position (∆𝑥𝑚, ∆𝑦𝑚) 

 

We apply user-defined minimum feature size (𝑀𝐹𝑆) to ensure that the dimensions of 

ellipses align with the fabrication capabilities. The geometric parameters of the elliptically-shaped 

nanoposts are represented by unconstrained and continuous latent variables, which are described 

by a 1 × (𝑁 − 1) vector, using differentiable analytical functions. The width of each subcell 𝑤𝑚 

satisfy the following constraints: 
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∑ 𝑤𝑚

𝑚=𝑁

𝑚=1

= 𝐿𝑥 

𝑤𝑚 ≥ 𝑤𝑚𝑖𝑛                                                                (1) 

𝑤𝑚𝑖𝑛  defines the minimum subcell dimension with values greater than 2𝑀𝐹𝑆. The following 

expressions describe the width of each subcell based on the formalism1,2 

𝑠𝑖 =
𝑒𝑢𝑖

𝑒𝑢𝑖 + 1
, 𝑠𝑁 = 1, 𝑖 = 1, … , 𝑁 − 1 

𝑡1 = 𝑠1 
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2

𝑖−1

𝑗=1

, 𝑖 = 2, … , 𝑁 

𝑤𝑚 =
𝑡𝑚

∑ 𝑗𝑁
𝑗=1

(𝐿𝑥 − 𝑁𝑤𝑚𝑖𝑛) + 𝑤𝑚𝑖𝑛 , 𝑚 = 1, … , 𝑁                               (2) 

The latent variables within each subcell are described by a two-dimensional tensor (𝑣𝑚𝑥, 𝑣𝑚𝑦), 

where 𝑣𝑚𝑥 and 𝑣𝑚𝑦  represent the variables that parametrizes the width and length of the mth 

subcell, respectively. For each subcell, the analytical transformation is obtained to transform the 

latent variables to the ellipse dimensions: 

𝑎𝑚 = [(𝑤𝑚 − 𝑀𝐹𝑆/2) −
𝑀𝐹𝑆

2
]
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2
]
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𝑒𝑣𝑚𝑦+1
+ 𝑀𝐹𝑆/2                                    (3) 

The normalized permittivity profile within the mth subcell can be defined 

𝜀𝑚(𝑥𝑚, 𝑦𝑚 , 𝑎𝑚 , 𝑏𝑚 , 𝑇1) = exp (−(
𝑥𝑚

2
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2

+
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2

𝑏𝑚
2

)
1

𝑇1
⁄ ) 

𝑥 ∈ [−𝑤𝑚/2, 𝑤𝑚/2], 𝑦 ∈ [−𝐿𝑦/2, 𝐿𝑦/2]                                           (4) 



where 𝑥𝑚 , 𝑦𝑚  define the center of ellipse in the mth subcell. 𝑇1  is a hyperparameter used 

in adiabatic toggling to transform permittivity distribution from grayscale to binary values. During 

each optimization, 𝑇1 is dynamically adjusted from high to low values. At the beginning, a higher 

value of 𝑇1 allows for larger modifications to the device layout. As the optimization advances, 𝑇1 

is reduced to ensure a more accurate representation of the binary physical device. The gradients of 

Figure of Merit (FOM) with respect to permittivity distribution are calculated with the adjoint 

variables method3. The use of backpropagation via the chain rule gives the gradients of the FOM 

with respect to the latent variables. 

Section 2: Reparameterized adjoint variables method compared to conventional approach 

To benchmark the performance between our reparameterized adjoint variables method and 

conventional approach, we design a wavelength-scale super-pixel that can deflect light into -50° 

angle at the wavelength of 900 nm. The super-pixel is 3λ-wide with minimum feature and gap 

sizes of 100 nm. Fig. S3a shows the top view of a super-pixel designed using reparameterized 

adjoint variables method. The polar plot of farfield scattering (Fig. S3b) demonstrates strong 

scattering in the desired direction with 78% efficiency. As a control example, we design a super-

pixel with the same defection angle using conventional phase arrays (Fig. S3c). The polar plot of 

farfield scattering (Fig. S3d) reveals reduced efficiency (50%) and significant undesired scattering.  



 

Fig. S3| (a) Top view of a super-pixel designed using reparameterized adjoint variables method. 

The super-pixel is designed to deflect light at -50° angle with 78% efficiency. (b) Polar plot of 

farfield scattering. (c-d) The same deflector designed based on conventional phase arrays, showing 

significant undesired scattering and reduced efficiency (50%). 

 

Section 3: High-NA wavelength multiplexing metalens 

 

Fig. S3| (a) A schematic of a wavelength multiplexed metalens designed to focus light at extremely 

large off-axis positions, with independently specified focusing displacements for 750 nm and 900 

nm. The device is 74- µm wide and focuses transverse magnetic (TM) polarized light to horizontal 

positions of -111 µm and 110 µm for 750 nm and 900 nm, respectively. (b-c) Full-wave 

simulations of the axial intensity distributions for 750 nm (b) and 900 nm (c). 

 

 

Section 4: Simulated results for metadevice generating donut-shaped point spread functions 



 

Fig. S4 Metadevices for generation and focusing of vortex beams. (a) Top view of a metadevice 

for high numerical aperture (NA=0.8) focusing of vortex beams with a topological charge of 𝑚 =
2. The low numerical aperture (NA<=0.6) section is designed using conventional half-wave plate 

elements, while the high numerical aperture (NA>0.6) section is filled with radially patterned 

aperiodic deflectors. (b) Full-wave simulations of the axial intensity distribution. (c) Point spread 

function (PSF) at the focal plane. (d) One-dimensional horizontal cut of PSF along the whited 

dashed line denoted in c. 
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