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Supplementary Note 1. Doubly-extended Lieb lattice

We can generate further extensions of the magnonic Lieb lattice by adding more inclu-
sions B, i.e. by introducing additional majority sublattices. We consider here a doubly-
extended Lieb lattice (Lieb-7) to check to what extent the magnonic system corresponds to
the tight-binding model. The mentioned lattice consists of seven nodes; six belong to ma-
jority sublattices B and one belongs to minority sublattice A (Supplementary Fig. EI) The
magnetic parameters were kept as for basic and Lieb-5 lattices, considered in the manuscript.
The geometrical parameters have changed only as a result of the introduction of additional

inclusions B. Therefore, the unit cell has increased to the size of 500x500 nm.

a)

Supplementary Figure 1. Doubly-extended magnonic Lieb lattice: Lieb-7. Dimensions of the
ferromagnetic unit cell are equal to 500x500x59 nm. The unit cell contains seven inclusions of
50 nm diameter. (a) The structure of extended Lieb lattice, and (b) top view on Lieb-7 lattice
unit cell where the node (inclusion) from minority sublattice A and two nodes (inclusions) from

two majority sublattices B are marked.
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In the case of a doubly-extended Lieb lattice (Lieb-7), we expect (according to the work
[Iﬂ, ]) to obtain seven bands in the dispersion relation. The tight-binding model predicts
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Supplementary Figure 2. Dispersion relation for the doubly-extended magnonic Lieb lattice (Lieb-
7) containing seven inclusions in the unit cell: one inclusion A from minority sublattice and six
inclusions B from majority sublattices (Supplementary Fig. m) (a) The dispersion relation is
plotted along the high-symmetry path I'-X-M-I" (see the inset). The first, third, fifth, and seven
bands (dark blue, red, cyan, and orange) are dispersive, while the second, fourth, and sixth bands
(green, magenta, and dark green bands) are the flatter bands, supporting the magnonic CLS. Dirac
cones occur at the I' point and almost interact with the flatter fourth band, while at M point, we
observe the degeneracy of the dispersive parabolic third (fifth) band with a flatter second (six)
band. (b) The zoomed vicinity of I' point (dark green frame) and M point (violet frame) regions

are presented in 3D.



that the bands will be symmetric with respect to the fourth band, exhibiting particle-hole
symmetry. However, due to the dipolar interaction, we did not expect such symmetry.
Another feature that one may deduce from the tight-binding model is that bands no. 2, 4,
and, 6 should be flat while bands no. 1, 3, 5, and, 7 are considered dispersive. Moreover,
band no. 3 and, 5 suppose to form a Dirac cone intersecting flat band no. 4 at the I" point.

We calculated the dispersion relation for magnonic Lieb-7 lattice (Supplementary Fig. (a)),
which share many properties with those characteristic for the tight-binding model [2]: (i)
third and fifth bands form the Dirac cones which almost intersect the flatter fourth band
at I" point; (ii) the third (and fifth) band has a parabolic shape at M point where it is
degenerated with the second (and six) band which is weakly dispersive. The mentioned
regions of dispersion are presented as 3D plots in Supplementary Fig. E(b) Also, we are
going to discuss shortly the profiles of spin-wave eigenmodes (including CLS) in these two
regions of the dispersion relation, which are presented in Supplementary Fig. B

Dirac cones appear at the I' point for bands no. 3 and 5. At this point, as for the
basic magnonic Lieb lattice (see Fig. 2 in the main part of the manuscript) there is a
very narrow gap of the width of about 2 MHz. The profiles 'y and I's (left column in
Supplementary Fig. a) represent the degenerated states originating from flat and dispersive
bands. Both of them do not occupy the inclusions A and are more focused on two inclusions
B arranged in horizontal (I'y) and vertical lines (I's) — see gray stripes. Therefore, their
profiles are similar to NLS, where the first and third inclusion B in each three-element
chain, linking inclusions A, precesses out-of-phase and the second (central) inclusion B
remains unoccupied.

At the M point, the M5 and Mg bands are degenerated. For these bands, the spin
waves are localized in all inclusions B and do not occupy inclusions A (see right column of
Supplementary Fig. E) The first and third inclusion B in each three-element chain, linking
inclusions A, precess in-phase, whereas the second (central) inclusion B precesses out-of-
phase with respect to the first and third one. This pattern of occupation of inclusions and the
phase relations between them is similar to one observed for CLS (see gray patches marking
the loops of inclusions in the left column of Supplementary Fig. B), but has one significant
difference. The phase difference between successive three-element chains of inclusions B,
in the loop, is equal to +m/2. However, the linear combination of the modes M; + iMg

produces, similarly to the case of the Lieb-5 lattice, the NLS. To observe the proper profiles
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of CLS or NLS, we need to shift slightly from the high-symmetry points I' and M to cancel
the degeneracy.
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Supplementary Figure 3. The profiles of eigenmodes were obtained for magnonic Lieb-7. The
modes are presented for bands no. 3-5 at I' point and 5-7 at M point. The modes denoted as I's
and 'y are degenerated whereas the I'5 is separated from them by extremely small gap of about
2 MHz. At M point, we show the profiles for bands no. 5, 6, and 7. The modes M5 and Mg are

degenerated and separated from My by essential gap — predicted by the tight-binding model.



Supplementary Note 2. Realization of Lieb lattice by shaping demagnetizing field

We have considered also an alternative realization method for a magnonic Lieb lattice in
a ferromagnetic layer. This approach is based on shaping the internal demagnetizing field.
The structure under consideration is presented in Supplementary Fig. H It consists of a

thin (14.75 nm) and infinite CoFeB layer on which a Py antidot lattice (ADL), of 14.75 nm
thickness, is deposited.

The cylindrical holes in ADL are arranged in the shape of the basic Lieb lattice. The size
of the unit cell and diameter of holes remains the same as for the basic Lieb lattice proposed
in the main part of the manuscript (see Fig. 1(a)). Due to the absence of perpendicular

magnetic anisotropy (PMA), we decided to apply a much larger external magnetic field

14.75 nm
14.75 nm

Supplementary Figure 4. Basic magnonic Lieb lattice where spin-wave excitations in the CoFeB
layer are shaped by demagnetizing field from Py antidot lattice. Dimensions of the ferromagnetic
unit cell are equal to 250x250x29.5 nm and contain 3 inclusions of 50 nm diameter. (a) structure
of basic Lieb lattice, (b) top view on basic Lieb lattice unit cell and differentiation to nodes of

sublattice A and B.
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Supplementary Figure 5. The dispersion relation obtained for basic Lieb lattice formed by demag-
netizing field of antidot lattice (see Supplementary Fig. H) (a) The dispersion relation, (b) the 3D
plot of dispersion relation in the region marked with the green frame in (a). Results were obtained

for Hy = 1500 mT applied out-of-plane.

(Hp = 1500 mT) to saturate the ferromagnetic material in an out-of-plane direction.

We assumed the same gyromagentic ratio for both materials v = 187 rad T~'ns™!, the
following values of material parameters for CoFeB [] saturation magnetization - Mg =
1450 mT, exchange stiffness constant - A = 15 pJm~!. For Py, we used material parameters

[@] saturation magnetization - Mg = 1000 mT, exchange stiffiness constant - A = 13 pJm™".

The deposition of the ADL made of Py (material of lower Mg) above the CoFeB layer
(material of higher Mg) is critical for spin-wave localization in CoFeB below the exposed

parts (holes) of the ADL. The demagnetization field produced on CoFeB/air interface creates
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wells partially confining the spin waves. However, this pattern of internal demagnetizing field
becomes smoother with increasing distance from the ADL.

The obtained dispersion relation is shown in Supplementary Fig. H It is worth noting
that the lowest band is very dispersive, while the highest band is flattened more than in the
case of the structure presented in the main part of the manuscript (see Fig. 2). The middle
band, which suppose to support CLS, varies in extent similar to the third band. For this

structure, Dirac cones in the M point cannot be clearly identified.

Supplementary Note 3. Lieb lattice formed by YIG inclusions in non-magnetic

matrix

The periodic arrangement of ferromagnetic cylinders surrounded by non-magnetic mate-
rial (e.g. air) seems to be the simplest realization of the Lieb lattice. To refer this structure
to the bi-component system investigated in the main part of the manuscript, we assumed
the same material and geometrical parameters for inclusions as for the structure presented
in Fig. 1(a).

The advantage of this system is that the confinement of spin waves within the areas of
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Supplementary Figure 6. Dispersion relations for basic Lieb lattice. (a) The results obtained for
YIG inclusions in Ga:YIG matrix (dashed lines) and YIG inclusions without matrix (solid lines).
(b) The zoomed dispersion relation obtained for YIG inclusions without matrix, marked in (a) by

the frame.



inclusions is ensured for arbitrarily high frequency. We are not limited here by the FMR
frequency of the matrix, as it was for bi-component Lieb lattices (see main part of manuscript
Figs. 1). However, the coupling of magnetization dynamics between the inclusions is here
provided solely by the dynamical demagnetizing field, i.e. the evanescent spin waves do not
participate in the coupling.

Therefore, the interaction between inclusions is much smaller in general, which leads to
a significant narrowing of all magnonic bands (Supplementary Fig. H) The widths of the
second and third bands can be even smaller than the gap separating from the first bands —
Supplementary Fig. B(b) Such strong modification of the spectrum makes the applicability

of the considered system for the studies of magnonic CLS questionable.

Supplementary Note 4. Demagnetizing field in YIG|Ga:YIG Lieb lattice

The difficulty in designing the magnonic system is not only due to the adjustment of
geometrical parameters of the system but also due to the shaping of the internal magnetic
field Heg.

The components of the effective magnetic field can be divided into long-range and short-
range. The realization of our model is inseparably linked to the long-range dipolar interac-
tions through which the coupling between inclusions is possible. This kind of interaction is
sensitive to the geometry of the ferromagnetic elements forming the magnonic system.

In Lieb lattice, the nodes of minority sublattice A have four neighbors, and the nodes of
majority sublattice B have two. As a result, identical inclusions (in terms of their shapes
and material parameters) become distinguishable, because of slightly different values of the
internal demagnetizing field. This has consequences for the formation of a frequency gap
between Dirac cones at point M in the dispersion relation obtained for the basic Lieb lattice.
In the literature, this phenomenon has been described for the tight-binding model and is
called node dimerization of the lattice [p].

In Supplementary Fig. H we have shown the profile of the z-component of the demag-
netizing field. For each inclusion of basic Lieb lattice through which the cut line passes,
we have marked the minimum value of the demagnetizing field. The slightly lower value of
internal field for inclusions A is responsible for a tiny lowering of the frequency (see Fig. 2 in

the main part of manuscript) for the mode M; (concentrated in inclusions A) with respect
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Supplementary Figure 7. Profile of static demagnetizing field plotted at a cut through (a) Lieb
lattice unit cell. (b) The z-component of the demagnetizing field along the cut line is shown in (a).
In the plot, we have marked peaks for the areas of inclusions A and B. Please note the slightly
different values of demagnetizing in the center of A and B inclusion due to different the number

of neighboring nodes: four for inclusion A, two for inclusion B.

to the degenerated modes M, and M3 (confined in inclusions B).
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