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1, Derivation of multicycle terahertz peak frequency in lithium niobate crystal.
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Fig. S1. Schematic illustration of Cherenkov radiation produced in lithium niobate wafer by reflected laser pulses from two adjacent steps on an echelon mirror.
Fig. S1 shows the Schematic illustration of Cherenkov radiation produced in lithium niobate wafer by reflected laser pulses from two adjacent stair on the echelon mirror. Here the transverse distance in lithium niobate wafer between two reflective pulse is:


where H is the height of stair of echelon. The vertical distance is:


where W is the width of stair of echelon, M is the demagnification factor. The period of a multicycle terahertz (THz) wave “T” depends on the distance between point A and point C.


where distance between point A and point C equals:



where  is Cherenkov radiation Angle. After sorting out the above formula, we can calculate the peak frequency is:



2, Deconvolution of THz waveform in lithium niobate wafer.
[image: ]
Fig. S2. (a) The THz waveform and its corresponding spectrum taken directly from the image. (b) the THz waveform and spectrum after deconvolution.
We performed deconvolution on a waveform with a relatively good signal-to-noise ratio see Fig. S2(a) and found that the central frequency spectrum changed from 0.2 THz to 0.4 THz. According to the formula in reference [1], 



where c is the speed of light in vacuum. n is the refractive index of pump laser and is the width of pump pulse. The THz frequency radiated by a pump pulse with a width of 48 μm is approximately 0.4 THz. The deconvolution calculation agrees well with this result.
[image: ]
Fig. S3 (a) Convolution of THz pulses with different pulse widths, where the red line represents the original pulse, and the blue line represents the pulse after convolution. (b) Corresponding Fourier transform spectrum of the pulses. (c) Corresponding mean frequency and spectra width.

We calculated the spectra of THz pulses with different pulse widths and their corresponding convolution with a time window of 1 ps. The original waveform of the THz pulse is represented by the red line in Fig. S3(a), while the waveform after convolution is represented by the blue line. The spectra were obtained by performing Fourier transforms on the waveforms, as shown in Fig. S3(b). From each spectrum, we extracted the mean frequency Fig. S3(c) and spectral width Fig. S3(d). As observed from the graphs in Fig. S3(c) and Fig. S3(d), the mean frequency distribution after convolution (blue dots in Fig. S3(c)) is very close to the results obtained in this experiment, showing a decreasing trend. The frequency distribution before convolution, which is the original spectral distribution, remains the same trend. The same trend is observed for the spectral width.


[bookmark: _Hlk134618706]3, Further enhancement of THz phonon polariton
[image: ]
Fig. S4, Schematic diagram of the further enhancement of THz phonon polariton.
In the experiment described in main manuscript, the lateral size of the generated THz phonon polariton was approximately 5 mm. If the phonon polariton is further constrained in the lateral direction, its amplitude can be further enhanced. Inspired by multi-bounce velocity matching [2], we designed a further enhancement scheme as shown in Fig. S4. In this figure, the LN crystal is a wedge-shaped plate waveguide, with a thickness of 350 μm in the z-direction and a crystal axis in the z-direction. The width in the y-direction is 1 mm, and the left end of the waveguide has an angle of 28 degrees. A pulse train with a tilted pulsefront is incident on the waveguide at a incident angle of 0 degree. Before being reflected, the pump pulse train undergoes the same process as in the previous experiment. After the pump light is totally reflected from the side of the lithium niobate waveguide, it still matches the phase of the generated THz wave, and the THz wave can still be coherently superimposed and enhanced with the previous THz wave. In this way, the THz phonon polariton in this experiment can be constrained to a width of 1 mm, achieving the goal of further enhancement.

4, Phase index and group index of a TM propagation mode in this experiment. 
Based on reference [3], the propagation of THz pulse in this experimental setup can be regarded as a transverse magnetic (TM) mode propagating in a dielectric slab waveguide. The mode equation of the TM mode can be described using the formula presented in the reference as:


Here, N is the refractive index of bulk lithium niobate crystal which is 5.1 in low frequency of an extraordinary light, Nr is the effective index of this dielectric waveguide.  is the angular frequency, c is speed of light in vacuum, b is the thickness of our lithium niobate wafer which is 350 μm. By using the relation:


We can plot the phase index curve as shown in Fig. S5(a). Then the effective group index can be extracted by the relation below and group index are plotted in Fig. S5(b):


[image: ]
Fig. S5 (a) Theoretical plots of the effective phase index (a) and the effective group index (b) of TE mode and TM mode in a 350 μm planar waveguide.
Our calculations clearly show that the TM mode has a smaller phase refractive index and a larger group refractive index in the wafer compared to the TE mode especially in near cut-off frequency, which is consistent with the anomalous dispersion result observed in our experiment.
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