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ABSTRACT

In this supplementary information, we summarize the details of the theoretical elements discussed in the main text.

1 Boundary of the feasible zone (Figure 3)

1.1 Asymmetric OAM system (Figure 3a)
The boundary of the feasible pairs of pj> and p»; in the case of the asymmetric OAM system obtained using Eq. (19) in the
main text was derived. First, the upper bound of pj, + pa; was proved to be (14 (p12 — pa1)?)/2. In particular,
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Based on the probabilities listed in Table 1 in the main text,
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Herein, because a; and a; satisfy a% + a% =1, 6, can be introduced such that a; = cos6,, a, = sin6,. Similarly, 8, can be
introduced such that b; = cos 8, b, = sin 6,. Meanwhile, with 6, let & = sin0 and 8 = cos 6. Therefore,

azby —ajby = sin 6, cos 6, — cos 0, sin 6, = sin(6, — 6),), 3)

azby +ayby = sin 6, cos 6, + cos 0, sin 6, = sin(6, + 6;), )]
. I

off =sinBcos 6 = Esm26. 5)

Applying Egs. (3) to (5) into Eq. (2), we obtain:
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Because 0 < sin?(6, — 6;,) < 1,0 <sin’20 < 1,0 <sin*(6, — 6,) < 1,
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holds. Therefore the following is true,
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—(p12+ p21) cannot be negative, p1» + pa1 obviously cannot be larger than I+
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Thus, Eq. (1) is proven. As —— 212210
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Therefore, the boundary in Figure 3a is proven to be %. Equation (1) holds when 6,, 6, 0 is represented by
integers n, m, k, as follows.
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Therefore, the upper bound of pi + p»; is proven to be (14 (p12 — p21)?)/2. In addition, the lower bound of pys 4 py; is 0.
As p12+ pa1 is continuous, p1p + po takes all values from 0 to (1 + (p12 — pa1)?)/2:
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By considering the condition of p; and p»1, , evidently:
P12 >0, p2 >0, (11)

because py; and py; are probabilities. Based on the condition of Eq. (10) and (11), the feasible pairs of pj> and p,; are proven
to be the blue-colored areas in Figure 3a in the main text. W

1.2 Asymmetric entangled photon decision maker (Figure 3b)
As proven in the main text that
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Because oy, Qy, By, and By are independent,
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Provided that Eq. (13) holds, p2 and p;; can take any value owing to the continuity of trigonometric functions. Therefore, the
boundary by the asymmetric entangled photon decision maker in Figure 3b is proven. B

1.3 OAM attenuation (Figure 3c)
As explained in the main text that

p12 = (aib3 +a3b} — 2a1a:b1bycos(0) — 6:)) daxdiy, pa1 = (a3bi +aib —2aiazbibycos(8) — 62)) d2ydpy.  (14)

They have a%b% + a%b% —2ay1azb1by cos(0) — 0;) in common; however, the attenuation rates multiplied are different. As the
following is true:

1
0 < a2b3 +a3b? —2ayazb by cos(6; — 6;) < 7 (15)
and owing to the fact that d,x, duy, dpx, and dpy are independent, the boundary by the asymmetric entangled photon decision

maker in Figure 3c is proven. ll

2 Boundary of asymmetric ratio and loss plus conflict probability (Figure 4)

2.1 Asymmetric OAM system (Figure 4a)
In case of Figure 3a (in the main text), points on the boundary have the maximum p, + pai, provided pa;/pi2 is consistent.
The values of loss probability plus conflict probability are minimum on the boundary for the same p,;/p1». Therefore, if the
boundary in Figure 3a can be converted to that in Figure 4a (in the main text), then the boundary in Figure 4a is mathematically
derived. This conversion is shown as follows.

Let y be the ratio of p1» and pa: p21 = yp12. Let x be loss probability plus conflict probability on the boundary in Figure
3b. Here, x is p12 + p21 on the intersection of the boundary in Figure 3a and line of py; = yp12. We refer to this intersection as
V] . On V] .

2(1+y)pi2=1+(1-y)*pis, (16)
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This is strange because x should satisfy 0 < x < 1. Therefore, the sign in Eq. (18) is determined:
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By solving Eq. (22), we obtain:
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Thus, Eq. (20) in the main text is derived. l

2.2 Asymmetric entangled photon decision maker (Figure 4b)
In Figure 3b, points on the boundary have the maximum pj; + p>; and minimum loss probability plus conflict probability for
the same p,;/p12, as in the previous subsection. If the boundary in Figure 3b can be converted to the boundary in Figure 4b,
then that in Figure 4a is mathematically derived. This conversion is shown as follows.

Let y be the ratio of p1» and pa: p21 = yp12. Let x be loss probability plus conflict probability on the boundary in Figure
3b. First, consider the case where y is equal to or greater than 1. In this case,
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By solving Eq. (26) about y, we obtain:
- @1
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Next, when y is equal to or smaller than 1,

1 y
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Therefore,
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By solving Eq. (30) about y, we obtain:
y=1-2x. (31
Therefore, the mathematical formula of the boundary is expressed as:
: h >1
wheny > 1,
1—2x

1-2x wheny<I.

This corresponds to Eq. (35) in the main text. ll

2.3 OAM attenuation (Figure 4c)
Next, the conversion from the boundary in Figure 3c to that in Figure 4c is as follows. Let y be the ratio of pj; and pj;:
P21 = yp12. Let x be loss probability plus conflict probability on the boundary in Figure 3b. First, consider the case where y is
equal to or greater than 1. In this case,
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By solving Eq. (35) about y, we obtain:
1
= . 36
M y— (36)
Next, when y is equal to or smaller than 1,
1 y
= - ==, 37
=7, pu=j 37
Therefore,
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By solving Eq. (39) about y, we obtain:
y=23—4x. 40)

Therefore, the mathematical formula of the boundary is expressed as:

wheny > 1,
3-4 -
y= * (41)

3—4x wheny <1,
Thus, Eq. (39) in the main text is derived. B
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