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Calculations for freeFEM++:

Assuming no or negligible current and a steady state, it was found from Maxwell’s equations that the electric field  obeys:


( 1)

( 2)


where  is the charge density and  is the permittivity of vacuum. The field was found as the negative gradient of the electrostatic potential . The condition  is automatically fulfilled. 

Before starting electrospraying , so (1) and (2) can be expressed as:



In cylindrical coordinates that is equal to:


For an axisymmetric case the  dependent term vanishes. Multiplying with  led to:



[bookmark: _Hlk121143952]The equation was multiplied with a helper function  with zero trace, and then integrated over the solution domain :


Integrating by parts and invoking Green’s theorem gave the weak form:



Since  has zero trace, the two integrals on the boundary vanish and the equation is finally given by:

( 3)
For solving the problem in freeFEM++, first the boundary of the solution domain needed to be defined by parametric curves with the solution domain on the left side of the curve.

border b0(t=0., 1.){x=0.; y=W/2.-W*t;label=Ch;}
border b1(t=0., 1.){x=L*t;y=-W/2.;label=Ch;}
border b2(t=0., 1.){x=L;y=-W/2.+W*t;label=Ch;}
border b3(t=0., 1.){x=L-L*t;y=W/2.;label=Ch;}

Here W, L and Ch should be defined in advance as:

real W=5.5; // width of chamber
real L=5.5; // length of chamber
int Ch=1;

The boundary segments could be used to create a mesh representing the solution domain as:

mesh Th=buildmesh(b0(30)+b1(30)+b2(30)+b3(30)+b4(-1)+b5(-6)+b6(-1)+b7(-6)+b10(-20)+b11(-1)+b12(-20)+b13(-1));

The mesh used to define a finite element space was:

fespace Vh(Th,P3);

P3 was the type of elements selected. In this case triangular elements with polynomial interpolation functions. Other elements could be P1 with linear or P2 with polynomial interpolation functions instead of linear.

Vh uh, vh;

uh and vh were the functions defined in all of the solution domain. They were respectively  and  from (3). The integral over  was implemented by the function int2d(), and the partial derivatives were implemented by the functions dx() and dy().  and  were substituted by y and x. This led to the definition:

problem Electro(uh,vh) = int2d(Th)(y*dx(uh)*dx(vh) + y*dy(uh)*dy(vh))
+ on(Ch,uh=0) // surrounding
+ on(Ne,uh=-15000.) // needle
+ on(Co,uh=5000.); // collector

The problem was the solved by:
Electro;

The variable uh was the solution to the problem representing the electric potential. When the field strength was wanted, it could be calculated by the magnitude of the gradient as:

Vh field;
field=sqrt(dx(uh)^2+dy(uh)^2);
[image: Diagram

Description automatically generated]
Figure 1. Visualization of the solution domain that has been divided in an optimized mesh of smaller triangular elements. The closer to the electrodes the smaller the triangles to better model the field. The grid (A) without the auxiliary ring-electrode, (B) with 1 ring-electrode, and (C) with 2 ring-electrodes, between the nozzle and the collector is presented.

Code for freeFEM++:

load "Element_P3";
real starterror=0.02;
real[int] viso=[0,1e4,2e4,3e4,4e4,5e4,6e4,7e4,8e4,9e4,10e4,11.5e4,13e4,14.5e4,16e4,17.5e4,19e4,21e4,24e4,27e4,30e4];
real[int] isopot=[-15000,-14000,-13000,-12000,-11000,-10000,-9000,-8000,-7000,-6000,-5000,-4000,-3000,-2000,-1000,0,1000,2000,3000,4000,5000];
real W=5.5;  // width of chamber
real L=5.5;  // length of chamber
real ln=0.011;  // length of needle
real wn=0.00041; // width of needle
real xn=L/2.-0.05-ln;  // position of needle
real Rring=0.04;  // radius of ring
real rring=0.0005;  // dimension of ring material
real xring=W/2.-0.03;  // position of ring
real Rring2=0.04;  // radius of ring2
real rring2=0.00125;  // dimension of ring2 material
real xring2=W/2.-0.01;  // position of ring2
real wcoll=0.1;  // width of collector
real lcoll=0.002;  // thickness of collector
real xcoll=W/2.+0.05;  // position of collector
int Ch=1;
int Ne=2;
int Co=3;
int R1=4;
int R2=5;

// shape of chamber
border b0(t=0., 1.){x=0.; y=W/2.-W*t;label=Ch;}
border b1(t=0., 1.){x=L*t;y=-W/2.;label=Ch;}
border b2(t=0., 1.){x=L;y=-W/2.+W*t;label=Ch;}
border b3(t=0., 1.){x=L-L*t;y=W/2.;label=Ch;}

// shape of needle
border b4(t=0., 1.){x=xn;y=wn/2.-wn*t;label=Ne;}
border b5(t=0., 1.){x=xn+ln*t;y=-wn/2.;label=Ne;}
border b6(t=0., 1.){x=xn+ln;y=-wn/2.+wn*t;label=Ne;}
border b7(t=0., 1.){x=xn+ln-ln*t;y=wn/2.;label=Ne;}

// shape of ring
border b8(t=0., 2.*pi){x=xring+rring*cos(t); y=Rring+rring*sin(t);label=R1;}
border b9(t=0., 2.*pi){x=xring+rring*cos(t); y=-Rring+rring*sin(t);label=R1;}
border b10(t=0., 2.*pi){x=xring2+rring2*cos(t); y=Rring+rring2*sin(t);label=R2;}
border b11(t=0., 2.*pi){x=xring2+rring2*cos(t); y=-Rring+rring2*sin(t);label=R2;}

// shape of collector
border b12(t=0., 1.){x=xcoll; y=wcoll/2.-wcoll*t;label=Co;}
border b13(t=0., 1.){x=xcoll+lcoll*t; y=-wcoll/2.;label=Co;}
border b14(t=0., 1.){x=xcoll+lcoll; y=-wcoll/2.+wcoll*t;label=Co;}
border b15(t=0., 1.){x=xcoll+lcoll-lcoll*t; y=wcoll/2.;label=Co;}

////////////////////////////////////////////////////////////////////////////
{// 0 rings
  // build mesh of all the contours
  mesh Th=buildmesh(b0(30)+b1(30)+b2(30)+b3(30)+b4(-1)+b5(-6)+b6(-1)+
		    b7(-6)+b12(-20)+b13(-1)+b14(-20)+b15(-1));

  plot(Th, wait=true);  // show mesh

  fespace Vh(Th,P3);
  Vh uh,vh,xd,yd,field;
  real error=starterror;

  problem Electro(uh,vh) = int2d(Th)( y*dx(uh)*dx(vh) + y*dy(uh)*dy(vh) ) // bilinear
    + on(Ch,uh=0) // surrounding
    + on(Ne,uh=-15000.) // needle
    + on(Co,uh=5000.); // collector
  
  for(int i=0;i<4;i++){
    Electro;  // solve
    Th=adaptmesh(Th, uh, err=error); //refine mesh
    error=error/2;
  }

  plot(Th, ps="grid0n.ps", wait=true);
  plot(Th, ps="grid0nz.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], wait=true);
  plot(uh, ps="isopot0n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, wait=true); // plot isopotential
  plot(uh, ps="isopotfill0n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, fill=true, wait=true); // plot isopotential

  // gradient
  xd=dx(uh);
  yd=dy(uh);

  field=sqrt(dx(uh)^2+dy(uh)^2);
  plot(field, ps="field0n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);
  field=field>3e5?3e5:field;
  plot(field, ps="fieldcapped0n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);
  //  plot([xd,yd], ps="gradient0n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], cmm="field direction", wait=true);  // plot gradient
  {
    ofstream file("potentials0n.txt");
    for(y=-0.1;y<=0.1;y+=0.2/19.)
      for(x=xn+ln-0.05;x<=xn+ln+0.15;x+=0.2/19.)
	file<<x<<" "<<y<<" "<<dx(uh)<<" "<<dy(uh)<<" "<<uh<<endl;
  }
  {
    ofstream file("center0n.txt");
    y=0.;
    for(x=xn+ln;x<=xcoll;x+=(xcoll-xn-ln)/40)
      file<<x<<"\t"<<xd<<"\t"<<yd<<"\t"<<uh<<endl;
  }
  {
    ofstream file("coll0n.txt");
    x=xcoll-0.0001;
    for(y=-wcoll/2.;y<=wcoll/2.;y+=wcoll/40)
      file<<y<<"\t"<<dx(uh)<<"\t"<<dy(uh)<<"\t"<<uh<<endl;
  }
}

/////////////////////////////////////////////////////////////////////////////
{// 1 ring
  // build mesh of all the contours
  mesh Th=buildmesh(b0(30)+b1(30)+b2(30)+b3(30)+b4(-1)+b5(-6)+b6(-1)+
		    b7(-6)+b8(-20)+b9(-20)+b12(-20)+b13(-1)+b14(-20)+b15(-1));

  plot(Th, wait=true);  // show mesh

  fespace Vh(Th,P3);
  Vh uh,vh,xd,yd,field;
  real error=starterror;

  problem Electro(uh,vh) = int2d(Th)( y*dx(uh)*dx(vh) + y*dy(uh)*dy(vh) ) // bilinear
    + on(Ch,uh=0) // surrounding
    + on(Ne,uh=-15000.) // needle
    + on(R1,uh=-5000.) // ring
    + on(Co,uh=5000.); // collector

  for(int i=0;i<4;i++){
    Electro;  // solve
    Th=adaptmesh(Th, uh, err=error);
    error=error/2;
  }

  plot(Th, ps="grid1n.ps", wait=true);
  plot(Th, ps="grid1nz.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], wait=true);
  plot(uh, ps="isopot1n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, wait=true); // plot isopotential
  plot(uh, ps="isopotfill1n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, fill=true, wait=true); // plot isopotential

  // gradient
  xd=dx(uh);
  yd=dy(uh);
  field=sqrt(xd^2+yd^2);
  plot(field, ps="field1n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);
  field=field>3e5?3e5:field;
  plot(field, ps="fieldcapped1n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);

  //  plot([xd,yd], ps="gradient1n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], cmm="field direction", wait=true);  // plot gradient
  {
    ofstream file("potentials1n.txt");
    for(y=-0.1;y<=0.1;y+=0.2/19.)
      for(x=xn+ln-0.05;x<=xn+ln+0.15;x+=0.2/19.)
	file<<x<<" "<<y<<" "<<dx(uh)<<" "<<dy(uh)<<" "<<uh<<endl;
  }
  {
    ofstream file("center1n.txt");
    y=0.;
    for(x=xn+ln;x<=xcoll;x+=(xcoll-xn-ln)/40)
      file<<x<<"\t"<<xd<<"\t"<<yd<<"\t"<<uh<<endl;
  }
  {
    ofstream file("coll1n.txt");
    x=xcoll-0.0001;
    for(y=-wcoll/2.;y<=wcoll/2.;y+=wcoll/40)
      file<<y<<"\t"<<dx(uh)<<"\t"<<dy(uh)<<"\t"<<uh<<endl;
  }
}

////////////////////////////////////////////////////////////////////////////
{// 2 rings
  // build mesh of all the contours
  mesh Th=buildmesh(b0(30)+b1(30)+b2(30)+b3(30)+b4(-1)+b5(-6)+b6(-1)+
		    b7(-6)+b8(-20)+b9(-20)+b10(-20)+b11(-20)+b12(-20)+
		    b13(-1)+b14(-20)+b15(-1));

  plot(Th, wait=true);  // show mesh

  fespace Vh(Th,P3);
  Vh uh,vh,xd,yd,field;
  real error=starterror;

  problem Electro(uh,vh) = int2d(Th)( y*dx(uh)*dx(vh) + y*dy(uh)*dy(vh) ) // bilinear
    + on(Ch,uh=0) // surrounding
    + on(Ne,uh=-15000.) // needle
    + on(R1,uh=-5000.) // ring
    + on(R2,uh=-5000.)
    + on(Co,uh=5000.); // collector

  for(int i=0;i<4;i++){
    Electro;  // solve
    Th=adaptmesh(Th, uh, err=error);
    error=error/2;
  }

  plot(Th, ps="grid2n.ps", wait=true);
  plot(Th, ps="grid2nz.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], wait=true);
  plot(uh, ps="isopot2n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, wait=true); // plot isopotential
  plot(uh, ps="isopotfill2n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, viso=isopot, fill=true, wait=true); // plot isopotential

  // gradient
  xd=dx(uh);
  yd=dy(uh);
  field=sqrt(xd^2+yd^2);
  plot(field, ps="field2n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);
  field=field>3e5?3e5:field;
  plot(field, ps="fieldcapped2n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], value=false, fill=true, viso=viso, wait=true);

  //  plot([xd,yd], ps="gradient2n.ps", bb=[[L/2.-0.2,-0.2],[L/2.+0.2,0.2]], cmm="field direction", wait=true);  // plot gradient
  {
    ofstream file("potentials2n.txt");
    for(y=-0.1;y<=0.1;y+=0.2/19.)
      for(x=xn+ln-0.05;x<=xn+ln+0.15;x+=0.2/19.)
	file<<x<<" "<<y<<" "<<dx(uh)<<" "<<dy(uh)<<" "<<uh<<endl;
  }
  {
    ofstream file("center2n.txt");
    y=0.;
    for(x=xn+ln;x<=xcoll;x+=(xcoll-xn-ln)/40)
      file<<x<<"\t"<<xd<<"\t"<<yd<<"\t"<<uh<<endl;
  }
  {
    ofstream file("coll2n.txt");
    x=xcoll-0.0001;
    for(y=-wcoll/2.;y<=wcoll/2.;y+=wcoll/40)
      file<<y<<"\t"<<dx(uh)<<"\t"<<dy(uh)<<"\t"<<uh<<endl;
  }
}
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