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I: The derivation of the characteristic polynomial

In this section of the supplementary material, we present the details of the characteristic polynomial of the non-
Hermitian three-band system. The Hamiltonian in real space is

N
H = Z |:taCTA,n+ICA,n + tcCTC,nCC,n-&-l + tb(CTB,nCB,n-&-l + CTB,n—i-lCB,n) + 'YICTA,nCB,n
n=1
+ VQCTB,nCA,n + 73CTB,nCC,n + 74CTC,nCB,n + VaCTA,nCA,n + %CTB,nCB,n + ‘/CCTC,nCC,n:| P (Sl)

where CT 4., (Can), C'pn (Cp ) and CTe,, (Cepn) represent the creation (annihilation) operators for sublattice A,
B and C in n-th unit cells. ¢, (¢, t.) is the hopping amplitudes and V,, (V;, V..) denotes the on-site potential for the
the sub-chain A (B, C). =, and 72 are hopping parameters between A and B sub-chain. Similarly, 73 and v, are
hopping parameters between B and C sub-chain. Without loss of generality, all parameters are taken as real numbers.



Due to the space translational symmetry, we can rewrite the Hamiltonian (S1) in the momentum space through the
Fourier transform as

% +V, st 0
H(B) = o bB+E) A+ v , (S2)
0 V4 teB+ Ve

where H(j3) is the counterpart of the Bloch Hamiltonian H (k) via replacing e?* — 3, k € C. Therefore, the charac-
teristic polynomial of our system is

f(B,E) = det[H(B) — E] = a2 + a18" + aoB’ +a_187" +a_o87% =0, (S3)
with
as = —FEtpt. + tpt .V, (S4)
a_o = —FEt ty + tatb‘/c; (85)
ay = (tb + tc)E2 - (tha + 7’Jcha + tc% + thc)E + tatpte + tcVa% + thaVYc - '7172tc7 (86)
a—1 = (ta + tb)E2 - (tha +taVp +taVe + thc)E + tatpte + Vo Ve + Vo Ve — y374ta, (87)
and

ag = _E3 + (Va + VE) + ch)E2 + (7172 + V374 — taty — tate — tpte — Va% - Va‘/c - ‘/I)VC)E + tbtcVa + tatc%
+tato Ve + Vo Vo Ve — 1374V — 1172 Ve (S8)

The non-Bloch band theory can be articulated in Fig. S1 briefly. In Fig. S1(a), it can be found that the energy
structure under different boundary conditions has tremendous deviations, which is caused by the non-Hermitian skin
effect, i.e., the majority of eigenstates are pinned at the boundaries of the system [1], as shown in Fig. S1(b). To solve
the distinction of the spectra, the concept of the generalized Brillouin zone and the corresponding continuum bands
have been put forward [1, 2]. For our system, the generalized Brillouin zone and the corresponding continuum bands
should be determined by |fB2| = |f3| due to the existence of a_5 [1, 2]. In Fig. S1(c), the generalized Brillouin zone
and Brillouin zone are exhibited at the same time. Importantly, the distinction between them marks the occurrence
of the non-Hermitian skin effect. As shown in Fig. S1(d), the continuum bands, obtained from the generalized
Brillouin zone, can reproduce the open boundary eigenvalues perfectly. Here, we should emphasize that the condition
of obtaining the generalized Brillouin zone, and the continuum bands, has nothing to do with v; (i = 1,2,3,4).

Further, when the conditions V, = V. = Vg, t, = t. = tqc and y1y2 = 73774 are satisfied, the coefficients of the
characteristic polynomial f(8, F) can be simplified as

a2 = a_g = —lplecE + tbt(LCV(LCa (Sg)

a) = a_-1 = (tb + tac)EQ - (tacVac + 2thac + tac‘/b)E + tictb + tha2c + tacVacVE) - 73’74taca (S].O)

ag = —F3 + (2Vae + Vo) E? + (29374 — t2. — 2tacty — V2 — 2V VB E + 2t gty Ve + 12,V + V2V — 29374 Vie. (S11)
One can see that the solutions satisfy

51 = 1/54752 = 1/ﬂ37 (812)

because Eq. (S3) is a reciprocal equation for 3, which means that the generalized Brillouin zone is a unit circle
exactly, as shown in Fig. S2(a). Physically, due to the generalized Brillouin zone consistent with the Brillouin zone,
the eigenvalues between the open boundary and periodic boundary conditions, and the continuum bands match well
with each other, as shown in Fig. S2(b). Moreover, the non-Hermitian skin effect, as we expected, is inhibited to
appear in Figs. S2(c) and S2(d).
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FIG. S1: (a) The eigenvalues under open boundary (the blue curve) and periodic boundary conditions (the green curve). (b)
The non-Hermitian skin effect. (c¢) The generalized Brillouin zone (the red curve) and Brillouin zone (the green curve). (d)
The open boundary energy spectrum (the blue curve) and the continuum bands (the red curve). The parameters are N = 200,
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FIG. S2: (a) The generalized Brillouin zone (the red curve) and Brillouin zone (the green curve). (b) The eigenvalues obtained
from the open boundary (the blue curve) and periodic boundary conditions (the green curve) and continuum bands (the red
curve). (c) and (d) The distribution of the open boundary eigenstate. The parameters are N = 200, to = t. = 2, tp = —2,
M=—Y=73,72=—73= —%, Vo = V. =2 and V, = 1, satisfying that Eq. (S3) is a reciprocal equation for S3.

II: The analytic solutions in an open chain
A: The distribution of the open boundary eigenstates

We first consider the situation where one of the elements of the set {v1,v2,73, 74} is zero. Such as, we set y; = 0.
The Schrodinger equation H|W) = E|¥) for the open boundary Hamiltonian (S1) has the form

(HOBC — EOBCQN X N)|\Il> =0=

Vo — Eopc 0 0 0 0 0 0 U4,
Y2 Vs — EoBc V3 0 0 0 0 Up1
0 V4 Ve — EoBc 0 0 0 0 Ve
ta 0 0 Vo — EoBc 0 0 0 WA
0 0 0 0 ... Va— Eopc 0 0 Uan
0 0 0 0 o Yo Vs — Eopc V3 Up N
0 0 0 0 C 0 Y4 Ve — Eogc Ve n

(S13)

with N being the total number of unit cells of the system, and [¥)=(V 41, V51, Yo1, Va2, ..., Yan, YN, YVon)T.
Spectacularly, we can find that the Schrédinger equation H|¥) = Eopc|¥) in A sub-chain is

(Vo — Eopc)¥ai1 =0, (S14)
and

taWa,i+ (Va—Eopc)¥a,ir1 =0, (S15)
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FIG. S3: (a) The distribution of the poles about the spectral winding W =1 for Erer1 = 1 + %z on the complex plane, in
which z1, 22, z3 and 24 are encircled by the unit circle, while z5 is outside the unit circle. (b) The nonzero spectral winding
for Erep2 = 2 + 2t obtained from (Re[det[H(k)]], Im[det[H(k)]]) as k varies from 0 to 2m. (c) Schematic representation of the
Hermitian Hamiltonian Hg. (d) The normalized eigenstates with the change of eigenvalues, all of which are extended under
open boundary conditions. (e) The open boundary eigenvalues colored by their IPR®, which is a constant closing to zero. (f)
and (g) The distribution of the eigenstates, corresponding to two eigenvalues in (e). The common parameters are N = 400,
1=71=0,ta=2,tb=1,tc=3,2=2%,13=3%,Va=4,V, =2and V. = 3.

with ¢ = 1, 2, ..., N — 1. The recurrence relation unambiguously shows that ¥4 ; = 0 with j =1, 2, ..., N -1, N
when Fopc # 0, i.e., there is no probability distribution on the A sub-chain. Here, it should be emphasized that
this conclusion is one of the essential parts of this work, as we will explain below. Similar result of ¥¢; =0 [j = 1,
2, ..., N — 1, N] can be derived from ~, = 0.

B: The anomalous vanishment of the non-Hermitian skin effect for topologically nontrivial point gap

In the main text, we have exhibited that the non-Hermitian skin effect will be absent even though the point gap
is topologically nontrivial, or equivalently, the spectral winding is a non-zero integer. This anomalous delocalization
behavior of the eigenstates can be discussed more explicitly. Quantitatively, the non-Hermitian skin modes can be
confirmed by the nonzero spectral winding W = - 027r dkoy Indet[H (k) — Eycf] [3] for a given base energy E,.¢.
For Bloch Hamiltonian H (k) gained from Hamiltonian (S1), the residue theorem can be used to calculate the spectral

windings through the replacement e* = z and dk = %dz. The spectral winding will have the form:

W:—iy{ dz
21 BZ

for a given E,cp1 = 1+ %z for the given parameters [Fig. S2]. There exist five poles of order one on the complex plane:
2=0,20=—-2+ti,zs=—-22— i zy=1((-2+49)+V-13—4i) and 25 = 1 ((—=2+14) — V=13 — 4i). It is clear
that z1, 22, 23 and z4 are inside the unit circle, while z5 is excluded, as shown in Fig. S3(a). Then, the residues from
z1 to z4 are contributed to the spectral windings W, and finally W = 1. Visually, the spectral winding is equivalent
to the curve defined as (Re[det[H(k)]], Im[det[H(k)]]). For our system, three eigenvalue branches in momentum space
are By = Vo +tee™*, Epo = V. +t.e?* and Epz = Vj, + 2ty cos(k) when v; = 4 = 0. Ej; and Ejy will wind around
in the clockwise and counterclockwise direction with k varying from 0 to 27, respectively. Accordingly, as long as
Va # Ve or t, # t., there must exist a reference point E,.r, so that the number of circling around E,.s is just only
once [we can here choose E,¢ro = 2+ 2i], and W is not zero [4], as shown in Fig. S3(b). As such, the non-Hermitian
skin effect should be existence.

However, this rule is not suitable when the unidirectional hopping amplitudes are considered. To understand the
properties of the open boundary wavefunction more clearly, we go back to Eq. (S1) for y1 = 44 = 0, concretely, with
N = 3. It can be found that

2 ((12 4 720)2* + (34 + 80i)2 — (22 + 614)z + (—8 — 32i))
2 (222 + (2 — 1)z +2) ((6 + 361)22 + (10 + 47i)z + (4 + 167))




det[HOBc — EOBC;?’ X 3} =

Vo — Eosc 0 0 0 0 0 0 0 0
V2 Vs — Fopc V3 0 ty 0 0 0 0
0 0 V. — FEogc 0 0 te 0 0 0
ta 0 0 V. — Eopc 0 0 0 0 0
0 ty 0 Y2 Vs — Fopc V3 0 1y 0
0 0 0 0 0 V. — FEopc 0 0 te
0 0 0 ta 0 0 V. — Eopc 0 0
0 0 0 0 ty 0 Yo Vs — EoBc V3
0 0 0 0 0 0 0 0 V. — Eoc
Wy — Eoc ty 0
= (Vu — Eopc)*(Ve — Eope)® t Vo — Eopc 128 . (S16)
0 ty Vs — EoBc

Hence, the three-band non-Hermitian system will be “simplified as” a Hermitian system when ~; = 4 = 0, whose
Hamiltonian is Hp = t,(CT5 ,Csni1 + C 5 nt1CBn) + VoCl 5 ,Ch.n [Fig. S3(c)]. In addition, we have analytically
demonstrated that when v; = 74 = 0, there is no probability distribution on the A sub-chain and C' sub-chain.
Consequently, the distribution of the open boundary eigenstates of our non-Hermtian system is the distribution of the
open boundary eigenstates of the reduced Hermitian system actually. To intuitively sense the localization behavior
caused by the unidirectional hopping amplitudes, we plot the eigenstates corresponding to all eigenvalues in Fig.
S3(d), where eigenstates have been normalized. It is clear that there is no extremely large number of eigenstates
localized at the boundary of systems, i.e., the non-Hermitian skin effect is absent [Here, the information about the
multifold exceptional points and the corresponding eigenstates is excluded because the Hamiltonian becomes defective

L
in those points]. To confirm this, the inverse participation ratio (IPR) can be introduced as IPR® = 3 [(¥5|W$)|* for
i=1
the sth eigenstate |U®) [5]. Theoretically, I PR?® approaches zero for extended eigenstate, while it is finite for localized
eigenstate in large system size. In Fig. S3(e), we numerically exhibit the open boundary eigenvalues with their unique
IPR?. Amazedly, one can easily see that the real eigenvalues are marked in a single color, i.e., IPR® = 0.0037 under
numerical simulation. Thus, all eigenstates of our non-Hermitian system are extended, rather than localized. Namely,
there not exists the non-Hermtian skin effect whereas the spectral winding number is a nonzero integer. In Figs. S3(f)
and S3(g), we display the distribution of the eigenstates, which are indeed extended.

C: The anomalous emergence of the non-Hermitian skin effect for trivial point gap

As discussed above, the non-Hermitian skin effect can be vanishment even though the point gap is topologically
nontrivial. So does the non-Hermitian skin effect have to disappear when the point gap is trivial? Based on previous
works, the answer is in the affirmative. However, we can show that the rule will be also broken down. In order to
obtain the trivial point gap, we restrict V,, = V, t, = t., and v; = 73 = 0 for Hamiltonian. (S1), corresponding to
the generalized Brillouin zone being a unit circle as well. Based on the definition,

wo L f{ 3o =) (Brepz(ty +te) = Breg (2 (12" + te 4 Vez) + tez(Ve + Vo)) +1n (822 4 2eVe (2% 4 1) + Vi2) + LV Vez)
BT 2(2(Bres = Vo) —to (22 + 1)) (= Eres + tez + Vo) (2(Ve — Erey) + te)

Eref _Vc
tc ’

can be derived. Then, five poles of order one can be solved on the complex plane: 21 =0, 22 = & ';C_V , 23 =

 VEZ ;2B s Vo4V Eres— Vs
- 2ty

and z5 = i.e., z923 = 1 and z425 = 1. Only one

P 2ty
4 B2, —2B,c; VoA Vet Bre—Vi |

of them is surrounded by the unit circle for z5 (z4) and z3 (z5) as long as E,. ¢ 7# Ve, the schematics of which is shown
in Fig. S4(a). Accordingly, three poles contribute to the definite integral and the spectral winding number W = 0 is
achieved. It seems that the non-Hermitian skin effect is lacking.

However, the TPR*® can be computed in Fig. S4(b). Obviously, it is finite for all eigenvalues, which implies that
all open boundary eigenstates are localized. To accent the localization phenomena, all eigenstates as a function of
the eigenvalues are revealed in Fig. S4(c) by exactly diagonalizing the open boundary Hamiltonian (S1). One can
see that all eigenstates are indeed localized on the left boundaries of the system, rather than extended. Hence, the
non-Hermitian skin effect is present unexpectedly even though the point gap is trivial.
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FIG. S4: (a) The sketch of the distribution of the poles about the spectral winding for a reference point E,.; on the complex
plane, in which z; = 0 is in the unit circle, while if z3 and z5 are encircled, z2 and z4 must be excluded by the unit circle because
of 2223 = z425 = 1. Hence, the spectral winding number W = 0 for any reference point. (b) The open boundary eigenvalues
colored by their IPR®, which are finite. (¢) The normalized eigenstates as a function of eigenvalues, all of which are localized
under 0pen6b0undary conditions. The common parameters are N = 300, v1 = v3 =0, to =t =6, tp, = %, Yo =2, v =1,
Voa=Ve=¢, V=1

57

D: The mutations of the open boundary eigenvalues

We now analyze the properties of the open boundary energy spectrum when one of the elements of the set
{{71»’73}7{’717’}’4}7{’)’2773},{72,74}} is zero. For example, the determinant det(Hopc — Fopc; N x NJ], when
v1 = 3 = 0, has the form:

det[HOBC — FEopc; N x N} =0=

Vo — EoBe 0 0 0 0 0 0 0
Yo Vs — EoBc 0 0 Ly 0 0 0
0 v V. — Eope 0 0 0 0 0
ta 0 0 V. — Fopc 0 0 0 0
0 ty 0 Y2 Vo — EoBc 0 0 0
0 0 0 0 0 0..V,—Eogc 0 0
0 0 0 0 0 0 .. Y2 Vb — EOBC 0
0 0 0 0 0 0. . 0 Y V. — Eope

(S17)

where N is the number of the unit cells. It can be found that the determinant satisfies a recurrence relation

det[HOBc—EOBc;N X N] = aldet[Hogc—EOBc;N—l X N — 1] —agdet[HOBc—EOBcgN—Q X N—Q], (818)

with a1 = (Vu, — Eopc)(Vo — Eope)(Ve — Eopc), as = (Vo — Eopc)*(Ve. — Eopc)*t:. Based on the recurrence
relation, we have

27N71 /274 N+1 _ _ /274 N+1
det[Hopc — Eopc; N x N| = o2 + v/ ~ doa) o i~ do) ]

=0. S19
Va3 — 4as (519)
For simplicity, we set a = a; and b = y/a? — 4aa, As such Eq. (519) can be formally written as
2—N—1 +b N+1 _ _bN+1
det[Hope — Eopc; N x N| = [(a+0) (a = b)""] =0. (S20)

b
Expand Eq. (S20) using the binomial theorem, and we can find



FIG. S5: (a) The open boundary energy spectrum with system size N = 200. The blue line laying on the real axis stands
for the eigenvalues under 71 = 3 = 0. The distinction between the pink curve and the blue line shows that extremely small
changes in parameters will result in mutations in the energy spectrum. The parameters are (a) to =2, t, =3, tc =1, y2 = 1—10,
Ya=%,Va=1Ve=2and Vo =4. (b)ta =3, ts =1, te=4,72=%3,u=1Va=2 V,=3and Vo =1. (c) ta =4, tp = 3,
te=2,7%2=3 =13 Va=3,Vo=4and V. =5.

(a 4 b)N+1 _ (a _ b)N+1
b

=2(Ch1aN0" + O3 110V 720 + CRrpqa™ 100 + ). (S21)

Therefore, the determinant of the open boundary Hamiltonian is

det[Hopc — Eopc; N x N| =27 (V, — Eope)™ (Ve — Eosc)Ny(Ve, tv, Eopc) =0, (S22)

with

y(Vo, tv, Eopc) = Oy (Vo — Eope)N + Cx i (Vo — Eope)N 2 [(Vi — Eope)® — 4t}
+ 015\;+1(Vb — EOB(;)N*4 [(Vb — EOBC)2 — 4t%} 2 + ... (S23)

Clearly, both Eopc =V, and Egpc = V. is the Nth-order exceptional point of the open boundary Hamiltonian
with the system cell being N using the concept of the resultant [6, 7]. More importantly, we find that the polynomial
y(Ve, ty, Eopc) is the determinant of the Hamiltonian Hp = tb(C’TB,nC’B,nH +CTB,n+1CB,n) + VbCTB,nCBm. Hence,
the open boundary eigenvalues of the three-band system are Eopc = {Va, Ve, Vi + 2tpcos(k) } for k € {6k, 20k, ..., Noy }
with 0 = %’r In other words, the energy spectrum under open boundary conditions must be the real numbers.
However, after extensive numerical simulations, we find that as long as the subsystems are coupled, however weakly,
the open boundary eigenvalues will be distributed on the complex plane. Namely, the extremely small changes in

parameters will result in huge changes in the energy spectrum [Fig. S5].

E: The confirmation of ” The inconsistency between the open boundary eigenvalues and the continuum bands”

In the main text, we have shown that the open boundary eigenvalues can not be reproduced by the continuum
bands accompanied by the anomalous non-Hermitian skin effect. Now, we further confirm this singular situation
analytically. We can review how to get the generalized Brillouin zone and the corresponding continuum bands from
the characteristic polynomial f(3, E) briefly: (i) choose a point [y arbitrarily in the complex number field; (ii)
solve f(Bo, E) = 0, one of the roots marked as Ejp; (iii) solve f(8, Eg) = 0, and order the roots by the absolute
value; (iv) identify the ordering of two roots that have the same absolute values as |By| [1,2,8]. For our system, if
|Bo|=|B2(Eo)|=|83(Eo)|, B2(E0) and Bs5(Ep) are the elements of the generalized Brillouin zone and Ej belongs to the
corresponding continuum bands.

Based on those processes, we set the parameters as {t, = t. = 15, tp = 1—60, v = %, Yo =773 =0, 14 = %,

Vo=V.=1,V, =8} and By = eT. Consequently, solving f(Bo, E) = 0, 1o =1+ %(@ + @z), Es=3(2+V2)

are obtained. We can choose Ey = 1 + %(@ + gz), and solve f(8, Ep). The four solutions are
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FIG. S6: (a) The open boundary structure, which lays on the real axis. The parameters are N = 300, v2 =3 =0, to =t = %,

=32, =12 =15 Va=Ve=1,V, =2 (b)and (e) The open boundary eigenvalues (the blue curve) and continuum

bands (the red curve). (b) Two open boundary eigenvalues being selected. After bringing these two energy values into f(3, E),

one energy value obtain |32] = |83| (Eosc = —2) and the other corresponds to |83] = |B4| (Eosc = 5). (d) Auxiliary

generalized Brillouin zone (the red curve), containing all information of |8m| = |Bn| with f(8,E) = 0, and the generalized

Brillouin zone obtained from the open boundary eigenvalues (the blue curve). (c¢) and (f) The generalized Brillouin zone gained

from the open boundary eigenvalues (the blue curve) and the non-Bloch band theory (the red curve), respectively. F(3)r (b), ((1:)
1

and (d) v3 = 0. For (e) and (f), v3 = 155 The common parameters from (b) to (f) are N =700, to, = 1, t, = 2, tc = 5, 11 = 3,

Yo=2,7a=—-1,V,=1,V, =2 and V. = 4.

{B1(Ev), B2(E), Bs(Eo), B1(Eo) } = {g (\/(11ﬁ 2)" — 144 + 11%2) VT, —(—1)Y,

1

= <\/(11\4ﬁ—2)2—144+11<ﬁ—2) } (S24)

ie.,
{181(Eo)|, |B2(Eo)l, |83(Eo)|, |Ba(Eo)| } = {0.5185,1.000,1.000,1.928}. (525)

Thus, |Bg|=|82(Fo)|=|85(Fo)| for the given Fy, we can conclude that 85(Fy) and B3(Ep) are the ingredients of the
generalized Brillouin zone, and Ej, a complex number, is included in the continuum bands. This result contradicts
Fig. S6(a), where the open boundary eigenvalues are consistent with the real axis in those parameters.

11 3im

We can also set 5y = 2¢'T and solve f(Bo, E) = 0. Three solutions are £} = 1 + %6%, Ey =1-55e 4+ and
E3 = (4 + 8+ 15i). Ey can be chosen as Eg =1+ e . f(B, Ey) can be solved and the four solutions are

{B1(Ey), B2(E0), Bs(Eo), Ba(Eo) } = {é (-\/(11\7:— 1)2 —36+11v—-1 - 1) »—%(—1)3/472\4/—717
é(\/(11\4ﬁ1)236+11\ﬁ1> b (S26)

ie.,

{1B1(Eo)l, |B2(Eo)l, |Bs(Eo)l, |B1(Eo)| } = {0.2848,0.5000,2.000, 3.5113}. (S27)



9

Similarly, Ey also can be chosen as Fy = Fs =1 — %e&%, and Ey = E5 = %(4 + /8 + 15i). After calculation, one
can obtain

{1B1(Eo)|, 182(Eo), |8s(Eo)|, 1B4(Eo) |} 5, _, = {0.5000,0.7246, 1.380, 2.000}, (S28)

and

{181(Eo)l.182(Eo)l, 183(Eo)l, |B1(Eo)| } g, _ g, = {0-5000,0.7789,1.283,2.000}. (S29)

Then, By = 2eT is not the ingredients of the generalized Brillouin zone, and E;, E and Es3 are not included in the
continuum bands.

Next, we will transform our viewpoint, and analyze the singular phenomenon from another perspective. It is usually
expected that when all open boundary eigenvalues are brought into the characteristic polynomial f(3, E), and the
second and third largest || are selected, the obtained data should vest in the generalized Brillouin zone obtained
from the non-Bloch band theory [1,2,8,9]. However, unlike the established scenarios, this fact is not suitable for the
singular phenomenon. Specifically, we can arbitrarily choose some open boundary eigenvalues in Fig. S6(b), such as
Eopc = —2 and bring it into the characteristic polynomial f(5, F). One can obtain

{B1, B2, B3, Ba}y p——2 = {% (“ 11 (18\/§+31) - 3/% - 13) ,—% (1 - N??) 311 (18\/§+31)+

125 (1+iv3) 13 1 \/— 122 (1-iv3) 13
= = (1+4v3) 11 (18v3 31+ —— T 2 gL S30
367/18v3+31 18 36( ) ( ) 36v/18v3+31 18 } (830)

ie.,
{1811, 1821, 185!, 184l } 5__, = {0.3021,1.050, 1.050, 4.000}. (S31)
Clearly, |B2] = |83]. This equality also is the condition for obtaining the generalized Brillouin zone and the
continuum bands. Namely, S5 and (B3 are the elements of the generalized Brillouin zone, and Eopc = —2 is the

ingredient of the continuum band exactly.

Conversely, we choose another open boundary eigenvalue Eopc = 5 and bring it into the characteristic polynomial
f(B, E). Accordingly,

1 (s 95 2 1 5
B1, Bas B3, Batp—s = {— | /1216341 — 1223 — +13),2,—= (1-iv3) /1216341 — 1223
{ 24 \/ $/12/16341 — 1223 3 48 ( ) \/

95 (1 +iv/3 95 (1 —iv/3
P (L+1V3) — (-3 1 (1 + m/é) {‘/12\/16341 - 1223}, (S32)
24 48/12v/16341 — 1223 48¢/12v/16341 — 1223 48
ie.,
{1811, 18s1, 185, B4} ,_s = {0.2397,0.6667, 1.021,1.021}. (S33)

Clearly, |B2| # |83, but | B3| = |B4]. This equality is not compatible with the condition of obtaining the generalized
Brillouin zone and the continuum bands. In other words, when we exploit the condition |33| = |33] to determine the
continuum bands in the non-Bloch band theory, the results can only cover a part of the open boundary eigenvalues.
This statement is visually confirmed in Fig. S6(b). In addition, we numerically plot the generalized Brillouin zone by
bringing all open boundary eigenvalues into the characteristic polynomial f(8, E), and selecting the second and third
largest 8. Meanwhile, the generalized Brillouin zone obtained from the non-Bloch band theory is exhibited in Fig.
S6(c). One can see that the blue figure even has unclosed branches, whereas the red figure is closed on the complex
plane. As such, when we rely on the non-Bloch band theory, the obtained continuum bands and the open boundary
eigenvalues will exist wide variations.
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FIG. S7: (a) The energy spectra under open boundary (the blue curve) and periodic boundary conditions (the green curve)
and the continuum bands (the red curve) with v = 2 = ﬁ. (b) The Brillouin zone (the green curve) and the generalized
Brillouin zone (the red curve). (¢) The open boundary eigenvalues (the blue curve) and the continuum bands (the red curve).
Meanwhile, an open boundary eigenvalue is separated, which is the multifold exceptional point. (d) The eigenvalues obtained
from the momentum space (the green curve) and the continuum bands (the red curve). For (b), (¢) and (d), 1 =3 = 0. The

common parameters are N =400, to =t =1, tp =2, 72 = 274 = %, Vo=V.=6and V, = %

The singular behavior of the open boundary eigenvalues also can be confirmed from a general view of the auxiliary
generalized Brillouin zone [8]. Ref. [8] has demonstrated that the auxiliary generalized Brillouin zone can be obtained
by solving f(3,F) = 0 with E traverses the entire complex number field, and extracting |3,,| = |B.|, ({m,n} =
{1,2,3,4}). Therefore, the generalized Brillouin zone is the subset of the auxiliary generalized Brillouin zone. However,
despite the auxiliary generalized Brillouin zone possessing all information of f(8, E) = 0, some blue data points,
especially those on the real axis, still can not be recovered in Fig. S6(d). Namely, the singular open boundary
spectrum even can not be obtained from the auxiliary generalized Brillouin zone, let alone the generalized Brillouin
zone. However, if the parameters of the system were changed slightly, from 3 = 0 to 3 = ﬁ. The open boundary
eigenvalues will have mutations. Correspondingly, the generalized Brillouin zone obtained from two different methods
also coincides together, as shown in Figs. S6(e) and S6(f).

F: The irrelevance between singular open boundary eigenvalues and the generalized Brillouin zone

We can further show that the singular phenomenon of the eigenvalues is not accompanied by the change of the
generalized Brillouin zone. To confirm this, we restrict that the generalized Brillouin zone is a unit circle [t, = t.,
Vo = V. and 172 = y374]. Normally, the eigenvalues under open boundary and periodic boundary conditions, and the
continuum bands are consistent with each other, as shown in Fig. S7(a) with 71 = % = 4o [also discussed in Fig.
S2(b)]. However, the situations will have remarkable mutations when 3 = 73 = 0, corresponding to unidirectional
hopping of B sub-chain and A sub-chain, B sub-chain and C sub-chain. As shown in Fig. S7(b), the generalized
Brillouin zone remains the unit circle. Correspondingly, there is very little change for the continuum bands, while the
open boundary eigenvalues instead will produce mutations and fall on the real axis entirely in Fig. S7(c). Namely, the
open boundary energy structure and the continuum bands can not match each other. Importantly, we can analytically
show that the multifold exceptional points [the blue dot encircled by the red curve in Fig. S7(c)] can not be overlapped
by the continuum bands in this case. In addition, the continuum bands are still consistent with the periodic boundary
eigenvalues in Fig. S7(d), which means that the open boundary and periodic boundary eigenvalues are paradoxical
with each other whereas the generalized Brillouin zone is a unit circle.

The consistency between periodic boundary eigenvalues and the continuum band can be shown analytically. On the
one hand, we have exhibited that the energy spectrum of the momentum space when t, = t., V, = V. and y; = vy3 = 0,
are By o =V, + taeiik, E3 = Vj + 2ty cos(k). On the other hand, the characteristic polynomial of our system has the
form:

f(B,E) = det[H(B) — E] = (_ﬁE+62tb+tb+m)(_£+ﬁt“+‘/“)(ﬁ(v“_E)J’t“) =0. (S34)

The corresponding four roots are

_E—Vi—JEP— 4] —2EV, + 5, a4 E-Va 64:E—V,,+¢E2—4tg—2EVb+Vb?_

b 21, “E-V, ta 2%,

Next, we bring By = V, + t,e’* into these solutions and find that 3, = e~ and B3 = etk e, |B] = |B3] = 1.
Thus, By = V,, + teet* is the part the continuum bands. Similarly, Es = V, + tee™™ and E5 = Vi + 2t cos(k) are
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FIG. S8: Upper panel: the configuration of the electric circuit to simulate Hamiltonian (S1). Yaa, Ysp and Ycoc are the
capacitance of the capacitor. Y;, 4 and Yclwc are the capacitance of the INIC for a capacitor. A-subchain, B-subchain and
C-subchain are respectively connect by those electric devices. Yap and Y;\ B being respectively the capacitance of the capacitor
and INIC for a capacitor connect the A-subchain and B-subchain, while Ypc and Y,;C connect the B-subchain and C-subchain.
The on-site potential is obtained by grounding each node with suitable circuit devices. Lower panel: the structure of the INIC.

the part of the continuum bands. Then, the energy spectrum of the momentum space is the subset of the continuum
bands, i.e., Eppc C Ew. Next, we can solve Eq. (S34) again with respect to E, and the solutions are E; = V,. + t.[3,

B, = %, E; = W As we have shown above, the generalized Brillouin zone has the form 3 = e*.

Accordingly, the continuum bands will simplify as Ey o = V, + toeT ™ B3 =V, + 2ty cos(k), ie., Esw C Eppc. As
such, the continuum bands and the periodic boundary eigenvalues are the same as with others exactly, which are
distributed on the complex plane. The consistency between the periodic boundary eigenvalues and the continuum
bands also reflects the paradox between the open boundary eigenvalues and the continuum bands.

We can further discuss the exceptional point when the generalized Brillouin zone is a unit circle. On the one hand,
we have shown that £ =V, and F = V, must belong to the open boundary eigenvalues as long as one of the elements
of the set {{v1,v3},{v1,7a}, {7273}, {¥2,74}} is zero, which has no matter with ¢,, ¢, and t.. On the other hand,
E =V, + t.e*™ belong to the continuum bands exactly. Therefore, E = V,, and E = V, can not be reproduced by
the continuum bands except for ¢, = 0. Moreover, the presence or absence of E =V}, on the open boundary structure
depends on the size of the system. Yet, E = V} + 2t; cos(k) belongs to the continuum bands as well, which means

that E' =V}, must present on the continuum bands with k£ = 7.

IV: The experimental realization in electric circuits

As shown above, the ”Singular eigenstate localization and energy spectrum induced by the unidirectional hopping”
has been elucidated theoretically. So far, there exist several physical configurations that can be used to demonstrate
the non-Hermitian systems, including the cold atoms, electrical circuits, photonic and acoustic systems. Among
them, electric circuits have been widely used to analyze the non-Hermitian properties because the circuit structure
can be flexibly designed to facilitate integration and mass production. Here, we propose a possible experimental
scheme by employing circuits to simulate the Hamiltonian (S1), as shown in Fig. S8. The basic properties of circuit
systems are described by Ohm’s law and Kirchhoff’s law. According to those two laws, we have I = JV, where the
components of the column vector I and V correspond respectively to the current and voltage of each node. Hence,
the circuit Laplacian J can be used to simulate the Hamiltonian. In addition, we note that the impedance of the
negative impedance converter with current inversion (INIC) [10, 11] will be changed from positive to negative if the
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FIG. S9: (a) The distribution of all poles about the expression of the spectral windings on the complex plane, in which z1, 22,
z3 and z4 and 25 are surrounded by the unit circle, while z¢ and 27 are outside the unit circle for a reference point E,cf = 3i.
(b) The open boundary eigenvalues colored by their respective IPR®, the number of which approaches zero. (c) and (d) The
distribution of the open boundary eigenstate corresponding to two eigenvalues in (b), in which only the occupation on B
sub-chain and C' sub-chain is non-zero, while A sub-chain and D sub-chain have no occupation. The common parameters are
N=200,m=7%=0ta=1ty=3,tc=4,ta=3,7%2=3%,13=13, 71 =1 and 35 = 15.

current orientation through the device is reversed. Consequently, the nonreciprocal hoppings can be simulated by
the combination of the capacitor and INIC. Further, the on-site potential is realized by grounding each node with
appropriate parameters of the electric devices. Finally, to establish the mapping between circuits systems and our
Hamiltonian (S1), we will take Ya1 = Vo, Yaj = Va4t (1 < j < N), Yy, = -y, Yap = — 852, Y, p = 1752
Yaa =Yy =1, Y1 =VYan = Vi, Vg = Vptty (1 <j < N), Vpo = =252 Y = 350 Vg = —t,, Yo, = Ve
(1<j<N),Yon=V.—t, Yéj =—(ya+te), Yoo = —% and YCI,C = 5. The energy spectrum is obtained from the
admittance spectrum of the circuit.

V: Anomalous non-Hermitian skin effect in four-band system

We have shown that the anomalous non-Hermitian skin effect can be induced by the unidirectional hopping based
on a concrete three-band non-Hermitian system. Actually, the results can be generalized to other systems, such as
the four-band non-Hermitian system, the Hamiltonian of which is

N
= Z [taCTA,n+1CA,n + tdCTD,nCD,n+1 + tb(CTB,nCB,n+1 + CTB,nJrlCB,n) + tC(CTC,nCC,n+1 + CTC,n+1CC,n)
n=1
+ ’YlCTA,nCB,n + ’YQCTB,nCA,n + ’YBCTB,nCC,n + ’74CTC,nCB,n + 75CTC,nCD,n + 76CTD,nCD,n ) (835)

where C' j,n and Cj , represent the creation and annihilation operators for sublattice j (j = A, B, C, D) in n-th unit
cells, respectively. t, (tp, tc, tq) is the hopping amplitudes for the the sub-chain A (B, C, D). 71 and ~, are hopping
parameters between A and B sub-chain. «3 and 4 are hopping parameters between B and C' sub-chain. Meanwhile,
~5 and 7 are hopping parameters between C' and D sub-chain. The on-site potential is not considered without loss
of generality.

For Hamiltonian (S35), the spectral winding W = 5= fOQW dkoy Indet[Hy(k) — Erey] [3] for a base energy E,..s also



13

1

(a) (D) Min(IPR) = 0.8408 |lose (c) - (d) o
1 08 0.01 10.96 =Ci =i
—~ D o
0.6 Lﬂ * 0.94 ~ ~
Ko = - [fo92 =05 =05
s £ ~2.0588 >lf0020 I =
4 s -0.01 088
0.86
0 0 0
200 400 600 800 40 1 200 400 600 800 200 400 600 800
Sublattice site Re(E) Sublattice site Sublattice site

FIG. S10: (a) The open boundary eigenvalues colored by their respective IPR®, the number of which approaches to zero.
(b)The open boundary energy spectrum with the corresponding I PR’, whose value is finite. (¢) and (d) Amplitudes of two
open boundary eigenstates corresponding to two eigenvalues in (b), which are localized at the boundaries. The common
parameters are N =400, v2 =76 =0, tq =ta =7, t, = %, te=1, 71 = %, Y3 = %7 Y4 = y3 and v5 = %.

can be evaluated through the residue theorem via replacing e** = 2 and dk = idz. Explicitly,

1 3(21602° — 1884i2° + 15192* — 125222 + 696iz — 864)

W= —— :
21 5 2 (216025 — 2826025 + 455724 — 392512 + 375622 — 1044iz + 864)

dz

is obtained for a given E,.; = %i, and seven poles of order one are derived:

1 1 5257 11v/200
%= o (\/20 — \/2 (33\/209+ 5257) n 33) iz = —— [ V200 — 48y /220 _ VDT 55

and

1
o= o <M+ \/2 (33\/@%257) + 33) i.

As shown in Fig. S9(a), 21, 22, 23, 24 and z5 is encircled by the unit circle, while z¢ and z7 is outside. Finally, the
spectral winding W = 1 is received and the non-Hermitian skin modes are existence conventionally. However, if we
exhibit the distribution of all eigenstates in Fig. S9(b), the images intuitively shows that most of the eigenstates are
not localized at the boundary. Further, the localization properties for the sth eigenstate |¥*®) also can be examined
from the perspective of IPR® [5]. As shown in Fig. S9(c), all numbers of I PR?® approach zero, i.e., all open boundary
eigenstates are extended, rather than localized. Thus, the non-Hermitian skin effect is vanishment even though the
winding number is a non-zero quantum integer. In Figs. S9(d) and S9(e), two eigenstates are displayed, both of which
are extended in the non-Hermitian system.

Now, we exhibit the appearance of the non-Hermitian skin effect whereas the point gap is topologically trivial(W =
0). To satisfy this equation, the conditions can be limited as t, = t; and v2 = 76 = 0 in Fig. S10. In fact, those
conditions make the generalized Brillouin zone a unit circle ideally for Hamiltonian (S35). In this case, the number of
the poles of the spectral winding are z; =0, 23 = Zi, 25 = Zi and z7 = %, i.e., a total of four poles contribute to the
spectral winding, and W = 0 is obtained. It is then generally believed that the non-Hermitian skin effect is lacked.
Yet, the distribution of all eigenstates also illustrates that most of the open boundary eigenstates are localized at the
system boundaries [Fig. S10 (a)]. Furthermore, the localized behavior of the eigenstates can be easily inferred from
the energy spectrum and the associated IPR® in Fig. S10 (b). In Figs. S10 (c) and S10 (d), the open boundary
eigenstates are indeed localized at the boundaries.
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