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Supplementary text

1. Derivation of equation (3-1): the innermost ring radius of LG beam

The amplitude distribution of the LG beam can be written as
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Using the approximate relations in refs.1?, the right side of Eq. (S1) becomes
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The radius of LG beams’ innermost ring where the maximum amplitude locates can be derived by searching for the

following minimum non-zero solution of dAm(r, ¢, z)/ dr = 0. Accordingly, it follows that
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Letting x =2+/2Nr /w(z) and according to equation (5.2.6) in ref3 for the Bessel function, d(Jin(x))/dx=0 can be

rewritten as
d,(x) 1
M:—( Ja ()= ], (x))=0, x>0,m>0. (s4)
dx 2
Although Bessel functions are infinitely extended functions with an infinite number of extreme points, we will focus
our attention on the minimum non-zero extreme point, which is located close to the origin. Using the asymptotic

formula (5.2.6) in ref. 3,
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for small x that meets our requirement, we obtain the following relation
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and the minimum non-zero extreme point of the mth-order Bessel function expressed by

x, ~2m(m+1). (87)

Owing to the approximation made in Egs. (S2) through (S5), the actual position of minimum non-zero extreme

(S6)

point may differ from that determined by Eq. (S7). After scrutinizing the approximating function in Eq. (S7) and the
extremum of Bessel function, we figure out a more accurate relation of xn versus m by introducing into Eq. (S7) two

correction constants C1 and Cz, namely
x, =2C,\Jm(m+1)+C,. (S8)

with C1 and C; taking the following values
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When m > 4, the error of Eq. (S8) turns out to be less than 1%. For m=20, the error is consistently less than 0.5%
and remains below 0.1% for larger values of m. Accounting for x = 2«/2Nr / w(z) , we obtain the innermost radius

of the LG beam at z as below
C,\(m+1)m+C,/2
J2p+m+1 ,

r.(2)=w(z) p=5m=>4 (S10)



and Eq. (S11) follows immediately at the beam waist plane (z=0),
C,\(m+1)m+C, /2
\/ 2p+m+1 ’

r.(0)=w, p=5m=>4. (511)

The percent error of Eq. (S11) is shown in Fig. S1. When p<5, the error appears to be large and negative (blue area
in Fig. S1), which is ascribed to the approximation in Eq. (S2). When m<4, the error is large and positive (red area
in Fig. S1), due to the approximation in Eq. (S5). Noticeably when p = 5 and m = 4, the error remains to be below
5% and becomes even smaller and insignificant as p and m increase. For the width of the innermost ring, this error
is negligible in most cases. Noteworthily, this error does not change with the propagation position z and the beam

waist wo. Hence the error map of Eq. (S10) is the same as that of Eq. (S11), as shown Fig. S1.
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Fig. S1. The percent error of Eq. (S11) varying with m and p. The percentage error is defined as the ratio
between the difference of two innermost radii, respectively calculated from Eq. (S11) and exact LG beams

expression, and the exact LGB’s innermost radius.

2. Self-healing capability for of the innermost ring with the aid of sidelobes

As illustrated in Fig. S2a, a LG beam (m=30, p=12) encounters a square obstacle and gradually reconstructs the
impaired innermost ring (the mainlobe) with the aid of sidelobes after propagating through a distance (the
experimental setup for generating LG beam and detecting the self-healing progress is the same as ref.#). The energy
circulation can provide an insightful picture of this self-healing process. The calculated momentum density, as
shown in Fig. S2b, reveals that despite the azimuthal component of momentum density from the vortex structure
is significant, the reconstruction process of the innermost ring is dominated by the radial component, which flows
inward from the outer sidelobes. The outer sidelobes can be regarded as a “reservoir” that stores energy for the
innermost ring. Without the “energy reservoir” of the sidelobes for p=0, the vortex ring of OAM modes will not self-

heal after being impaired, as shown in Figs. S2¢-d.



Fig. S2. The self-healing property of the innermost ring of LG beam with nonzero p. The LG beam
(m =30, p = 12, wo = 0.159 mm, zo= 150 mm) is blocked by a square obstacle at z = -150 mm: a
Experimental intensity maps at different z-axial locations (Supplementary Movie S3); b Transversal
momentum flow density of a, following from the cycle-average Poynting vector given by
P =2¢,/(20)Im[U*=(VxU)] (g, the vacuum permittivity; w, circular frequency)?, the red arrows
indicate the value and direction of each flow (Supplementary Movie S4); c-d are the same as a-b but for
p = 0 (Supplementary Movies S5-S6). The sharp-edged square obstacle is produced as masks via the

process of photoetching chrome patterns on a glass substrate.

3. Orthogonality, transmission matrix of IRD-OAM multiplexing

The orthonormality of the normalized LG beam in Eq. (1), as illustrated in Fig. S3a, can be expressed as

(LG, , |LG,, ,. )= [[L6,, ,, (re.2,)xLG,, , (r..z, )rdrdp
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where LG, | (r,(ﬂ, z ) =LG,, (r,Zl)ei'""’. When the circular receiver aperture circ(r/Ro(z1)) truncates the LG

beam, with circ( J denoting the circular function, Eq. (S12) becomes
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If mi#my, Eq. (S13) equals 0, thus verifying the orthogonality of distinct azimuthal modes (i.e. 0OAM orthogonality),
as shown in Fig. S3b. When mi=mz=m but p1#p>, Eq. (S513) can be expressed as

<LGm,p1 circ(r/R0 (z, ))|LGm,p2 circ(r /R,(z, ))> =-2r J- LG, ,, (rz,)xLG,, , (r,z,)dr | (s14)

Ry(z,)
which is nonzero for a limited-size aperture. As a result of the the limited-size receiver aperture, distinct radial
modes are no longer orthogonal, as shown in Fig. S3c. Accordingly, each m can only have one optimal radial index
Pop(m) in this mode-division multiplexing, which enables independent and low-crosstalk subchannels in

orthogonally OAM demultiplexing. The orthogonality of the truncated normalized LG beam,
LGm,pnm[m](r 29,2, )cire(r / Ry(2,)), can be expressed as

1 I’TIl * TTI2
(LG, 0 (102 )circlr /R (2,))
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n(m) m=m,=m’

where the receiving efficiency n(m), which is the ratio of power falling in aperture to the entire beam, is represented

by (LG, on(r0.2,)circ(r/Ry(z,))

LGm,pom[m](r,go,zl)circ(r/RU(21))> . From Eq. (S15), we can rebuild the

orthonormalized relation for the truncated LG beams as follows

=5 (S16)

my ,my.
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The orthonormality of Eq. (S16) is illustrated in Fig. S3d.

<LGml,pm(ml)(r,co,zl)circ(r/Ro(zl)) LG,,,Z,pgp,(mz)(r.w,zl)circ(r/Ro(zl))>
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Fig. S3. Orthogonality of truncated LG beams with m. a Confusion matrix of normalized LG
beams with modes identical to Fig. 1e. b Confusion matrix of truncated LG beams with distinct m,
which are truncated by the receiver aperture (the yellow-dotted circles) in Fig. 1e. ¢ Confusion
matrix of truncated LG beams with the same m=15 and distinct p. d Confusion matrix of the
orthonormalized truncated LG beams in Eq. (S16).

Let the transmitted and received signals at time t be S(t)=[51(t) s,(t) - SM(t)] and

r@)=[rn) r(t) - r,(t)].AstheFSO system is linear, the input and output are related by a transmission
matrix h so that r(£)=hes(¢). Under the assumption of perfect 0OAM demultiplexing, the transmission matrix of

IRD-OAM multiplexing is diagonal. The matrix elementsis represented by A, , = 77, (m)é‘,yn forthe information
carrier, ZT: A (£)e”® LG,,,_,,W(,,,J(I‘ ,©,Z), that has the equal transmitting power in each subchannel, and by

h,, = 6,, for the normalized information carrier , ZT:X A, (t)e™® LG, (T ®:2) ] \[ (m), that has the

equal receiving power in each subchannelé. Since the off-diagonal elements of h are zeros, the IRD-OAM

multiplexing promises minimal channel crosstalk in communication experiments.

4.  Channel crosstalk in the IRD-OAM multiplexing

To evaluate the inter-channel crosstalk in the IRD-OAM multiplexing quantitatively, we simulated the power
leakage among channels and calculated crosstalk for each channel, as shown in Fig. S4. As an example of 8-bit IRD-
OAM multiplexing, the crosstalk for a channel 1 (Bit 1) can be calculated by the following formula:
101g[Psir1(coding:01111111) / Pein (coding:10000000)], where the numerator and denominators in the ratio
represent the power accumulated within the region of Bit 1 when transmitting the codes of “01111111” and

“10000000”, respectively. To maintain consistency, the size of the accumulated region size is fixed at 32 pixels.



Figure S4a shows that the channel crosstalk of 8-bit IRD-OAM multiplexing (Fig. 4) is around —20 dB for Am=2;
Figure S4b shows that the channel crosstalk of 24-bit IRD-OAM multiplexing (Fig. 5) is below -20 dB for Am=2 and
4; Figure S4c shows a channel crosstalk of =16 dB in the 77-bit IRD-OAM multiplexing with m ranging from -38 to
38 for Am = 1 and SNR=(No-6.38) dB. The channel crosstalk of IRD-OAM multiplexing (the red and green curves for

ZT::X Am (t)ei¢m “ LGm'prE (m) (r’ ¢v Z) / ’\l ﬂmax (m) and ZT::X Am (t)ei¢m “© LGm'pouf (m)(r’ (p’ Z) respecuveIY) and

traditional OAM multiplexing without a receiving aperture (the blue curves) are at the same level. Besides, Figure
S4c shows that the channel crosstalk of 181-bit IRD-OAM multiplexing with m=-80, -79, ..., 79, 80 (4m = 1) and
SNR=(No-10) dBis around -13dB (the red curve), and increasing the modal interval to Am = 2 with m =-80,-78, ...,
78, 80 (the red-dotted curve) can sharply lower the crosstalk, as in conventional OAM multiplexing. The low
channel crosstalk ensures the high accuracy and robustness of IRD-OAM multiplexing in the FSO system.
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Fig. $4. Channel crosstalk in demultiplexing of a 8-bit IRD-OAM multiplexing in Fig. 4 of the main

text, b 24-bit IRD-OAM multiplexing in Fig. 5, ¢ 77-bit IRD-OAM multiplexing with Mma = 38 and SNR =

(No-6.38) dB, d 161-bit IRD-OAM multiplexing with mma = 80 and SNR = (No-10) dB. The red, green, and

blue curves in a-c depict the channel crosstalk of LG,,, (r@,z,)circ(r/R(z,))/\n(m) ,

LG, om(r@.z,)circ(r /Ry(2,)) , and LG, m(r9.2), respectively. The red and red-dotted

curves in d represent the channel crosstalk of IRD-OAM multiplexing with m =-80,-79, .., 79,80 (Am=1)
and withm=-80, -78,...,78,80 (Am=2).

The simulated results displayed in Fig. S4 confirm the low crosstalk between the information carriers,

2 A0 LG, , (@2 e (m) and D A, ()" LG, (re.2) (denoted by IC1

ax

and IC2 hereinafter, respectively), in the IRD-OAM multiplexing. It should be noted, however, that IC1 has lower
channel crosstalk than IC2 due to variations in the receiving power of each subchannel in IC2 from 7ma(1)=1 to
Nmax(Mmax) (Equation S15), resulting in an increase in crosstalk during demultiplexing. In contrast, IC1 has equal
receiving power for each subchannel (Equation S16). For example, when mpq = 38, the SNRs of each channels for
IC1 is uniform (No-AN(m))= (No-6.38) dB while those for IC2 vary from Noto (No-10) dB. This brings greater

crosstalk in demultiplexing, particularly when the number of multiplexing channels is large. As a validation, we



replaced IC1 with IC2 for the 8-bit IRD-OAM multiplexing experiment in Fig. 4b-d. We observed that due to the
higher modal crosstalk, IC2 had a smaller discrimination threshold range with [0.15, 0.25] for a zero bit error rate.

Therefore, we have chosen IC1 for IRD-OAM multiplexing in this study.

a i c .
0 Decimal numbers 255 b 1000 Decimal numbers 355
| |
Z &
B ‘2 Discrimination threshold: | 0.2 B
B = 500 T
5 S 0.15,0.2 £
5 <(0.15,0.25 =
@ (0.15,0.25) =

o0

0 02 04 06 08 I

. Value
Fig. S5. Experimental demonstration for IC2 in 8-bit IRD-OAM multiplexing. a-c Same as Fig4 b-
d butbased on IC2 with discrimination threshold 0.2. Supplementary Movie S7 shows the experimental

demultiplexing intensity maps of the 256 cases on the camera.

5. Total reception efficiency nwtai(imMmax) for $2=6.25 and mMmax in [0,100]
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Fig. S6. Total reception efficiency nuta(mma) with 5?=6.25 for Mmax in [0,100]. The blue-dashed
lines show 7a(38)=0.23, Neort(80)= 0.10.

6. Smallest required quality factors and optimal value of beam waist

For the FSO communication with the desired capacity of =21, the minimum required quality factors of the
FSO systems for the OAM multiplexing and the LG beam multiplexing are $? =10 (by solving 252+1=21) and 5? =6
(by solving 0.55?(5%+1)=21). For the IRD-OAM multiplexing with Qirp-0av= 2Mmax+1=21 and thus Mma=10. When
the receiver aperture is reduced to Ro=0.85W(z1) with $? =0.852=0.72, the SNR is No—-10 dB (1eotat(mmax=10)=0.1),
shown in Fig. S7
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Fig. S7. Receiving efficiency of LG beams with the receiver aperture of Ro=0.85/(z1) and $2=0.72.
a Receiving efficiency with m equals 0, 1, ..., 10 and p equals 0, 1, ..., 30 respectively; the dashed line
represents the maximum efficiency 1max(m) and corresponding radial orders popx(m), shown in b. ¢ the

total receiving efficiencies nrwtai(iMmax), depicting that newra(10)=0.10.

Since the beam waist wo is unrelated to the beam/system quality factors which are primarily examined in the



paper; the value of wohas no bearing on the improvement in Fig. 6. However, for a fixed link distance zi, by solving

z 212
w(z, )=, W+ ;ZWZ with respect to wo, there does exist an optimal w, =«/Zlﬂ /7 to achieve the smallest
0

beam/innermost ring/aperture size with Min(w(z,)) = /221/1 / 7Z'='\/§W0 . For example, like z1=2.49 m in Fig. 4a,

in contrast to the experimental values of wo=374 pm and w(z1=2.49 m)=1200 pm, the optimal value of wy is 648
pm and corresponding Min(w(z1=2.49 m))= 916 pm but the corresponding LG beams with the optimal value of wo

are too large to be generated by our SLM1.

Supplementary Movies

Movie S1. Those 77 subchannels of IRD-OAM multiplexing for mm=38 in the FSO link system $2=6.25.

Movie S2. Experimental demultiplexing intensity maps of the 256 cases on the Camera of Figs. 4b-d.

Movie S3. Experimental movie for the self-healing process of LGB’s innermost ring (im = 30, p = 12) with the aid of
sidelobes in Fig. S2a.

Movie S4. Corresponding transversal energy flow density of the self-healing process in Fig. S2b.

Movie S5. Experimental movie that the innermost ring will not self-heal after impaired without the “energy
reservoir” of the sideloes when p=0, shown in Fig. S2c.

Movie S6. Corresponding transversal energy flow density shown in Fig. S2d.

Movie S7. Experimental demultiplexing intensity maps of the 256 cases on the camera of Fig. S5.
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