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(c) Mass balance error of the PINN solutions

(d) PDE residual of the PINN solutions

F1GURE S1. a) Training PINN varying learning rates with only boundary conditions and PDE, b) Ana-

lytical, finite volume, and PINN solutions varying learning rates for hydraulic head for the heterogeneous

porous media, c) Mass balance error of the PINN solutions varying learning rate and finite volume solu-

tion, and d) PDE residual of the PINN solutions varying learning rates.
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(d) PDE residual of the PINN solutions

FIGURE S2. a) Training PINN varying training data with boundary conditions and PDE, b) Analytical,
finite volume, and PINN solutions varying training data for hydraulic head for the heterogeneous porous
media, ¢) Mass balance error of the PINN solutions varying training data and finite volume solution, and
d) PDE residual of the PINN solutions varying training data.
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(e) PDE residual of the PINN solutions

FIGURE S3. a) Training PINN varying collocation points without using training data, b) Analytical, finite
volume, and PINN solutions varying collocation points without using training data for hydraulic head for
the heterogeneous porous media, ¢) Mass balance error of the PINN solutions varying collocation points
without using training data and finite volume solution, and d) PDE residual of the PINN solutions varying
collocation points without using training data.



SUPPLEMENTARY MATERIAL FOR DO PHYSICS-INFORMED NEURAL NETWORKS SATISFY LOCAL AND GLOBAL MASS BALANCES3

LOSS

Heads [L]

Trainig PINN with 11 CP
10-2 4 Trainig PINN with 21 CP
Trainig PINN with 41 CP
Trainig PINN with 81 CP
1074 Trainig PINN with 161 CP
4
\ A
/
=6 4 [ ]
1o /(\ " Ja“" n
[y “ A ’,I "\' t\ /
1 1 /
10-8 A\ I‘v’l h S a
nY oy 1 “I)\/l
ST AV
10 ! }\k},’\i\' H A1 \'\
-10 1
10 n “‘ulf. [RURY Y
W Vil Yuani
AN \\l‘}l ] i I,l
_ \ 1 1
107124 N Vi
N ] v
T T T T T T T
0 2500 5000 7500 10000 12500 15000 17500 20000
Epochs
(a) Training PINN
— ASwith 11 CP
37x1072 A —— FVwith 11 CP
v\ —- PINN with 11 CP
v\ —— AS with 21 CP
36x1072f 4\ _ | fwhac
—_ E N, —- PINN with 21 CP
£ N N——e ~. —— AS with 41 CP
Z35x102{ N S~ —— FV with 41 CP
X N T PINN with 41 CP
[ A —— —— AS with 81 CP
¥ 3.4x1072 ) T~ .— | — Fvwiths1cp
> 1\ —- PINN with 81 CP
5 * —— AS with 161 CP
O 33x10°2 \ e e = FVwith1s1CP
'~ T I — - PINN with 161 CP
AN
N
32x1072 N, _
~ ~ s
0.0 0.2 0.4 0.6 0.8 1.0
X [L]

(c) Darcy’s Flux of the PINN solutions

Local Mass Balance Error [M/TL?]

1.00 4 —— Analytical
== Finite Volume
—- PINN with 11 CP
0.98 —- PINN with 21 CP
—- PINN with 41 CP
—- PINN with 81 CP
—- PINN with 161 CP
0.96 -
0.94
0.92 1
0.90 1
0.0 0.2 0.4 0.6 0.8 1.0
X [L]
(b) PINN solutions for hydraulic head
—— FV with 11 CP
==+ PINN with 11 CP
—— FV with 21 CP
=+ PINN with 21 CP
~—— FV with 41 CP
~—+ PINN with 41 CP
~—— FV with 81 CP

+ PINN with 81 CP
FV with 161 CP
PINN with 161 CP

0.2 0.4 0.6 0.8
X [m]

1.0

(d) Mass balance error of the PINN solutions

0.04

0.03 A

0.02 A

PDE residual

0.01 A

Expected Residual
PINN with 11 CP
PINN with 21 CP
PINN with 41 CP
PINN with 81 CP
PINN with 161 CP

0.00

X [L]

1.0

(e) PDE residual of the PINN solutions

FIGURE S4. a) Training PINN varying collocation points with 3 Training data, b) Analytical, finite vol-
ume, and PINN solutions varying collocation points with 3 Training data for hydraulic head for the het-
erogeneous porous media, c) Mass balance error of the PINN solutions varying collocation points with 3
Training data and finite volume solution, and d) PDE residual of the PINN solutions varying collocation
points with 3 Training data.



