
Appendices

A Tau-Path Algorithm

The method presented in Algorithm 1 is a modified version of the tau path
algorithm presented in (Zhang et al, 2018).

Algorithm 1 Tau-Path Method for Association

Input: Abundance measure: A and Prevalence measure: P corresponding
to all B bacteria types and π : {1, . . . , B} → {1, . . . , B} to be a permutation
function.
Output: Tau-path (t1, ..., tB−1) of re-ordered pairs with strong association
pulled up to the top of the list.

1. for r in 1, 2, . . . , B

for s in 1, 2, . . . , B do

Define the concordance matrix C0 = {c[r,s]} as,

c[r,s] =


1, if (Ar,Pr),(As,Ps) are concordant

−1, if (Ar,Pr),(As,Ps) are discordant

0, if r = s

2. for j in 1, 2, . . . , B − 1 do

(a) Define mj denote the observation corresponding to the smallest
row/column sum of Cj−1

(b) if mj is unique then

Set π(B + 1− j) = mj

else for l in 1, 2, . . . , k where k of the mj lead to the same sum
do

Calculate sjl, the sum of the tau-path tl =

∑∑
1≤r≤s≤l

c[r,s](
l
2

) and set

π(B + 1− j) = mjl∗ where l∗ = argmax{sjl}
l

(c) Obtain Cj to be the matrix formed by removing row and column
mj of Cj−1

3. Set π(B) to be the last remaining observation number.
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B LDA Variational Algorithm

The LDA model allows us to estimate the model parameters and compute the
posterior distribution for inference. Although the posterior distribution is in-
tractable for exact inference in LDA, we can estimate it with an approximate
inference algorithm known as the Variational Inference algorithm described in
Algorithm 2. The parameter estimation is done using Variational EM algo-
rithm shown in Algorithm 3. Both these algorithms are adapted from (Blei
et al, 2003).

Variational Inference (VI) Algorithm

Since the posterior distribution is intractable for exact inference, we approxi-
mate the posterior by considering a tractable family of lower bound indexed by
variational parameters given by,

q(θ, z|γ, ϕ) = q(θ|γ)
N∏

n=1

q(zn|ϕn) (1)

where the symmetric Dirichlet parameter γ and multinomial parameters (ϕ1, . . . , ϕN )
are variational parameters. The optimizing values of the variational parame-
ters are found by minimizing the Kullback- Leibler (KL) divergence between
the variational distribution and the true posterior. Based on this optimization
problem, the pair of update equations are derived are described in Algorithm
2. Once the variational parameters are estimated, the variational distribution
is computed as an approximation to the true posterior.

Algorithm 2 Variational Inference (VI) Algorithm

Input: ϕ0ni
=

1

T
and γi = αi +

N

T
∀i = 1, 2, . . . , T and n = 1, 2, . . . , N

repeat

for n in 1, 2, . . . N

for i in 1, 2, . . . T

ϕ
(t+1)
ni = βiwn exp[ψ(γ

(t)
i )]

Normalize ϕ
(t+1)
n to sum to 1.

γ(t+1) = α+
∑N

n=1 ϕ
(t+1)
n

until convergence
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Variational Expectation-Maximization (VEM) Algorithm

In order to estimate the model parameters α and β, we need to maximize the log-
likelihood of the data, which is intractable. Therefore, an alternative variational
EM procedure is considered that maximizes the lower bound with respect to the
variational parameters γ and ϕ on each subject, and then, for fixed values of the
variational parameters, maximizes the lower bound with respect to the model
parameters α and β as described in Algorithm 3.

Algorithm 3 Variational EM (VEM) Algorithm

repeat until convergence
E-Step: For each subject, obtain the optimizing variational parameters
{γd, ϕd : d ∈ {1, 2, . . .M}}. This is done using the Variational inference
algorithm described in Algorithm 2.
M-Step: Maximize the lower bound on the log-likelihood with respect to α
and β

• β
(t+1)
i,j =

∑M
d=1

∑Nd

n ϕ
(t+1)
dni

wj
dn

• Update α(t+1) using linear time Newton-Raphson method.
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