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I. HUBBARD MODEL TO CHIRAL SPIN MODEL

In this section, we outline the steps for phenomenologically obtaining the chiral spin model starting from a Hubbard
model on a triangular lattice at half-�lling. The corresponding Hamiltonian is written as

H = −t ∑
⟨ij⟩,σ

c�iσcjσ +U∑
i

ni↑ni↓, (1)

where ⟨ij⟩ corresponds to the nearest-neighbor tight-binding model on a triangular lattice, σ corresponds to the spin
degrees of freedom, and U is the strength of the local Hubbard repulsion. In this case, the low-energy e�ective spin
Hamiltonian in the strong-coupling limit (U ≫ t) can be obtained through Schrie�er-Wol� transformation (SWT) [1, 2]
as

Heff = H
(2)
eff +H

(4)
eff , H

(2)
eff = J

(2)
∑
⟨ij⟩

Si ⋅ Sj , (2a)

H
(4)
eff = J

(4)
1 ∑
⟨ij⟩

Si ⋅ Sj + J
(4)
2 ∑
⟪ij⟫

Si ⋅ Sj + J
(4)
3 ∑
⟨⟪ij⟫⟩

Si ⋅ Sj + J
(4)
R ∑
⟨i,j,k,l⟩

Rijkl, (2b)

Rijkl = (Si ⋅ Sj)(Sk ⋅ Sl) + (Si ⋅ Sl)(Sj ⋅ Sk) − (Si ⋅ Sk)(Sj ⋅ Sl), (2c)

where the exchange couplings are given by [2]

J(2) =
4t2

U
, J

(4)
1 = −

24t4

U3
, J

(4)
2 = J

(4)
3 =

4t4

U3
, J

(4)
R =

80t4

U3
. (3)

In a previous theoretical work [3], it was shown that the ring exchange term leads to an induced chirality in the
low-energy spin dynamics of the TLHM. It is worth mentioning that such a �ux phase was previously pointed out in
triangular lattice material κ-(ET)2Cu2(CN)3 by Motrunich within the mean-�eld description in Ref. [4]. Motivated
by these studies, we consider the following chiral spin liquid model as

Hpheno = J̃ ∑
⟨ij⟩

Si ⋅ Sj + J̃χ ∑
⟪ijk⟫
△,▽

Si ⋅ (Sj × Sk), (4)

where J̃ , and J̃χ are provided in Ref. [3] as

J̃ = J(2) −
107

88
J
(4)
R , J̃χ = 3J

(4)
R (−

39

11
χ −

1344

11
χ3
+
12288

11
χ5
) , (5)

where χ = ⟨Si ⋅ (Sj × Sk⟩ is the non-vanishing chiral order parameter in the emergent chiral QSL state. Self-consistent
density-matrix renormalization analysis in Ref. [3, 5] shows that it is non-vanishing in a wide region between Uc1 ∼ 9U
and Uc2 ∼ 10.75U . Therefore, the parameters of the phenomenological Hamiltonian in the main text are directly
related to the parameters of the original Hubbard model.

II. PHENOMENOLOGICAL DESCRIPTION

We assume that the underlying fractionalized excitations are spinons, and correspondingly rewrite the spin degrees

of freedom as [6] Si =
1
2
f �iασαβfiβ . Here, f

�
iα creates a spinon at site i with spin α, and σ denotes the vector of the

Pauli matrices. We utilize the product relation for the Pauli matrices as

σαβ ⋅σγδ = 2δαδδβγ − δαβδγδ. (6)

Plugging this back into Eq. (3) of the main text, we �rst obtain the Heisenberg part as

Hheisen = −
J̃

2
∑
⟨ij⟩

f �iαfjαf
�

jβfiβ −
J̃

4
∑
⟨ij⟩

ninj , (7)

where ni = f
�
iαfiα and we assume the summation over the repeated indices unless explicitly mentioned. We note that

the spinon description manifestly enlarges the physical Hilbert space. To remain in the physical Hilbert space, we

utilize the half-�lling constraint per site as ∑α f
�
iαfiα = 1. However, in this work, we assume this constraint to be
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loosely applicable in an average way in the spirit of mean �eld theory. Next, we perform only particle-hole mean-�eld
decomposition to rewrite the Hamiltonian in Eq. (7) as

Hheisen = −
J̃

2
∑
⟨ij⟩

(mjif
�
iαfjα + h.c.) +

J̃

2
∑
⟨ij⟩

∣mij ∣
2, (8)

where we have ignored the last term in Eq. (7), and introduced a mean-�eld ansatz as mij = ⟨f
�
iαfjα⟩. Similarly, we

rewrite the chiral term as [7]

Hchiral = J̃χ ∑
⟪ijk⟫

Si ⋅ (Sj × Sk)

=
Jχ

8
∑
⟪ijk⟫

(f �iασαβfiβ) ⋅ (f
�

jα′
σα′β′ fjβ′ ) × (f

�

kα′′
σα′′β′′ fkβ′′ )

=
Jχ

8
∑
⟪ijk⟫

ϵabc(σ
a
)αβ(σ

b
)α′β′ (σ

c
)α′′β′′ f

�
iαfiβf

�

jα′
fjβ′ f

�

kα′′
fkβ′′

≈
3iJ̃χ

16
∑
⟪ijk⟫

(−mikmkjmji +mkjmjif
�
iαfkα +mikmkjf

�
jαfiα +mjimikf

�

kαfjα − h.c.) , (9)

The total Hamiltonian is then Hpheno = Hheisen + Hchiral. Without going into a self-consistent mean-�eld analysis,
we assume a particular form of the mean �elds and benchmark our analysis with our unbiased DMRG calculations.
Assuming translational invariance, we choose mij = m0e

iϕij , where m0 is the amplitude of the order parameter and
ϕij are the bond-dependent phases. Now ignoring the amplitude and phase �uctuations, we can write the Hamiltonian
as

Hpheno = −
J̃m0

2
∑
⟨ij⟩

eiϕjif �iαfjα +
3iJ̃χm

2
0

16
∑
⟨ij⟩

ei(ϕik+ϕkj)f �jαfiα + {i↔ j ↔ k} + 3J̃∑
i

m2
0 +

9J̃χ

8
∑
i

m3
0 cos θ + h.c (10)

Combining the hopping phases ϕij 's, the above Hamiltonian can be written in a compact form as Hpheno =

−t̃∑⟨ij⟩ e
iψijf �iαfjα +h.c., where t̃ is the spinon hopping amplitude and is related to our phenomenological parameters

as

t̃ cosψij =
J̃m0

2
cosϕji +

3J̃χm
2
0

16
sin (ϕik + ϕkj) , (11a)

t̃ sinψij =
J̃m0

2
sinϕji +

3J̃χm
2
0

16
cos (ϕik + ϕkj) , (11b)

where ψij + ψjk + ψki = Φ0 with Φ0 being total �ux enclosed within a single triangular plaquette. At this point, all
ϕij/ψij remains undetermined. Now we utilize Lieb's theorem [8] to determine the phases. According to the theorem,
a fermion hopping on a bipartite lattice realizes the ground state with π-�ux square plaquettes. Consequently, we
consider a doubled unit cell such that one up and one down triangle jointly form the rhombus-like bipartite unit cell as
shown in Fig. 1(a), and impose a π-�ux in the doubled unit cell. This still leaves us with various choices for the bond-
dependent phases ψij , ψjk, and ψki forming the triangular plaquette ⟨ijk⟩. A generic choice of the bond-dependent
phases is shown in Fig. 1(a), where θ is some arbitrary angle specifying whether both the up and down triangles have
the same �ux π/2 or some staggered �ux con�gurations as π/2±θ (both adding to π in the rhombus-shaped unit cell).

A. Topological spinon bands

We now move on to compute the spinon bands within the phenomenological �ux phases in the triangle lattice. First
of all, the primitive and the reciprocal lattice vectors of the original triangular lattice are given by

a1 = a (1, 0) , a2 =
a

2
(1,
√
3) , b1 =

2π
√
3a
(
√
3, −1) , b2 =

4π
√
3a
(0, 1) , (12)

where a is the lattice constant. The corresponding nearest-neighbor vectors as given by

δ1 = a (1, 0) , δ2 =
a

2
(1,
√
3) , δ3 =

a

2
(1, −

√
3) . (13)
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(b)(a)

FIG. S1. (a) The Brillouin zone of a triangular lattice with the high-symmetry points marked by the �lled circles. (b) The
spectrum of gapped spinons within our mean-�eld approximation with the staggered phase θ = 0. The topological Chern
numbers are labeled on the two bands. Each spinon band is doubly degenerate in the spin degrees of freedom.

We also show the corresponding Brillouin zone (BZ) in Fig. S1(a) with the high-symmetry points as

Γ = (0, 0), K =
π

a
(
4

3
, 0) , M =

π

a
(1,

1
√
3
) . (14)

Since the previous �ux con�guration doubles the unit cell as a1 → 2a1, the tight-binding Hamiltonian in the sub-lattice
basis (see Fig. 1(a) in the main text) is written as (note that we consider the uniform �ux con�guration with θ = 0)

Heff = −t̃∑
i

(f �iAfi+δ1B + f
�
iAfi+δ2A + if

�
iAfi+δ3B + f

�
iBfi+δ1A − f

�
iBfi+δ2B − if

�
iBfi+δ3A) + h.c., (15)

Translating into the momentum space, we obtain

Heff = −2t̃∑
k

(f �kA f �kB)(
cosk ⋅ δ2 cosk ⋅ δ1 + i cosk ⋅ δ3

cosk ⋅ δ1 − i cosk ⋅ δ3 − cosk ⋅ δ2
)(
fkA
fkB
) . (16)

The above Hamiltonian can be written in a compact form with Pauli matrices as Heff = −2t∑k dk ⋅σ where

d1k = cosk ⋅ δ2, d2k = cosk ⋅ δ1, d3k = cosk ⋅ δ3. (17)

The gapped spinon spectrum is obtained by diagonalizing the Hamiltonian in Eq. (16). The dispersion is given by

εk = ±2t̃
√
d21k + d

2
2k + d

2
3k (see Fig. 1(b) in the main text). The spectrum remains gapped for any other choice of θ,

except at θ = π
2
when the gap closes as depicted in Fig. 1(c) in the main text. We computed the Chern number in the

gapped phase using link variable method [9], and �nd the Chern numbers for the bands to be ±2 (upon adding the
spin degenerate bands) [see Fig. S1(b)].

B. Orbital electrical current and charge �uctuation in the gapped phase

In this section, we �rst provide the steps leading to an emergent non-vanishing loop electrical current distribution
in the CSL phase. The current operator in the single-band Hubbard model reads as [10]

Îij,k = r̂ij
24e

h̵

t3

U2
Sk ⋅ (Si × Sj) , (18)

where r̂ij is the unit vector connecting two sites i, j, and the localized current �ows within a triangular loop. Rewriting
in terms of the spinons, we obtain

Îij,k =r̂ij
e

h̵

9it3

2U2
(mkjmjif

�
iαfkα +mikmkjf

�
jαfiα +mjimikf

�

kαfjα − h.c.)

= r̂ij
9im2

0t
3

U2
ei(ϕik+ϕkj)f �j fi + k → j → i

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
+ j → i→ k
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

+ h.c. (19)
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Periodic boundary condition + gapped spinon Periodic boundary condition + a localized spinonOpen boundary condition + gapped spinon

(a) (b)
(c)

FIG. S2. (a) The eigenvalue distribution of the real-space Hamiltonian (PBC) as a function of the system size. The topological
protection manifests into a gap in the eigenvalue distribution. (b) The eigenvalue distribution of the real-space Hamiltonian as
a function of the system size in open boundary conditions with the edge modes in the gap. (c) The eigenvalue distribution of
the real-space Hamiltonian as a function of the system size for the triangular lattice in periodic boundary conditions. We set
a local chemical potential V0 at site r0 for the A-sublattice. For very large V0, there are two additional states which are shown
by the symbols around zero energy and the other one at higher energy dictated by V0.

Note that in the last line, we removed the spin-label. Since the spinon bands are degenerate in the spin degrees of
freedom, we have added the contributions from both spin channels. In a similar spirit, we can re-express the charge
�uctuation operator in spinon language as [10]

δρi,jk = e
8t3

U3
(Si ⋅ Sj + Si ⋅ Sk − 2Sj ⋅ Sk) = e

8m0t
3

U3
(eiϕjif �i fj + e

iϕkif �i fk − 2e
iϕkjf �j fk) + h.c., (20)

where we again added the spin degeneracy in the last line of the above equation.
As we are interested in the real space loop current and chare �uctuation pro�le, we consider a real-space calculation

to evaluate the loop current expectation values. The Hamiltonian in Eq. (16) is therefore written on a 2D triangle
lattice of size L×L unit cells. Since each unit cell contains two sub-lattice sites (A & B), there are 2L2 spinon operators

f �iσ in the system. The lattice vectors are chosen as a1 = (2,0), and a2 = (1/2,
√
3/2). The spinon operators at a site i

is written as f �i = f
�
η(m,n), where η corresponds to the sub-lattice index, and R(m,n) =ma1 + na2, m,n = 1,2, . . . L.

If we impose periodic boundary condition (PBC), then the spinon operators follow f �η(m + L,n) = f
�
η(m,n), and

f �η(m,n + L) = f
�
η(m,n), otherwise f

�
η(m + L,n) = f

�
η(m,n + L) = 0 in the open boundary condition (OBC). The

2L2-dimensional spinon vector is constructed as f̃ � = (f �A, f
�
B) with

f �η = (f
�
η(1,1), f

�
η(2,1), . . . f

�
η(L,1), f

�
η(1,2), f

�
η(2,2), . . . f

�
η(L,2), . . . , f

�
η(L,L)) , η ∈ {A,B}. (21)

In terms of the spinon vector f̃ �, we can write the the Hamiltonian in Eq. (16) as Heff = f̃
�Hf̃ , where H is written as

a 2L2 × 2L2 matrix. On the diagonal basis, we can rewrite the spinon operators as

[
ζuσ(m,n)
ζdσ(m,n)

] = ∑
m,n

Umn ⋅ [
fAσ(m,n)
fBσ(m,n)

] , (22)

where U is the diagonalizing matrix for Hamiltonian H, and ζu/d(m,n) are the diagonal spinon operators correspond-
ing to the spectrum as shown in Fig. S2. In panel (a), we show the band dispersion with a topological gap ∆ in the
PBC, while in panel (b), the spectrum in the case of OBC is shown with an edge mode inside the bulk gap ∆. The
spectrum for a localized spinon at site r0 inside the bulk is shown in panel (c). To realize the latter scenario, we
impose a large onsite chemical potential V0 at the site r0 within the unit cell. Due to the large energy, this speci�c
site will not host any spinons and can be thought of as a localized spinon hole. The physical situation might be some
empty defect sites, or some magnetic impurity sitting inside the bulk of the system.

Analysis of the expectation values

Once we know all the eigenenergy and the eigenstates of the Hamiltonian, it is straightforward to obtain the
average of the loop current operator in the ground state. The target quantity of our interest is ⟨f �α(Rmn)fβ(R

′

m′n′)⟩

for {α,β} ∈ {A,B}, where Rmn denotes the position of the site at Rmn =mâ1 + nâ2. The analysis goes as follows

⟨f �α(Rmn)fβ(R
′

m′n′)⟩ = ⟨ (f
�
A f �B)W

(αβ)
RR′ (

fA
fB
) ⟩ =

2L2

∑
ll′=1

(U �
W
(αβ)
RR′ U)ll′

⟨ζ�l ζl′⟩ =
2L2

∑
l=L2+1

(U �
W
(αβ)
RR′ U)ll

, (23)
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where ⟨ζ�l ζl′⟩ = δll′ , and the 2L2 × 2L2 matrices W
(αβ)
RR′ are de�ned as follows

W
(αβ)
RR′ = (

BAA
RR′δαAδβA B

AB
RR′δαAδβB

BBA
RR′δαBδβA B

BB
RR′δαBδβB

) . (24)

Here, B
(α)
RR′ are L

2×L2 matrices corresponding to the non-zero connections allowed by the orientations of the triangles.
The corresponding results for the charge �uctuation and loop current distribution are shown in Fig. 3(a-c) in the main
text.

III. DYNAMIC SPIN STRUCTURE FACTOR

In this section, we provide the details of the analysis of the dynamical spin structure factor (DSSF). The latter is
de�ned as

S(q, ω) = ∑
i,j

eiq⋅(ri−rj)

Ns
∫

∞

−∞

dteiωt ⟨Si(t) ⋅ Sj(0)⟩ , (25)

where i, j corresponds to the position of the unit cell containing two sub-lattice sites. Note that the unit-cell i has
two sub-lattice sites labeled by A, and B. Consequently, we can rewrite the above equation as

S(q, ω) = ∑
i,j

eiq⋅(ri−rj)

Ns
∫

∞

−∞

dteiωt[ ⟨Si,A(t) ⋅ Sj,A(0)⟩ + ⟨Si,B(t) ⋅ Sj,B(0)⟩+

eiq⋅a1 ⟨Si,A(t) ⋅ Sj,B(0)⟩ + e
−iq⋅a1 ⟨Si,B(t) ⋅ Sj,A(0)⟩ ], (26)

where we have explicitly written down the DSSF in sub-lattice resolved coordinates. It is straightforward to show
next that a typical sub-lattice resolved term is given by ({η, ζ} ∈ {A,B})

Sηζ(q, ω) =∑
i,j

eiq⋅(ri−rj)

4Ns
∫

∞

−∞

dteiωtei(E0−En)t ⟨0∣f �iηαfiηβ ∣n⟩ ⟨n∣f
�

jζγfjζδ ∣0⟩ (2δαδδβγ − δαβδγδ)

= ∑
k,p

∑
n

2δαδδβγ − δαβδγδ

4
δ(ω −En +E0) ⟨0∣f

�
pηαfp+qηβ ∣n⟩ ⟨n∣f

�

k+qζγfkζδ ∣0⟩

= ∑
k

∑
n

2δαδδβγ − δαβδγδ

4
δ(ω −En +E0) ⟨0∣f

�

kηαfk+qηβ ∣n⟩ ⟨n∣f
�

k+qζγfkζδ ∣0⟩

= ∑
k

∑
n

δ(ω −En +E0)
⎛

⎝

⟨0∣f �kηαfk+qηβ ∣n⟩ ⟨n∣f
�

k+qζβfkζα∣0⟩

2
−
⟨0∣f �kηαfk+qηα∣n⟩ ⟨n∣f

�

k+qζβfkζβ ∣0⟩

4

⎞

⎠

= ∑
k

∑
n

δ(ω −En +E0)
⎛

⎝

⟨0∣f �kηαfk+qηβ ∣n⟩ ⟨n∣f
�

k+qζβfkζα∣0⟩

2
−
⟨0∣f �kηαfk+qηα∣n⟩ ⟨n∣f

�

k+qζαfkζα∣0⟩

4

⎞

⎠

=
3

2
∑
k

∑
n

δ(ω −En +E0) ⟨0∣f
�

kηfk+qη ∣n⟩ ⟨n∣f
�

k+qζfkζ ∣0⟩ , (27)

where in the last line, we have summed over the degenerate spin degrees of freedom and omitted the spin indices, and
∣n⟩ corresponds to an excited eigenmode with energy En. We perform the numerical integration in Mathematica and

the corresponding plots are shown in Fig. 4 in the main text. We approximate the delta function δ(x) as δ(x) = 1
π

γ2

x2+γ2 ,

and considered γ = 0.1 for numerical purposes.

IV. OPTICAL CONDUCTIVITY IN THE CSL PHASE

Finally, in this section, we provide the details of the analysis for the transverse and longitudinal optical conductivity
in the CSL phase. Since the parent compound is a Mott insulator, we do not have any mobile charges; however, the
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FIG. S3. Contribution to the polarization from a single site at i0 surrounded by six triangles with sites i1, . . . , i6.

charge �uctuations in the insulating phase will lead to electrical polarization which couples to the external electric
�eld and lead to �nite optical conductivity. The corresponding electrical susceptibility is given by

χxy(ω) = −
V

h̵
∑
n≠0

⎡
⎢
⎢
⎢
⎢
⎣

⟨ψ0∣Px∣ψn⟩ ⟨ψn∣Py ∣ψ0⟩

ω − ωn + iη
−
⟨ψ0∣Py ∣ψn⟩ ⟨ψn∣Px∣ψ0⟩

ω + ωn + iη

⎤
⎥
⎥
⎥
⎥
⎦

, (28)

where P = Pxx̂+Pyŷ is the total polarization in the system. For a triangular plaquette, the corresponding expression
can be obtained from the charge �uctuation operators [10]. Here, we consider a single site at i0 embedded in the
lattice as shown in Fig. S3. The polarization for each triangle is thereafter written as

Pi0;i1i2 = −
12eat3

U3
(Si0 ⋅ Si1 − Si0 ⋅ Si2) x̂ +

4
√
3eat3hop

U3
(Si0 ⋅ Si1 + Si0 ⋅ Si2 − 2Si1 ⋅ Si2) ŷ, (29a)

Pi0;i4i5 =
12eat3

U3
(Si0 ⋅ Si4 − Si0 ⋅ Si5) x̂ −

4
√
3eat3hop

U3
(Si0 ⋅ Si4 + Si0 ⋅ Si5 − 2Si4 ⋅ Si5) ŷ, (29b)

Pi0;i2i3 =
12eat3

U3
(Si2 ⋅ Si3 − Si0 ⋅ Si2) x̂ −

4
√
3eat3hop

U3
(Si0 ⋅ Si2 + Si2 ⋅ Si3 − 2Si0 ⋅ Si3) ŷ, (29c)

Pi0;i5i6 = −
12eat3

U3
(Si5 ⋅ Si6 − Si0 ⋅ Si5) x̂ +

4
√
3eat3hop

U3
(Si0 ⋅ Si5 + Si5 ⋅ Si6 − 2Si0 ⋅ Si6) ŷ, (29d)

Pi0;i3i4 =
12eat3

U3
(Si3 ⋅ Si4 − Si0 ⋅ Si4) x̂ +

4
√
3eat3hop

U3
(Si0 ⋅ Si4 + Si3 ⋅ Si4 − 2Si0 ⋅ Si3) ŷ, (29e)

Pi0;i6i1 = −
12eat3

U3
(Si6 ⋅ Si1 − Si0 ⋅ Si1) x̂ −

4
√
3eat3hop

U3
(Si0 ⋅ Si1 + Si6 ⋅ Si1 − 2Si0 ⋅ Si6) ŷ. (29f)

Now, we can add all these contributions to obtain the total polarization per site i0 as

Pi0 =
12eat3

U3
(Si2 ⋅ Si3 − Si5 ⋅ Si6 + Si3 ⋅ Si4 − Si6 ⋅ Si1) x̂

−
4
√
3eat3

U3
(2Si1 ⋅ Si2 + Si2 ⋅ Si3 − Si3 ⋅ Si4 − 2Si4 ⋅ Si5 − Si5 ⋅ Si6 + Si6 ⋅ Si1) ŷ. (30)

We further utlize the Pauli matrix identities and rewrite the above expression in the spinon language as

Pi0 =
3eat3

U3
δαβγδ (f

�
i2α
f �i3γfi3δfi2β − f

�
i5α
f �i6γfi6δfi5β + f

�
i3α
f �i4γfi4δfi3β − f

�
i6α
f �i1γfi1δfi6β) x̂ −

√
3eat3

U3
δαβγδ (2f

�
i1α
f �i2γfi2δfi1β

+f �i2αf
�
i3γ
fi3δfi2β − f

�
i3α
f �i4γfi4δfi3β − 2f

�
i4α
f �i5γfi5δfi4β − f

�
i5α
f �i6γfi6δfi5β + f

�
i6α
f �i1γfi1δfi6β) ŷ, (31)

where δαβγδ = 2δαδδβγ − δαβδγδ. Consequently, we can obtain the total polarization which is the sum over two
sub-lattice polarizations as

P =
1

V

⎛

⎝
∑
i0∈A

Pi0 + ∑
i0∈B

Pi0

⎞

⎠
. (32)
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Rewriting it in the momentum space we obtain in the sub-lattice basis as

P xi0∈A =
3eat3

U3 ∑
{k}

δαβγδ (e
ik1⋅r2+ik2⋅r3−ik3⋅r3−ik4⋅r2f �Bk1α

f �Bk2γ
fBk3δfBk4β − e

ik1⋅r5+ik2⋅r6−ik3⋅r6−ik4⋅r5f �Bk1α
f �Bk2γ

fBk3δfBk4β

+eik1⋅r3+ik2⋅r4−ik3⋅r4−ik4⋅r3f �Bk1α
f �Ak2γ

fAk3δfBk4β − e
ik1⋅r6+ik2⋅r1−ik3⋅r1−ik4⋅r6f �Bk1α

f �Ak2γ
fAk3δfBk4β) , (33a)

P yi0∈A =

√
3eat3

U3 ∑
{k}

δαβγδ (2e
ik1⋅r1+ik2⋅r2−ik3⋅r2−ik4⋅r1f �Ak1α

f �Bk2γ
fBk3δfAk4β + e

ik1⋅r2+ik2⋅r3−ik3⋅r3−ik4⋅r2f �Bk1α
f �Bk2γ

fBk3δfBk4β

−eik1⋅r3+ik2⋅r4−ik3⋅r4−ik4⋅r3f �Bk1α
f �Ak2γ

fAk3αfBk4β − 2e
ik1⋅r4+ik2⋅r5−ik3⋅r5−ik4⋅r4f �Ak1α

f �Bk2γ
fBk3αfAk4β

−eik1⋅r5+ik2⋅r6−ik3⋅r6−ik4⋅r5f �Bk1α
f �Bk2γ

fBk3δfBk4β + e
ik1⋅r6+ik2⋅r1−ik3⋅r1−ik4⋅r6f �Bk1α

f �Ak2γ
fAk3δfBk4β) , (33b)

whereas for i0 ∈ B, we need to update the above expression with A ↔ B. Now, we utilize the vector relation as
ri = ri0 +∆i,∀i = 1, . . .6, where ∆i is the nearest neighbor site to i0, and they are related to the original nearest-
neighbor vectors de�ned as

∆1 = −δ2, ∆2 = δ3, ∆3 = δ1, ∆4 = δ2, ∆5 = −δ3, ∆6 = −δ1. (34)

Taking the summation over all the sites i0, we have

∑
i0

P xi0∈A =
6ieat3

U3

′

∑
{k}

δαβγδ (sin [k1 ⋅ δ3 + k2 ⋅ δ1 − k3 ⋅ δ1 − k4 ⋅ δ3]f
�

Bk1α
f �Bk2γ

fBk3δfBk4β +

sin [k1 ⋅ δ1 + k2 ⋅ δ2 − k3 ⋅ δ2 − k4 ⋅ δ1]f
�

Bk1α
f �Ak2γ

fAk3δfBk4β) , (35a)

∑
i0

P yi0∈A =
2
√
3ieat3

U3

′

∑
{k}

δαβγδ (2 sin[−k1 ⋅ δ2 + k2 ⋅ δ3 − k3 ⋅ δ3 + k4 ⋅ δ2]f
�

Ak1α
f �Bk2γ

fBk3δfAk4β +

sin[k1 ⋅ δ3 + k2 ⋅ δ1 − k3 ⋅ δ1 − k4 ⋅ δ3]f
�

Bk1α
f �Bk2γ

fBk3δfBk4β −

sin[k1 ⋅ δ1 + k2 ⋅ δ2 − k3 ⋅ δ2 − k4 ⋅ δ1]f
�

Bk1α
f �Ak2γ

fAk3δfBk4β) , (35b)

where ∑
′ denotes the momentum conversation, i.e., k1 + k2 = k3 + k4, obtained by summing over all the sites.

P x =
6ieat3

U3

′

∑
{k}

δαβγδ (sin [k1 ⋅ δ3 + k2 ⋅ δ1 − k3 ⋅ δ1 − k4 ⋅ δ3](f
�

Bk1α
f �Bk2γ

fBk3δfBk4β + f
�

Ak1α
f �Ak2γ

fAk3δfAk4β) +

sin [k1 ⋅ δ1 + k2 ⋅ δ2 − k3 ⋅ δ2 − k4 ⋅ δ1](f
�

Bk1α
f �Ak2γ

fAk3δfBk4β + f
�

Ak1α
f �Bk2γ

fBk3δfAk4β)) , (36a)

P y =
2
√
3ieat3

U3

′

∑
{k}

δαβγδ (2 sin[−k1 ⋅ δ2 + k2 ⋅ δ3 − k3 ⋅ δ3 + k4 ⋅ δ2] (f
�

Ak1α
f �Bk2γ

fBk3δfAk4β + f
�

Bk1α
f �Ak2γ

fAk3δfBk4β) +

sin[k1 ⋅ δ3 + k2 ⋅ δ1 − k3 ⋅ δ1 − k4 ⋅ δ3] (f
�

Bk1α
f �Bk2γ

fBk3δfBk4β + f
�

Ak1α
f �Ak2γ

fAk3δfAk4β) −

sin[k1 ⋅ δ1 + k2 ⋅ δ2 − k3 ⋅ δ2 − k4 ⋅ δ1] (f
�

Bk1α
f �Ak2γ

fAk3δfBk4β + f
�

Ak1α
f �Bk2γ

fBk3δfAk4β)) . (36b)
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