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I. HUBBARD MODEL TO CHIRAL SPIN MODEL

In this section, we outline the steps for phenomenologically obtaining the chiral spin model starting from a Hubbard
model on a triangular lattice at half-filling. The corresponding Hamiltonian is written as

H=—-t ), c;rgcja +U Y nigngy, (1)

(ig),o g

where (ij) corresponds to the nearest-neighbor tight-binding model on a triangular lattice, o corresponds to the spin
degrees of freedom, and U is the strength of the local Hubbard repulsion. In this case, the low-energy effective spin
Hamiltonian in the strong-coupling limit (U >> t) can be obtained through Schrieffer-Wolff transformation (SWT) [1, 2]
as

Har = HP +HE, HP =ID T s;-8;, (2a)
(i5)
Hé?f) = J1(4) Z Sl . Sj + J2(4) Z Si . Sj + J§4) Z Sl . Sj + JF({4) Z Rijkl) (2b)
(i5) {igh (D) (4,4,k,1)
Rijir = (Si-S;)(Sk-Si) +(Si-S1)(S;-Sk) — (Si-S)(S;-Sy), (2¢)

where the exchange couplings are given by [2]
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In a previous theoretical work [3], it was shown that the ring exchange term leads to an induced chirality in the
low-energy spin dynamics of the TLHM. It is worth mentioning that such a flux phase was previously pointed out in
triangular lattice material k-(ET)2Cua(CN); by Motrunich within the mean-field description in Ref. [4]. Motivated
by these studies, we consider the following chiral spin liquid model as

theno:jzsi'sj"'j)( Z S'L(Sj XSk)a (4)
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where J, and J, are provided in Ref. [3] as
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where x = (S; - (S; x Si) is the non-vanishing chiral order parameter in the emergent chiral QSL state. Self-consistent
density-matrix renormalization analysis in Ref. [3, 5] shows that it is non-vanishing in a wide region between U, ~ 9U

and U, ~ 10.75U. Therefore, the parameters of the phenomenological Hamiltonian in the main text are directly
related to the parameters of the original Hubbard model.

II. PHENOMENOLOGICAL DESCRIPTION

We assume that the underlying fractionalized excitations are spinons, and correspondingly rewrite the spin degrees
of freedom as [6] S; = %f;raaagfw. Here, f;ra creates a spinon at site ¢ with spin «, and o denotes the vector of the
Pauli matrices. We utilize the product relation for the Pauli matrices as

Tap Oy5 = 200505y = 0apdys. (6)

Plugging this back into Eq. (3) of the main text, we first obtain the Heisenberg part as
J J
Hheisen = _5 Z fjafjafjﬁfiﬂ - Z Z nin;, (7)
(i) (i5)

where n; = f:a fia and we assume the summation over the repeated indices unless explicitly mentioned. We note that
the spinon description manifestly enlarges the physical Hilbert space. To remain in the physical Hilbert space, we
utilize the half-filling constraint per site as Y., f;afm = 1. However, in this work, we assume this constraint to be



loosely applicable in an average way in the spirit of mean field theory. Next, we perform only particle-hole mean-field
decomposition to rewrite the Hamiltonian in Eq. (7) as

Z |m”| (8)

7'lheisen =

M\Kn
M\Kn
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where we have ignored the last term in Eq. (7), and introduced a mean-field ansatz as m;; = (f f;o). Similarly, we
rewrite the chiral term as [7]

Hchiral = jx Z Si- (S] X Sk)
(igk)
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The total Hamiltonian is then Hpheno = Hheisen + Heniral.  Without going into a self-consistent mean-field analysis,
we assume a particular form of the mean fields and benchmark our analysis with our unbiased DMRG calculations.
Assuming translational invariance, we choose m;; = moe'®i, where my is the amplitude of the order parameter and

¢:; are the bond-dependent phases. Now ignoring the amplitude and phase fluctuations, we can write the Hamiltonian
as

J. mo
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Combining the hopping phases ¢;;’s, the above Hamiltonian can be written in a compact form as Hpheno =

—EZW) eiVis fja fja +h.c., where t is the spinon hopping amplitude and is related to our phenomenological parameters
as

. 3J,m2
tcos; = % coS ¢ji + i(gno sin (¢ir + drj) (11a)
- j 3J,ym?
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where ©;; + ¥, + Y = Po with ®g being total flux enclosed within a single triangular plaquette. At this point, all
¢ij/vi; remains undetermined. Now we utilize Lieb’s theorem [8] to determine the phases. According to the theorem,
a fermion hopping on a bipartite lattice realizes the ground state with m-flux square plaquettes. Consequently, we
consider a doubled unit cell such that one up and one down triangle jointly form the rhombus-like bipartite unit cell as
shown in Fig. 1(a), and impose a 7-flux in the doubled unit cell. This still leaves us with various choices for the bond-
dependent phases v;;, ¥k, and 1y; forming the triangular plaquette (ijk). A generic choice of the bond-dependent
phases is shown in Fig. 1(a), where 0 is some arbitrary angle specifying whether both the up and down triangles have
the same flux 7/2 or some staggered flux configurations as 7/2+6 (both adding to 7 in the rhombus-shaped unit cell).

A. Topological spinon bands

We now move on to compute the spinon bands within the phenomenological flux phases in the triangle lattice. First
of all, the primitive and the reciprocal lattice vectors of the original triangular lattice are given by

a;=a(l,0), azzg(l, \/5), b1=%(\/§, —1), b2=%(0, 1), (12)

where a is the lattice constant. The corresponding nearest-neighbor vectors as given by

81=a(l,0), 52:3(17 V3), 5323(1, -V3). (13)
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FIG. S1. (a) The Brillouin zone of a triangular lattice with the high-symmetry points marked by the filled circles. (b) The
spectrum of gapped spinons within our mean-field approximation with the staggered phase # = 0. The topological Chern
numbers are labeled on the two bands. Each spinon band is doubly degenerate in the spin degrees of freedom.

We also show the corresponding Brillouin zone (BZ) in Fig. S1(a) with the high-symmetry points as

T =(0, 0), K:§(§,0)7 M:Z(l, Jlg) (14)

Since the previous flux configuration doubles the unit cell as a; - 2a;, the tight-binding Hamiltonian in the sub-lattice
basis (see Fig. 1(a) in the main text) is written as (note that we consider the uniform flux configuration with 6 = 0)

Hest = —L:Z (f;rAstlB + fiTAfmsQA + ifiTAfiJrSgB + fZTBfHJlA - f;rBfnazB -1 ;rBfnag,A) +h.c., (15)

Translating into the momentum space, we obtain

_ of n t cosk -0, cosk-dy +icosk-d3) [ fra
Hetr = 2t§(ka ka)(cosk-él—icosk-Jg —cosk- 4, fxs/)’ (16)

The above Hamiltonian can be written in a compact form with Pauli matrices as Heg = -2t ¥) di - o where
dix =cosk -8y, dox =cosk-dy, d3k=cosk-ds. (17)

The gapped spinon spectrum is obtained by diagonalizing the Hamiltonian in Eq. (16). The dispersion is given by

€k = i2t~\/d%k +d3, +d3, (see Fig. 1(b) in the main text). The spectrum remains gapped for any other choice of 0,

except at 6 = § when the gap closes as depicted in Fig. 1(c) in the main text. We computed the Chern number in the
gapped phase using link variable method [9], and find the Chern numbers for the bands to be +2 (upon adding the

spin degenerate bands) [see Fig. S1(b)].

B. Orbital electrical current and charge fluctuation in the gapped phase

In this section, we first provide the steps leading to an emergent non-vanishing loop electrical current distribution
in the CSL phase. The current operator in the single-band Hubbard model reads as [10]

3
Iijk:A“iiSk'(SiXSj), (18)

where ;5 is the unit vector connecting two sites 7, j, and the localized current flows within a triangular loop. Rewriting
in terms of the spinons, we obtain
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FIG. S2. (a) The eigenvalue distribution of the real-space Hamiltonian (PBC) as a function of the system size. The topological
protection manifests into a gap in the eigenvalue distribution. (b) The eigenvalue distribution of the real-space Hamiltonian as
a function of the system size in open boundary conditions with the edge modes in the gap. (c) The eigenvalue distribution of
the real-space Hamiltonian as a function of the system size for the triangular lattice in periodic boundary conditions. We set
a local chemical potential Vj at site ro for the A-sublattice. For very large Vp, there are two additional states which are shown
by the symbols around zero energy and the other one at higher energy dictated by V5.

Note that in the last line, we removed the spin-label. Since the spinon bands are degenerate in the spin degrees of
freedom, we have added the contributions from both spin channels. In a similar spirit, we can re-express the charge
fluctuation operator in spinon language as [10]

Spijr=e (s -S;+S;-S,-2S;-Sp) =¢ U‘; (st (1 £ + €0 T fr = 2e"%5 fT i) + hec, (20)

where we again added the spin degeneracy in the last line of the above equation.

As we are interested in the real space loop current and chare fluctuation profile, we consider a real-space calculation
to evaluate the loop current expectation values. The Hamiltonian in Eq. (16) is therefore written on a 2D triangle
lattice of size L x L unit cells. Since each unit cell contains two sub-lattice sites (A & B), there are 2L? spinon operators
f;rg in the system. The lattice vectors are chosen as a; = (2,0), and as = (1/2,1/3/2). The spinon operators at a site i
is written as f;r = f;(mm), where 7 corresponds to the sub-lattice index, and R(m,n) = ma; + nag, m,n=1,2,... L.
If we impose periodic boundary condition (PBC), then the spinon operators follow f;(m +L,n) = f};(m,n), and
f;(m,n +L) = f;(m,n), otherwise f);(m +L,n) = f:,(m,n + L) = 0 in the open boundary condition (OBC). The

2L?-dimensional spinon vector is constructed as £t = ( f;g, f]g) with
Fr= (D, @D, D, £ 2), £12,2), . fH(E2), - fI(E L)), ne {ABY. (21)

In terms of the spinon vector f'T, we can write the the Hamiltonian in Eq. (16) as Heg = f'THf', where H is written as
a 2L% x 2L? matrix. On the diagonal basis, we can rewrite the spinon operators as

[cw(m n>] Z U [an<m’n>] (22)

Cdd m n) fBU(m’n) ’

where U is the diagonalizing matrix for Hamiltonian H, and (,;4(m,n) are the diagonal spinon operators correspond-
ing to the spectrum as shown in Fig. S2. In panel (a), we show the band dispersion with a topological gap A in the
PBC, while in panel (b), the spectrum in the case of OBC is shown with an edge mode inside the bulk gap A. The
spectrum for a localized spinon at site rg inside the bulk is shown in panel (c). To realize the latter scenario, we
impose a large onsite chemical potential V[, at the site ro within the unit cell. Due to the large energy, this specific
site will not host any spinons and can be thought of as a localized spinon hole. The physical situation might be some
empty defect sites, or some magnetic impurity sitting inside the bulk of the system.

Analysis of the expectation values
Once we know all the eigenenergy and the eigenstates of the Hamiltonian, it is straightforward to obtain the

average of the loop current operator in the ground state. The target quantity of our interest is (ff(R,.») Js(R )
for {a, 8} € {A,B}, where R,,,, denotes the position of the site at R, = ma; + ndy. The analysis goes as follows

2L
(FERann) o (Rp)) = { (11 f;)wét"lf?(ﬁg)) z(U*wgﬁ?U) (fay="> (vwido),. (@3
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where (CITQI) 8y, and the 2L2 x 2L? matrices W&R, are defined as follows

wied) o Brdandsa Brrodaadss (24)
RR" =\ BER 5apdsa Bhn dandsn )

Here, ngr)v are L? x L2 matrices corresponding to the non-zero connections allowed by the orientations of the triangles.
The corresponding results for the charge fluctuation and loop current distribution are shown in Fig. 3(a-c) in the main
text.

III. DYNAMIC SPIN STRUCTURE FACTOR

In this section, we provide the details of the analysis of the dynamical spin structure factor (DSSF). The latter is
defined as

ia(rior;) oo
Slaw) = ¥ [ die (8:(1)-8,(0)). (25)

where ¢, j corresponds to the position of the unit cell containing two sub-lattice sites. Note that the unit-cell ¢ has
two sub-lattice sites labeled by A, and B. Consequently, we can rewrite the above equation as

efa(ri-rj) oo
S(q,w) = Z N /_oo dtewt[ (Sia(t)-S;a(0)) +(Sin(t)-S;8(0))+

(S, A (1) 8, 8(0)) + ¢ T (S(1) -5, (0)) ] 20

where we have explicitly written down the DSSF in sub-lattice resolved coordinates. It is straightforward to show
next that a typical sub-lattice resolved term is given by ({n,(} € {A,B})
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where in the last line, we have summed over the degenerate spin degrees of freedom and omitted the spin indices, and
|n) corresponds to an excited eigenmode with energy FE,,. We perform the numerical integration in Mathematica and

the corresponding plots are shown in Fig. 4 in the main text. We approximate the delta function §(x) as §(x) =
and considered v = 0.1 for numerical purposes.

T x2+y2)

IV. OPTICAL CONDUCTIVITY IN THE CSL PHASE

Finally, in this section, we provide the details of the analysis for the transverse and longitudinal optical conductivity
in the CSL phase. Since the parent compound is a Mott insulator, we do not have any mobile charges; however, the
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FIG. S3. Contribution to the polarization from a single site at o surrounded by six triangles with sites i1, ..., 1.

charge fluctuations in the insulating phase will lead to electrical polarization which couples to the external electric
field and lead to finite optical conductivity. The corresponding electrical susceptibility is given by

wa(‘*’)“gnzio w—wn+i77y - Z}+wn+in

: (28)

where P = P, X + P,y is the total polarization in the system. For a triangular plaquette, the corresponding expression
can be obtained from the charge fluctuation operators [10]. Here, we consider a single site at iy embedded in the
lattice as shown in Fig. S3. The polarization for each triangle is thereafter written as

Pigiiyiy = —1257?3 (Sio-Si, = Siy - Siy) X+ ——— \/—eatho’) (Si, - Si, +Si, - Si, —2Si,-Si,) ¥, (29a)
Piyiisis = %‘;t?’ (Sio-Si, - Si, - Si) % - 4f;zthop (S, -Si, +Si, - Siy - 284, - Si) ¥, (29b)
Piyinis = %‘;’53 (Si, -Siy - Siy - Si,) % - 4f;zth°p (Siy -Siy +Sia - Si, 25, -Si) ¥, (29¢)
Pioinis = -%‘;’53 (Sis - Siy — Sig - Siy) &+ hop N_eath‘)f’ (Sio - Sis + Siy - Siy — 254, - Si) 9. (20d)
Pigigis = %ﬁﬁ (SisSi, = 8Sip - Si,) X+ 4\/_56;’5}10;) (Sio - Sis +Sis - Si, —2Si, - Si,) ¥ (29)

iy = —%ﬁ’fg (Si S, —Si, - Si,) % - Llﬁgztﬁp (Si,-Si, +Si, -Si, — 254, -Sin) §. (29)

Now, we can add all these contributions to obtain the total polarization per site ig as

12eat® .
Pio = 7 (Sl2 : Si?’ - Sis : Sig + Sig : Si4 - Si6 : Sil)X
_ 4y/3eat
\/[;ea (2S;,-Si, +Si, -Si, —Si, - Sy, - 2S;, Sy, — Sy, - S + Sic - Si) ¥ (30)

We further utlize the Pauli matrix identities and rewrite the above expression in the spinon language as

3eat? . \3eat?
P, = <5 daBrs (fwafzg»yflgtsflzﬁ fzsafmfmgfzsﬁ fzwfmfszzaﬁ fzﬁafwlegfzs,e) “s Saprs (2 f“afmfzmsleﬁ
+f;2afi3‘yfi36fizﬁ - f;afiﬂfuafigﬁ - 2fgr4af;rs~,fi56fi46 - f;af;rﬂfieafig)ﬁ + f;rmfiwfilafigﬁ) \g (31)

where 6a8y5 = 200608y — 0apdys- Consequently, we can obtain the total polarization which is the sum over two
sub-lattice polarizations as

i0eB

- % (.ZAPZ-O - Pio). (32)



Rewriting it in the momentum space we obtain in the sub-lattice basis as

3eat?
T 1kqi-ro+iko-rs—iks-rz—iks-ro iki-rs5+iko-rg—iks-rg—iky-rs
oA = 7U Z 5a576( kalakaﬂkagakam -e kalakamek35ka4B
iky-rz+iks-ry—iksrg—iky-rs iky-rg+iko-ri—iksri—ikyrg
+e kalafAkz’yfAk35ka4B —-€ kalafAkQWfAk36ka4ﬂ) ) (333‘)
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_etkirstikerg—iksre—i 4r5f]1;k1af]];k27f]3k35f13k45 + pikiTet+ikyTi—ikgri—i 4r6f]];k1af1:k2fyfAk35ka4ﬂ)7 (33b)

whereas for ig € B, we need to update the above expression with A « B. Now, we utilize the vector relation as
r, =1, +A;,Vi=1,...6, where A, is the nearest neighbor site to iy, and they are related to the original nearest-
neighbor vectors defined as

A1 =-02, Ay=03 Az=6, As=02, As5=-03, Ag=-0:. (34)

Taking the summation over all the sites ¢y, we have
Gwat
Z POEA Z 50(575 (sm [kl (53 + kg 61 - k3 61 - k4 63]ka1aka2'nyk35ka4B +

sin[ky 01 + ko -0z —ks-02 —ky - 51]ka1afAk2»,fAk35ka4/3) , (35a)
2\/_zeat
> Pl A= s Z daBrys (2 sin[-k; - 02 + ko - 03 — ks - 03+ ky - 52]fAk1akaﬂka35fAk4ﬁ +
) {k}
sin[ky - 03 + ko - 01 — ks - 01 —ky - 63]f]§k1af]§k27f8k36ka4ﬁ -

sin[ky -8 + ko -0z — k3 -0y —ky - 51]f]£klafgkﬂfAk36ka4ﬁ) ; (35b)

where 3" denotes the momentum conversation, i.e., ki + ko = ks + k4, obtained by summing over all the sites.

pr_ 6z[ejat3 {Zk:'}(sama (sm [ki-03+ko-01 —ks-0; —ky- 53](ka1akaﬂka35ka45 + fAklafAkﬂfAksafAkw) +
sin (ki - 01 + Ko 02 = Ky 8 = K 01] (e, o Fhicyy Fatess B8 + Fhicy o iy FBkss fateis) ) 5 (362)
py_ 2fUzeat3 {é}aaw (25in[-K1 - 02 + ko 85 ks - 85 + ka - 2] (£l 0 Siser Ftcso Pk + Sy o by Fress feas) +
sin[k; - 03 + ko - 01 — k3 - 61 — ky - 83] (féklaflgkﬂkaﬁkaw + f;klaflkﬂfAkgafAkm) -
sin[ky - &1 + ko - 65 — k3 - 65 —ky - 1] ( Fhic o o Fakss foras + Fhic, o Fie fokas Faies 5)) . (36b)
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