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1. Basic properties of Bi/Ni bilayer film

In this work, we fabricated mesoscopic ring-shaped devices from a Bi/Ni bilayer film. Before
the device fabrication, we measured the temperature dependence of resistance of Bi/Ni bilayer
film using the ac lock-in technique. Four-terminal measurements were performed by directly
attaching Al-Si (1%) bonding wires to the surface of the film, as shown in Fig. S1. The sample

was cooled down from room temperature to about 2 K by using a *He flow refrigerator.

Ni (001) 2 nm
MgO (001) substrate

Fig. S1| Schematic image of the circuit to measure the resistance of Bi/Ni bilayer film with the
four-terminal method. Al-Si (1%) wires were bonded at the surface of the Bi layer. The arrows

indicate the directions of the external magnetic field.

T (K)

Fig. S2| Temperature dependence of R measured with the Bi/Ni bilayer film. The vertical axis

is normalized by the resistance at 4.4 K just above the superconducting transition.
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In Fig. S2, we show the temperature dependence of resistance R of the Bi/Ni bilayer
normalized by R at T = 4.4 K just above the superconducting transition temperature T, =
4.1 K. In this work, T, is defined as a temperature where R becomes a half value of R,, ¢ at
4.4 K (normal state) at zero field. The superconducting transition temperature is consistent with
that of a previous works!. As mentioned in the main text, the Bi/Ni bilayer keeps good quality
even after the device fabrication because T, of the Bi/Ni film and that of the ring-shaped device
are almost the same value.

Next, we measured Hall resistance with a Hall bar device fabricated with a Bi/Ni bilayer, in
order to estimate the carrier density of Bi/Ni bilayer. The carrier density is used to calculate the
penetration depth which is important for the device fabrication of ring-shaped devices, because
the width of the ring must be wider than the penetration depth. Details of the calculation are
described in the next paragraph. The measurement was performed at 10 K using the Hall bar
device (see the inset of Fig. S3). The Hall resistance is shown in Fig. S3 where a small symmetric
component has been subtracted from the raw data. From the slope of the Hall resistance, we
estimated the carrier density as n. = 4.9 X 1022 c¢m-3 52, Since the carrier densities of Bi and Ni
are respectively 3 x 1017 cm-3 S3 and 1.0 X 1023 c¢m-3 54, the present value is in between the
carrier densities of Bi and Ni. The result indicates that the carrier in the Ni layer is doped into

the Bi layer1,

Fig. S3| Hall resistance measured at 10 K using a Hall bar device (the inset). The black solid line

shows the liner fitting.



We then calculate the penetration depth of Bi/Ni. According to the two fluid model, the

penetration depth is given ass>

a= | (1)

ponse*? ’

where p, is the permeability of vacuum, m* is the effective mass, and e* is the effective
charge, i.e, m* =2m, and e* = 2e (m, is the mass of an electron and e is the elementary
charge). The superfluid density ng at 0 K is equal to the normal fluid density before the
superconducting transition. By substituting the carrier density of the normal state for the
superfluid density at 0 K, the penetration depth of Bi/Ni bilayer at 0 K is calculated as A = 17

nm. The temperature dependence of 1 can be expressed with the following formulass:

-1/2

A(T) ~ A(0) [1 - (%)4] , 2)

and is illustrated in Fig. S4. The width of the ring-shaped device (= 500 nm) is much larger than
the penetration depth at 2.5 K where the Little-Parks oscillations measurements were

performed.
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Fig. S4| Calculated temperature dependence of the penetration depth of Bi/Ni bilayer using Eq.
(2). The penetration depth is about 18 nm at 2.5 K which is more than 20 times smaller than the
width of the ring part.



2. Current-voltage properties of ring-shaped Bi/Ni devices

As mentioned in the main text, before measuring Little-Parks (LP) oscillations with Bi/Ni and
Nb ring-shaped devices, we checked the dc current(/)-voltage(V) property of the devices, in
order to obtain the critical current (I.). Figure S5 shows a typical I-V curve obtained with a

Bi/Ni ring-shaped device (sample #2) at 2.47 K. The voltage is zeroup to I, = +51 pA.
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Fig. S5| Typical I-V curve of a Bi/Ni ring-shaped device measured with sample #2 at 2.47 K.

I

The green dotted line indicates the measurement current I, which corresponds to the current

to measure the LP oscillations demonstrated in the main text.

We also measured I-V curves at different magnetic fields to see the oscillation of I.. In Figs.
S6a and S6b, we show the typical results obtained with other Bi/Ni ring-shaped devices
(samples #3 and #4) at fixed temperatures (2.34 and 2.45 K, respectively). The magnetic field
H was applied perpendicularly to the basal plane and normalized by p,Hy, = ¢¢/S (~0.6 mT)
where S is the surface of the ring. The critical current I, takes maxima and minima at H =
nH, and H = (n + 1/2)H,, respectively. Such behavior can be seen in Figs. S6a and S6b. These
results are consistent with the magnetic field dependence of resistance shown in Figs. S10-S13
as well as in Fig. 2b and Fig. 3 in the main text. As already discussed in Ref. S6, the oscillation of

I. ata fixed temperature is essentially the same as that of T..
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Fig. S6| I-V curves of Bi/Ni ring-shaped devises measured with (a) samples #3 and (b) sample
#4. uyH, of samples #3 and #4 are 0.62 mT and 0.65 mT, respectively. The measurements were

performed at 2.34 K for sample #3 and at 2.45 K for sample #4.

Instead of measuring I-V curves at a bunch of fixed magnetic fields, it is more practical to
measure the voltage (or resistance) with a fixed temperature (for example, in our *He flow-type
refrigerator, at 2.4710.01 K) as well as with a fixed measurement current I, above I. (see Fig.
S5 and Table I), and to sweep the magnetic field, as demonstrated in Ref. S7. This method enables
us (1) to avoid any temperature fluctuations around the superconducting transition
temperature of Bi/Ni TCBi/Ni ~ 4 K, where the temperature fluctuation is more than 100 mK for
our *“He flow-type refrigerator and (2) to measure LP oscillations of Bi/Ni and Nb ring-shaped
devices simultaneously although they have different superconducting critical temperatures
(TcBi/Ni ~ 4 K and TNP = 5 K). We note that the phase of the oscillationsin R vs H curvesis

opposite to thatin I, vs H aswellas T, vs HS657,

In Tables I and II, we list Bi/Ni and Nb ring-shaped devices used in the present work.

Table 1| Properties of Bi/Ni ring-shaped devices.

Sample number | T, [K] I. [nA]lat = 2.5 Kat ygH =0 mT UoHy [mT]
1 4.0 50 0.96
2 4.0 51 0.95
3 3.9 20 0.62
4 4.0 20 0.65

Table II| Properties of Nb ring-shaped devices.

Sample number | T, [K] I. [uA]at = 2.5 Kat ygH =0 mT UoHy [mT]
1 5.1 3.4 x 102 0.84
2[s8] 5.3 2.4 x 102 1.45




3. How to analyze the LP oscillations

In this section, we describe the evaluation methods of LP oscillations observed in Bi/Ni ring-
shaped devices. We first determined the real zero magnetic field to evaluate the phase of the
resistance oscillations. As mentioned in the main text, there should be a small offset magnetic
field due to remnant magnetization of iron core of electromagnet and terrestrial magnetism. The
offset of zero magnetic field was determined by measuring a Nb ring-shaped device
simultaneously. We found that the resistance local minimum of the Bi/Ni ring-shaped device is
placed at the same field as that of the Nb reference device [see Fig. 2b]. Based on this analysis,
we fixed the real zero magnetic field.

Then, we normalize the horizontal axis by dividing it by the value corresponding to one
magnetic flux quantum ¢, calculated from the ring area. In Fig. S7, the schematic image of a
ring-shaped device is illustrated. Because the ring has a finite width (in the present case, =
500 nm), thearea S for one magnetic flux quantum to pass through depends on the definition.
For example, if the center part of the ring (indicated by the dotted line in Fig. S7) is taken as the
side length, S = (1.4 X 1.4) um? and the corresponding magnetic field uyH, is 1.06 mT by
using poHy = ¢o/S.

1.9 um

0.9 pm

1.9 1.4
um 0.9 um um

1.4 um

Fig. S7| Schematic image of a ring-shaped device (samples #1 and #2). From this structure, the
maximum and minimum areas for one magnetic flux quantum to pass through are S = (0.9 X
0.9) um? and (1.9 x 1.9) pm?, respectively. The dotted line indicates the center of the ring
width and the side length is 1.4 um. Thus, uyH, ranges from 0.57 mT to 2.56 mT.

Figure S8 is the same data set as in Fig. 2 in the main text, but the horizontal axis is normalized

by (a) pgHy = 1.06 mT and (b) pyH, = 0.96 mT. Resistance local minima and maxima should
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be located at the integer magnetic flux (H/H,) for QFs-type and HQF-type LP oscillations,
respectively. However, Fig. S8a does not satisfy such quantization conditions. In order to satisfy
the quantization condition, the uyH, value was reduced, and we obtained pyH, = 0.96 mT as
the suitable value because resistance local minima and maxima are placed at small integer
numbers (n < 6) and at large integer numbers (n = 10), respectively, as shown in Fig. S8b and
Fig. 3 of the main text. The small difference in uyH, would originate from the device fabrication
processes such as electron beam lithography and Ar milling. In fact, the estimated area is S =
(1.47 X 1.47) um? for uoH, = 0.96 mT. The estimated side length (1.47 um) is only 5%
longer than the ideal center part (1.4 um) of the ring.

In order to confirm that the obtained value of pygHy(= 0.96 mT) is reasonable, we have
adopted Fast Fourier Transformation (FFT) analysis. As shown in Fig. S9a, we first extracted the
oscillation components by subtracting the background resistance (non-oscillating term) from
Fig. 2a, and then performed FFT. The obtained FFT spectrum is shown in Fig. S9b as the blue
solid line. Two sharp peaks are observed at around about (uoH)™! = 1.11 (mT)™! (indicated
by the red arrow) and 1.02 (mT)~! (indicated by the green arrow), which correspond to
UoH = 0.90 mT and poH = 0.98 mT, respectively. This FFT analysis is seemingly inconsistent
with Fig. S8b where the horizontal axis is normalized by pyHy, = 0.96 mT. To solve this
inconsistency, we fitted blue open circles in Fig. S9a with a function f(x) which consists of two

cosine functions:
21X 21X
f(x) =A(x)cos (m) + B(x) cos (m - n), 3

where A(x) = —aexp(—bx?) and B(x) = c[1 — exp(dx)?] /{1 + exp[g(x? — h?)]} express
the magnetic field dependent amplitudes that include fitting parameters a, b, c,d, g, h,and x =
UoH. We then performed FFT for this function. The FFT spectrum of the fitting function with
UoHy = 0.96 mT is shown as the black solid line in Fig. S9b. This mimic function perfectly
reproduces not only the two peak positions but also the ratio of the peak height between the two
peaks. From these analyses, we can conclude that pyH, = 0.96 mT is the best value to
normalize the horizontal axis in Fig. S8b.

In this way, a crossover from QFs- to HQFs-type LP oscillations was evaluated. By applying the
same method, the crossover has been observed in other devices. The reproducibility of the

crossover will be detailed in the next section.
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Fig| S8, LP oscillations as function of the magnetic field pyH normalized by (a) poH, = 1.06
mT and (b) poHy = 0.96 mT. The purple triangles (red inverse triangles) indicate the positions

of the local minima (maxima) at the integer numbers of magnetic flux.
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Fig. S9: (a) The oscillation component extracted from the raw data shown in Fig. 2a in the main
text (blue open circle). The black solid line is the best fitting with Eq (3). (b) FFT analyses of the
resistance oscillations and the fitting function shown in (a). The red and green arrows indicate

the two peak positions.
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4. Reproducibility of the crossover in LP oscillations

In order to confirm that the crossover from QFs- to HQFs-type LP oscillations is reproducible,
we have performed some different experiments. We first investigated the LP oscillations with
different I, values using sample #1. As shown in Figs. S10 and S11, the crossover is very
reproducible for various I, and the crossover magnetic field H* is almost constant at around

8 mT.
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Fig. S10| LP oscillations measured with sample #1 using various I, at 2.47 K in the positive
magnetic field region. The purple triangles (red inverse triangles) indicate the positions of the

local minima (maxima) at the integer numbers of magnetic flux.
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Fig. S11| LP oscillations measured with sample #1 using various I, at 2.47 K in the negative
magnetic field region. The purple triangles (red inverse triangles) indicate the positions of the

local minima (maxima) at the integer numbers of magnetic flux.

Next, we show the reproducibility of the crossover from QFs- to HQFs-type LP oscillations
using different devices. Some basic properties of ring-shaped devices fabricated with Bi/Ni are
summarized in Tables 1. In Figs. S12 and S13, we show the LP oscillations obtained from sample
#2 with various [, and sample #3, respectively. Although large background resistances were
superimposed on the LP oscillations as shown in Figs. S12(a) and S13, the switching between

QFs-type and HQFs-type takes place at around |H*| = 8 mT for both devices (see Figs. S12(b),
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S12(c), and the inset of Fig. S13). Because the background resistance was sometimes observed
with a simple wire device as shown in Fig. S14, the origin of the background resistance is
presumably due to the magnetoresistance which is peculiar to a mesoscopic device fabricated
from the Bi/Ni bilayer film.

To summarize this section, the crossover from QFs- and HQFs-type LP oscillations is

reproducible with different I, values and in other devices with different ring sizes.

13
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Fig. S12| (a) I, dependence of LP oscillations measured with sample #2 at 2.46 K. The
resistance oscillations after the normalization of the horizontal axis by pyH, in the positive and
negative magnetic field regions are displayed in (b) and (c), respectively. The purple triangles
(red inverse triangles) indicate the positions of the local minima (maxima) at the integer

numbers of magnetic flux.
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Fig. S13| LP oscillations measured with sample #3 at 2.34 Kwith I, = 10 pA. The inset shows
a closeup view of the crossover region surrounded by the gray dotted square in the main panel.
The purple triangles (red inverse triangles) indicate the positions of the local minima (maxima)

at the integer numbers of magnetic flux.
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Fig. S14| Magnetoresistance measured with a Bi/Ni wire device at 2.34 K. The inset shows a

scanning electron microscope image of the wire device.
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5. Additional discussions on the crossover in LP oscillations

In the main text, we explain the crossover from QFs-type to HQFs-type LP oscillations based
on a spin triplet superconductor with spin-orbit interaction, and also mention some possibilities
which can be ruled out by the additional experiments. In this section, we add more detailed
discussions for the mechanism of the crossover.

Here we raise all the possible scenarios which could explain the phase shift of LP oscillations:
(1) the stray field of perpendicularly polarized Ni through the ring, (2) pining (or penetration)
of magnetic vortices, induced by the external magnetic field or the measurement current I,
inside the Bi/Ni ring, (3) superconducting weak links formed in the Bi/Ni ring, (4) the two-
dimensional superconductivity on the top surface of Bi/Ni, and (5) the spin texture in spin-
triplet superconducting rings with a spin-orbit interaction under a bias current.

We add some discussions on the scenario (2) where magnetic vortices induce the phase shift
of the LP oscillations. According to Ref. S9, the lower critical field along the in-plane direction
yoHﬂl is about 10 mT. In the present case, the magnetic field is applied along the out-of-plane
direction. As will be detailed in the next section, there is a strong anisotropy for the upper critical
filed H.,:the in-plane upper critical field ,uoHﬂ2 is 5.5 times larger than the out-of-plane upper
critical field poHZ% at 2.5 K. By assuming the same anisotropy factor as the upper critical field,
the lower critical field along the out-of-plane direction poHZ would be about a few mT. In other
words, magnetic vortices should already be induced at a few mT. In this situation, the
measurement current [, should affect the vortex pinning and depinning, i.e., the voltage
derived from vortex motion. However, the crossover does not depend on I,,. In addition, the
crossover is reproducible for different devices with different ring sizes. These experimental facts
can rule out the possibility that magnetic vortices pinned at defects, randomly distributed in the
rings, move inside the ring and thus add a HQF to the ring.

As for the scenario (3), although our ring-shaped devices have no Josephson junctions
artificially, superconducting weak links could be formed due to crystalline boundariess? or phase
slip lines induced by injecting a large currents10. The former case has already been denied by the
cross-sectional scanning transmission electric microscopy (TEM) image which shows that the
Bi/Ni bilayer is well-crystalized at each layer and has no domain boundariesS. On the other hand,
the latter case is required to check carefully. If a superconducting loop has weak links in the loop,
switching between QFs-type and HQFs-type LP oscillations can be observed even in conventional
superconductors, depending on the injected current and magnetic fieldS11-514. According to Ref.
S11, when the injected current is small enough, the switching from QFs-type to HQF-type LP
oscillations occurs at higher magnetic fields, while the crossover magnetic field H* is shifted to
the lower magnetic field side as the injected current increases and eventually HQFs-type LP

oscillations take place even at zero magnetic field. As shown in Figs. S10 and S11, however, H*
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is almost constant at around 8 mT for various I, values in the Bi/Ni ring-shaped device
(sample #1). This result obviously demonstrates that there is no accidental formation of
superconducting weak links, phase slip lines, or magnetic vortices in the ring-shaped device.

In the scenario (4), the two-dimensional (more precisely, surface) state at the Bi layer plays
an important role in the unconventional superconductivity. Here we add further information to
exclude the possibility of the scenario (4). According to Refs. S15, S16, and S17, a surface state
such as the Rashba effect is essential. In two-dimensional surface superconductors with the
strong Rashba effect such as the Bi;Sez/monolayer NbSe; system 518, it is known that the pyH,,
for an in-plane magnetic field often exceeds the Pauli limiting field pu,Hp = 1.86T, showing a
m dependence. If there is a dominant surface contribution from a strong Rashba coupling
in the present system with TcBi/Ni ~ 4 K and thus pgHp = 7.44 T, such a characteristic
behavior should be observed in puyH.,. As mentioned in the main text and also will be detailed
in Sec. 6, however, the measured in-plane pyH., neither exceeds the Pauli-limiting field
UoHp = 7.44 T nor exhibits the m dependence, but can rather be explained by the
standard three-dimensional Ginzburg-Landau theory with a strong anisotropy. Thus, from the
experimental point of view, the Rashba effect is negligibly small in the present Bi/Ni bilayer. In
addition, for the out-of-plane magnetic field of our interest, the pyH., is far below pyHp,
suggesting that the orbital pair-breaking effect is dominant.

From the theoretical viewpoint, the effective p-wave-like superconducting state is possible
by considering the Rashba Hamiltonian at the top of Bi layer, an s-wave superconductivity
induced by a possible formation of BizNi layer at the interface between Bi and Ni, and a Zeeman
fieldS17. However, even in such a case, the crossover from QFs- to HQFs-type LP oscillations
cannot be expected, based on the following theoretical reasons. In p-wave superconducting
states, the d-vector, which is the order parameter of the spin-triplet superconductors (see Sec. 7
for the definition), is indispensable for the realization of HQFs. The HQFs is accompanied by the
m-jump of the U(1) phase of the order parameter, which can be compensated by flipping the d-
vector as d — —d. In spin-orbit coupled systems, however, the d-vector is fully polarized by the
spin-orbit coupling. As discussed in Sec. 7, the effective p-wave pairing scenario induced by
proximitized s-wave superconductivity cannot support the HQFs-like LP oscillations. In Sec. 7,
we will also clarify that the interplay of spin-orbit interaction with the magnetic texture of the
Ni layer may cause the shift the LP oscillation but cannot explain the HQFs-like LP oscillations.

As will be discussed in Sec. 8, in the scenario (5), the HQFs accompanied by the spin texture
are preferable to QFs when both the perpendicular field and the in-plane field Hy; are present.
The transverse field Hy; stems from a stray field from the Ni layer. As demonstrated in Ref. S9,
in the Bi/Ni bilayer film, a clear Meissner signal was observed even at 0 mT. The magnitude of

the signal is suppressed when the in-plane magnetic field of ~1 mT is applied. In addition, the
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sign of the Meissner signal at 0 mT changes when the magnetization direction of the Ni layer is
switched. These facts indicate that there exists a stray field from the Ni layer even below T. and
the magnitude of the in-plane stray field can be estimated to be ~1 mT. This in-plane stray field

from the Ni layer should work as Hy; in the Bi/Ni bilayer.
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6. Upper critical field measurements in Bi/Ni bilayer film

In order to evaluate the dimension of the superconductivity of our Bi/Ni film, the upper critical
field puoH., was measured. In this work, py,H., is defined as the external magnetic field when
the resistance becomes a half of the normal state resistance Ry. The samples were cooled down
to about 40 mK by using a dilution refrigerator. The external magnetic field from 0 to 11 T was
applied by a superconducting magnet.

The resistance of Bi/Ni film along the out-of-plane and in-plane magnetic fields at various
temperatures T are shown in Fig. S15. The definitions of the magnetic field directions are the
same as in Fig. S1. The vertical axis is normalized by Ry. As T decreases, pgH., is shifted to
the higher magnetic field side and the transition from the superconducting state to the normal
state becomes broader in both cases. From the comparison between the two cases, the
superconductivity of Bi/Ni bilayer is weaker for the out-of-plane magnetic field, which is
common behavior for thin-film superconductors.

Figure S16 shows the temperature dependence of pyH., for both the out-of-plane and in-
plane magnetic field directions. In the vicinity of T = 0, the in-plane upper critical field yoHﬂz
is 4.4 times larger than the out-of-plane upper critical field uyHg,. According to the Ginzburg-
Landau theory for an anisotropic superconductor, the temperature dependence of pyH., can

be expressed as follows:

é T
UoHE (T) = Zan.f (1 - i) : (4)

)

HoHilz(T) = ¢0m (1 T)a'

218y dse - Fc
where ¢, isthe in-plane coherence length, and d. is the thickness of superconductor which is
an important length scale rather than the out-of-plane coherence length &, as long as the
system is two-dimensional, i.e, &, > d¢.519525. The power « is a fitting parameter. When the
superconductivity is two-dimensional, @ = 1/2. On the other hand, « is close to 1 for a three-
dimensional (i.e., bulk) superconductor. In such a case, dy. becomes less important than &,
and the coefficient of Eq. (5) is replaced by ¢o/(2mé,€,). Although poHZ, can be fitted well by
Eq. (4) (see the orange solid line in Fig. S16), uoHﬂz cannot be explained by Eq. (5) with a =
1/2 (see the purple dotted line in Fig. S16); alternatively, « = 0.67 in Eq. (5) can give a
reasonable fitting (see the purple solid line in Fig. S16). From the relations poHZ = ¢o/(2méR)
and HoHllz = ¢o/(2m&€,) at T= 0523 and by using poHs = 1.44 T and uOHgZ = 6.25 T, we
obtain ¢, = 15.1 nm and ¢, = 3.5 nm. Because ¢, is 10 times smaller than the thickness of
Bi/Ni film dg;/n; (= 37 nm), we conclude that our Bi/Ni film is an anisotropic three-

dimensional superconductor, which is not consistent with the scenario in Ref. S17 where the

two-dimensional superconductivity on the top surface of Bi/Ni plays an important role on the
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appearance of topological superconducting state. The importance of the superconductivity at
the surface of the Bi layer and also at the boundary between Bi and Ni layers have been pointed
outs1526, but our results suggest that the bulk superconductivity is also important for
understanding the superconductivity of Bi/Ni bilayer. This is consistent with the previous work

which pointed out the importance of bulk superconductivity of Bi/Ni bilayers27.
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Fig. S15| Resistance of a Bi/Ni film normalized by Ry as a function of (a) the out-of-plane

magnetic field and (b) the in-plane magnetic field, measured at various temperatures.
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Fig. S16| Temperature dependence of the upper critical fields pgH., along the in-plane
direction (purple open circle) and the out-of-plane direction (orange open circle). For the in-
plane critical magnetic field, the experimental data are fitted by Eq. (4) with « = 1/2 (purple
dotted line) and with a = 0.67 (purple solid line). For the out-of-plane critical magnetic field,
the experimental data are fitted by Eq. (3) (orange solid line).
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7. Effect of spin-orbit coupling on the LP oscillation

In this section, we focus on an effective p-wave pairing scenario based on the Rashba
Hamiltonian at the top of the Bi layerS17, and discuss the possibility of the crossover from QFs to
HQFs in the LP oscillations. The key ingredients of the Hamiltonian are (i) spin-orbit interaction,
(ii) s-wave superconductivity, (iii) an exchange or Zeeman field which arises from the electrons
on the Bi surface, (iv) the superconducting BisNi alloy at the interface between Bi and Ni, and
(v) the magnetic order of the Ni layer. We first demonstrate that the effective p-wave pairing
state realized in such spin-orbit coupled systems cannot support the HQFs-like LP oscillations.
Then, we examine how the interplay of spin-orbit interaction with the magnetic texture of the Ni
layer affects the LP oscillation.

Let A(p,r) bethe 2 X 2 spin matrix of the superconducting order, where p and r are the
relative momentum and the center-of-mass coordinate of the Cooper pairs, respectively. The
quantized flux state is expressed as

A(p,T) = e“©@A(p,p), (6)
where we assume the uniformity along the z-axisand r = (p, 6, z) isthe cylindrical coordinate.
The U(1) phase @(8) is represented by the vorticity x as @(8) = k6. In conventional s-
wave superconductors, the vorticity is restricted to an integer value x € Z because of the
single-valued order parameter. The HQF states are characterized by a half integer k =
(2n+1)/2 (n € Z), where the U(1) phase along the azimuthal direction changes from 0 to
(2n + 1) accompanied by the m-phase jump. However, such m-phase jump can be canceled
out by the internal (spin or orbital) degrees of freedom of A. To see this, we decompose A to
the spin-singlet even-parity component Y (p) =¥ (—p) and the spin-triplet odd-parity
component d(p) = —d(—p) as

—~ A ) A , T
5.0 = (o 2o

where o = (0y,0,,0,) are the Pauli matrices in the spin space. Let R, be the n fold rotation

) = y(p,r)io, + id(p,7) - 00y, (7)

operator for the z-axis. In the d,2_,2 superconducting state, i.e, Y(p) = Ao(p2 — pﬁ) and
d = 0, the operator rotates the order parameter as R, (p) = —(p), which compensates the
discontinuity of the U(1) phase @(0 = 0) = —@(0 = m). Indeed the half magnetic flux with
¢ = ¢o/2 has been observed in a trigrain boundary-junction ring of superconducting
YBa,C30,_5528. For spin-triplet superconductors with d(p) = df (p), the m-phase jump arising
from the half-winding of the U(1) can also be canceled out by flipping R,d = —d. The half-
quantum vortices have been observed in superfluid 3He with uniaxially anisotropic disorders,
which is a prototype of spin-triplet superfluidss29. Hence, the HQF state can be realized by the

texture of the spin or orbital component of the order parameter.
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Consider the electrons on the Bi surface with proximitized s-wave pairing. Here we
demonstrate that although spin-orbit coupling induces an effective p-wave pairing, the spins of
the Cooper pairs are frozen out and not responsible for the HQF-type LP oscillation. Following
Ref. S17, we consider that two-dimensional electrons on the Bi surface and an s -wave
superconductivity, A = Aioy, proximitized from the superconducting alloy BisNi formed at the
interface between Bi and Ni, where we set A € R without loss of generality. The Bogoliubov-de
Gennes Hamiltonian is given by

é Aio.
Hp) = (_ A(f’;y L (Zp))- ®)

The 2 x 2 matrix, £&(p) = &,(p) + g(p) -0+ B -0, is the Hamiltonian for the normal
electrons on the Bi surface, where g(p) = —g(—p) is antisymmetric spin-orbit coupling and
B is the exchange field arising from the magnetic moment of the Ni layer and an applied
magnetic field. To clarify how the spin-triplet odd-parity pairing emerges from the conventional
s-wave gap, we introduce the unitary matrixs30, U = (7o + ioy1,)/ V2, where 7, and T, are
the unit matrix and the Pauli matrix in the particle-hole space, respectively. The unitary
transformation of the BdG Hamiltonian reads
B-og+A —&o(p)io, —i[o - g(p)]ay>

g (P)ioy + i[o - g()]o, —B-o"—A ©)

UK (p)UT =<

This shows that the transformed Hamiltonian is regarded as the admixture of the spin-singlet
even-parity component and spin-triplet odd-parity component. As the effective d-vector arises
from the antisymmetric spin-orbit coupling g(p), the spin degrees of freedom of the Cooper
pairs are frozen out. Therefore, the HQFs cannot be realized by the texture of the d-vector in
such spin-orbit systems with proximitized A.

In the rest of this section, let us discuss how the interplay of spin-orbit coupling with the
magnetic texture of the Ni layer affects the LP oscillation. In the context of the Ginzburg-Landau
(GL) theory, it has been known that in superconductors with broken inversion symmetry, a
coupling between the magnetic field and the supercurrent can be induced by the so-called
Lifshitz invariants

fu= Y kB [0 (a0) + 86 (1a@) ] (10)
ij
where Il = —iV + 2|e|A4 is the gauge covariant derivative. Here we set 7 = ¢ = 1. Thus, the GL

free energy functional for spin-orbit coupled superconductors under a magnetic field B is given
by

B

2
fou = KA + ala@I + 518w + 2=+ f, (an
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with the GL parameters a <0, K >0, and £ > 0. The Lifshitz invariant term describes a
coupling between the magnetic texture of the Ni layer and the supercurrent density. The explicit
expression of k;; depends on crystalline symmetry and broken inversion symmetryS31532, For

=

the Rashba spin-orbit interaction, the tensor is given by k;; = ¥x €;xfix, where #i is the unit
vector associated with the broken inversion symmetry at the surface. Here we take the z-axis
along the surface normal direction, i.e, n = Z. Then, only the transverse components of the
magnetic field, B L Z contribute to the Lifshitz invariant term.

The Lifshitz invariant term provides a source of exotic superconducting phenomenas31-533,
This includes the spatially modulated pairing state known as the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state and the magnetoelectric effect. The in-plane magnetic field together
with a Rashba spin-orbit interaction shifts the center of the Fermi surfaces, leading to the
formation of the Cooper pairs with nonzero center-of-mass momentum Q. The FFLO state may
be accompanied by the half-quantum flux as a half dislocation with m-phase windings34-53¢. As
Q || B x Z, however, the realization of the FFLO state with a modulation along the ring, i.e., Q |l
0, requires both a special configuration of the in-plane field such as B - p # 0. In addition, the
FFLO state is usually stabilized at lower temperatures T < 0.5T, and strong in-plane magnetic
fieldss3e, which are not relevant to the current situation of the Bi/Ni bilayer that an external

A

magnetic field is applied along Z and the temperature is T = 0.6T.. Hence, it is difficult to
expect the FFLO state with HQFs in the current situation.

Another important consequence of the Lifshitz invariants is the formation of the spontaneous
current. As a combination with the magnetic texture of the Nilayer, the spontaneous current may
flow along the ring as js. % kZ X B, which generates the additional contribution to the
magnetic flux penetrating the superconducting ring and shifts the LP oscillations. The shift of
the LP oscillations is not quantized but depends on the strength of the spin-orbit coupling and

magnetic texture. To clarify this, we recast the GL free energy in Eq. (11) and obtain the following

2 2 )2
( K(B X 2); )A(r)‘ + (a _%) |A(T)|? +§|A(r)|4. (12)

equation:

fGL_

Here we assume that the in-plane magnetic field arising from the Ni layer slowly varies along the
superconducting ring. Equation (12) indicates that the Cooper pairs experience the additional
vector potential stemming from the Lifshitz invariant term as A; - A; — k(B X 2);/2|e|K,

giving rise to the shift of the magnetic flux

=_r f(Bx“) di KR jan (6)do (13)
? =3k 28 T 5elk ), P

where 1 is the unit vector along the azimuthal direction of the ring and B, = By cos6 + B, sin6

is the radial component of the in-plane magnetic field. To estimate the magnitude of the shift, we

23



utilize the GL parameters in the weak coupling limit, K = 7{(3)N(0)vZ/[32(nkgT.)?] and k =
7{(3)8Nogugvi/[32(kgT.)?]537, where g and ug are the g-factor and the Bohr magneton,
respectively. We also introduced Ny, = (N, + N_)/2 and 6N, = N, — N_ with the density of
states of two bands split by the spin-orbit coupling, N,.Equation (13) is then recast as follows:

2m
6 = %HRZL B,(6)d6. (14)

We note that §N,/N, measures the spin-orbit coupling and the particle-hole asymmetry in the
normal electron state, which is of the order of xy(T./Tr) (k, is the strength of the spin-orbit
coupling). The radius of the superconducting ring in the current situation is much larger than
the Fermi wavelength kg!,i.e, kgR > 1. As mentioned in Sec. 5, the magnitude of the in-plan
field is about 1 mT. Based on these parameters, we conclude that the spin-orbit interaction
causes the negligibly small shift of the LP oscillations. In addition, the shift §¢p depends on the
magnetic texture and nonzero 8¢ requires a nontrivial spatial profile of B,(6). In Fig. S17, we
display the three examples of the magnetic textures of the Ni layer. As B, = 0 in the type-A and
B, x cos 6 inthe type-B, both textures resultin §¢ = 0.The texture of the type-C is responsible

for the nonzero shift §¢.

A B C

& & 9B

Fig. S17. Examples of the Ni magnetic textures, where the arrows depict the magnetic moment.

The type-A and type-B shows 6¢ = 0, while the texture of the type-C is responsible for the

nonzero shift §¢.
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8. Theoretical interpretation of the phase shift in LP oscillations

In a Little-Parks (LP) experiment with a bias electric current, the resistivity should be
associated with the critical bias current density j.. It has theoretically been shownSé that j,
exhibits a LP oscillation similarly to the transition temperature and that at least within the
conventional BCS theory, the oscillation pattern is not half-quantum-shifted even in the spin-
triplet p-wave case where the d-vector degrees of freedom may possibly lead to an exotic
superconducting state such as a half-quantum vortex in the context of superfluid 3He S38. Here,
we demonstrate that a half-quantum-shifted LP oscillation in j. can be realized in the presence
of a spin-orbit coupling which is not taken into account in Ref. S6. In spin-triplet
superconductors, the gap function is obtained by the 2 X 2 spin matrix, which is parameterized
with the d-vector having the momentum dependence d = (d,(p),d,(p),d,(p)), as shown in
Sec. 7. Since the detailed electronic structure relevant to superconductivity in the Bi/Ni system
is not yet available, here we consider the isotropic Fermi surface for simplicity and assume that
the p-wave pairing interaction is dominant as in the case of superfluid 3He. The d-vector is

expressed as d,(p) = X;A,;p; with the order parameter A,;, and thus the GL free energy

wir

functional in the presence of a magnetic field is given by F¢. = N(0) [ dr [f(z) + 6@ +
57 + f®] with

a I E
f(z) = Z [§AH.iAﬂ;i + KA“,i(HjHjA#’i + ZHLHJA%])],
Wij

6a . * *
5f(2) = _le(Ax'iAy'i - Ay,iAx,i)'
i

2
6fD(2) = AD Z (AL;MAV'V + AZL,VAV,[.L - §AL'VA“'V)’
wy

2 * 2 * * * *
PO = (Bl Ailal” + Bo(A )" + Botl iy + Budh A Ay
#'v‘iVj

(15)

+ BsAr Ay iy Ar

This functional form is obtained from Fg;, for superfluid 3He by replacing —iV by II = —iV +
2|e]A with the vector potential A = %H X r. Here, to simplify the notation, we take A = 1 and

2
kg = 1. In the weak coupling limit, the coefficients are given by a = In TL K' = %(%) &2, and
co

7¢(3 . . .
=201 =L =L3=L,=L5 = 12;52;2 with the superconducting transition temperature at zero
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field T., and the coherence length &, = /:ZSZ);]—F at T = 0538, The §f® term originates
co

from the difference in density of states between the up-spin and down-spin Fermi surfaces and

thereby, is active only in a magnetic field$38539. Within a linear approximation, we can express

da as da = n%. N(0) is the density of states averaged over the Zeeman-split two Fermi
[

surfaces. The 6fD(2) term represents the dipole interaction, a kind of spin-orbit interaction,
which is known to be important for texture formations in superfluid 3He. Ap is a coupling
constant related to the dipole-type spin-orbit interaction. This dipole interaction is not
incorporated in Ref. S6, and the following discussion is essentially the same as that in Ref. S6

except the 6fD(2) term. From the GL free energy functional Eq. (15), one can derive the

GL

. Lo 5F
superconducting current density j = — sa 3S follows:

Jo = —4leINO)K' X1 Ay i (811 + 6411 + 8411;) A, ;. (16)
With the combined use of Egs. (15) and (16), one can calculate the superconducting critical
current density which can be obtained by measuring I-V properties.
In the Bi/Ni superconductor, a chiral pairing state is proposed as a possible pairing symmetry.
Thus, we assume the chiral p-wave state:

Au,i = duwp,i (17)
where wy; = % (ﬁx + iﬁy), i.e., the ABM state in the context of superfluid 3He. At this point, the

orbital degrees of freedom wp,; and the spin degrees of freedom d, are completely decoupled,

p.i
and such a situation is also the case for £, §f®, and f® in the GL free energy functional.

The dipole interaction 5fD(2), on the other hand, couples these momentum-space and spin-space

degrees of freedom: 6fD(2) is calculated as 5fD(2) = Ap E |d]? —(d- ﬁz)z]. The d-vector tends

to orient along the p, direction. In this respect, the dipole interaction works as a kind of spin-
orbit interaction.

In the spin space, there exists another constraint on the direction of the d-vector. In the
presence of a magnetic field or a uniform magnetization, the T! Cooper pair becomes
unfavorable. Thus, the d-vector tends to orient perpendicularly to the spin polarization
direction, i.e.,, d, = 0. We note that d, = 0 does not mean (d-p,) = 0, because the spin and
momentum spaces are different. Suppose that é;, é,, and é; are mutually orthogonal unit
vectors in the spin space and the spin quantization axis is é;. In such a case, the d-vector is in
the é,-é, plane perpendicular to é3, and the relative angle between é; and p, is not yet

determined.
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For the ring geometry without the bias current, the d-vector can be expressed with the use of

two winding numbers m and n as

d= |ATT|d+ —lm(p_i_l\/;l —elm(p e—ln(p (18)

V2
with d* = \/%(él +ié,). To grasp the physical meanings of m and n, it is convenient to

consider the simplified case of |A| =]|Ay| =[A;] where Eq. (18) is reduced to d =
|Ale="[é, cos(me) + é,sin(mg)]. Itis clear that n is the phase winding number, whereas m
describes the rotation of the d-vector along the circumference of the ring. In the case of m = 0,
the d-vector is spatially uniform and n takes an integer value such that the gap function can be
single-valued. For m # 0, on the other hand, n and m can take half-integer values as well as
integer values. This is because the gap function can also be single-valued with the half-integer
values for n and m. This half-integer state accompanied with the d -vector rotation
corresponds to the so-called half-quantum vortex which has often been discussed in the context
of superfluid 3He S38,

In the presence of the bias current [see Fig. S18a], the upper and lower arms of the ring are
not equivalent. In other words, their winding numbers do not have to take the same values. Thus,

the d-vector can be expressed as:

A , )
4' |\/T_T| d; _lm 10 4 |\/l§l| ;elmﬂp] e~ inie (0 << 1{)
d# ) (19)
|Aq] 5 Ayl 5
d+ —imyp —|——d_ imyp | g—inz@ (r <@ < 2m)
k V2 VZ

where the phase winding numbers n; and n, and the d-vector ones m; and m, must
satisfy the constraint shown in Table III, to avoid the phase mismatch at the intersections of the
two armssé. As shown in Fig. S18b, the constraint yields complicated d-vector textures, except

for the trivial case of m; = m, = 0 (type-I state) where the d-vector is spatially uniform.

Table III| Constraint on the phase winding numbers n; and n, and the d-vector winding
numbers m; and m,. Examples of the d-vector textures for type I, 11, and III states are shown

in Fig. S18b.

Type ny, Ny mq, m; ng —ny m; —m;
| integer my=m, =0 even 0
even even
I1 integer integer # 0
odd odd
even even
I11 half integer half integer
odd odd
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Now, we consider the relative angle between the spin polarization direction é; and the p,
direction corresponding to the ring axis. In the LP experiment where the magnetic field H is
applied along the ring axis parallel to p,, the relation é; || H || p, is satisfied. In the Bi/Ni
system, however, there exists an in-plane stray field Hy stemming from the Ni layer. Thus, the
spin polarization direction é;, which corresponds to the H + Hy; direction, should be tilted
from the ring axis, i.e.,, from the P, direction, by an angle 8y.The angle 6y connecting the spin
and momentum spaces is included in the GL free energy via the 6fD(2) term. The contribution
to the free energy density can be calculated as

P02 2 sin® 8,) (nl? + 18,12 — y sin? Bl 18 20
with

1 (my=m,=0)

1
= (my=0 or my =0)
— 2 "
" 0 (my,m,;integer # 0) ) (
1 ( 1 1 ) .
LZn m, m, (mmq, my; half integer)

where the above result is obtained by substituting A, ; = d,w,; with w,; = \%(ﬁx + iﬁy)i

and Eq. (19) into Eq. (15), and also by performing some straightforward manipulationss40. One
can see from the coefficient shown in Eq. (21) that the energy gain due to the 6fD(2) term
depends on the combination of m; and m, [see Eq. (21)], i.e, the d-vector configuration.
Such an energy difference proportional to y [see the last term in Eq. (20)] is active only when
Oy # 0, i.e, the in-plane stray field is present as is actually the case for the Bi/Ni system.

In the same manner as that for Eq. (20), one can calculate the total free energy density. The

. SfeL _ SfaL _ .
GL equations 3an] 0 and 1oul 0 yield

X 1 (a—e8a K’ D \? D \?
|A0'c7| :_4—[?0 T+F (n1+60m1—30) +<Tl2+60-m2—30)

| | (22)

1 1 1 A

+ Ap |= —=sin? Oy — =y sin? O ﬂ}

b [3 2 ) % gl

Here, €1y = 1(—1), @ = mR?H is the magnetic flux passing through the ring of radius R, and

@, is the flux quantum. By substituting A,; = d,w,

pi into Eq. (16), the total current density

u
jtor, which is sum of the superconducting current densities flowing in the upper and lower arms

of the ring, is calculated as

_4le|N(O)K’

Jrot = —@ R [AAR]* + 1813 (g + 1) + (1An]* = 18,2 (my — my)], (23)
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where |Ayp| and |Ay;| are the solutions of Eq. (22). The maximum value of |j.:| as a function
of n,, n,, my,and m, under the constraints shown in Table III corresponds to j.. In this work,
the obtained j. is normalized by j, = N(0)T.|e|vE.

Figure S18c shows the LP oscillation in j. in the absence of the spin-orbit interaction of
dipole type (1p = 0). At each field, the highest critical current density among j.'s for various
combinations of m; and m, gives a physical critical current density. As reported in Ref. S6, in
the low-field region, the type-I state (green curve) with the spatially uniform d-vector is stable,
whereas in the high-field region, the type-II and type-III states (bluish and reddish curves)
having the complicated d -vector textures are realized. The physical j. exhibits the
conventional LP oscillation irrespective of whether the most stable superconducting state is type
I, II, or III. Although the half-quantum-shifted oscillation is potentially possible (for example, see
the red curve), it is energetically unstable except for some degenerate points (compare the red
and blue curves).

In the presence of the spin-orbit coupling (Ap # 0), on the other hand, the half-quantum-
shifted LP oscillation can be realized simply due to the energetics. Remember that the energy
gain due to the spin-orbit coupling depends on the combinations of m; and m, [see Eq.(21)].
As one can see from Fig. S18d, with increasing the tilting angle 8y, j. for the type-III state with
m; = % and m, = —% (red curve) is gradually elevated and eventually overwhelm j. for the
originally stable type-II state with m; =1 and m, = —1 (blue curve). As a result, in the case
of Ap = 0.005 and 8y = 30° [see the left panel of Fig. S18d], the physical j. shows the
conventional behavior in the low-field region of ®/®, < 10, while in the high-field range of
10 < &/d, < 18, it shows the half-quantum-shifted LP oscillation. Such a field-induced half-
quantum shift of the LP oscillation is consistent with the experimental observation in the Bi/Ni
superconducting ring.

Here, we comment on additional effects which are not incorporated in the above calculations.
Although the tilting angle 8y gradually changes with increasing the magnetic field, we have
used constant values of 8y in the above field-sweep calculation. As our focus is on the higher-
field region where the usual and half-quantum-shifted LP oscillations are competing, such a
constant-value approximation would be reasonable in this field range, as long as the in-plane
stray field Hy; is not so large compared with the applied field H. As mentioned in Sec. 5, the
Meissner effect for the Bi/Ni bilayer was observed even at 0 mT [see Ref. S9]. In addition, the
magnetization at 0 mT depends on the magnetization direction of the Ni layer. These facts
indicate that there exists an in-plane stray filed from the Ni layer even below T. and the
magnitude of the stray field can be estimated to be ~1 mT. This should work as Hy; in the Bi/Ni
bilayer. In the field range of Hy < H, 6y should be small. In such a case, the stability of the half-

quantum-shifted LP oscillation depends on how large the spin-orbit coupling Ap is. In the
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present work, we have introduced the dipole interaction as a spin-orbit coupling simply from
the analogy to superfluid 3He, the well-established example of the spin-triplet Cooper pairing. In
the real Bi/Ni system, however, a different kind of spin-orbit interaction might play a similar role

to that of the dipole interaction.

a b , — dve ¢ ] Ap=0, 6,=0
type I Yacg _; [Typel m=0, m=0 —
H = m,= — & 2 0.4 =0, =
(m=m,=0) 1 - s vl"\w"{m O mel — jﬁz
. —— -
i oo Ve
/ £ type II > 1 %
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Fig. S18| System setup and the LP oscillation in the critical bias current density j.. (a) A
superconducting ring in the presence of an external magnetic field H, a uniform in-plane stray
field Hy, and a bias current density jior = j; + jo, where ¢ denotes an azimuthal angle and
Oy denotes the tilting angle of H 4+ Hy; from the ring axis. n; and n, (m; and m,) are the
phase (d-vector) winding numbers in the upper and lower arms of the ring, respectively. (b)
Schematically drawn d-vector textures in the type I, II, and III states in Table III, where a
magenta arrow represents the d-vectorand |Ay| = |Ayy| isassumed for ease of understanding.
(c), (d) LP oscillations in j. obtained at T /T,y = 0.7 for the spin-triplet p-wave ring with
R/&, =50 and n = 0.005 in the cases (c) without and (d) with the spin-orbit coupling
proportional to Ap = 0.005, where the color notations in (d) are the same as those in (¢). In (d),

the tilting angle 6y is changed from 0° to 30° (from left to right).
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