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1. Basic properties of Bi/Ni bilayer film 

  In this work, we fabricated mesoscopic ring-shaped devices from a Bi/Ni bilayer film. Before 

the device fabrication, we measured the temperature dependence of resistance of Bi/Ni bilayer 

film using the ac lock-in technique. Four-terminal measurements were performed by directly 

attaching Al-Si ሺ1%ሻ bonding wires to the surface of the film, as shown in Fig. S1. The sample 

was cooled down from room temperature to about 2 K by using a 4He flow refrigerator. 

 

Fig. S1| Schematic image of the circuit to measure the resistance of Bi/Ni bilayer film with the 

four-terminal method. Al-Si ሺ1%ሻ wires were bonded at the surface of the Bi layer. The arrows 

indicate the directions of the external magnetic field. 

 

 
Fig. S2| Temperature dependence of 𝑅 measured with the Bi/Ni bilayer film. The vertical axis 

is normalized by the resistance at 4.4 K just above the superconducting transition. 
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In Fig. S2, we show the temperature dependence of resistance 𝑅  of the Bi/Ni bilayer 

normalized by 𝑅  at 𝑇 ൌ 4.4  K just above the superconducting transition temperature 𝑇ୡ ൌ

4.1 K. In this work, 𝑇ୡ is defined as a temperature where 𝑅 becomes a half value of 𝑅ସ.ସ ୏ at 

4.4 K ሺnormal stateሻ at zero field. The superconducting transition temperature is consistent with 

that of a previous workS1. As mentioned in the main text, the Bi/Ni bilayer keeps good quality 

even after the device fabrication because 𝑇ୡ of the Bi/Ni film and that of the ring-shaped device 

are almost the same value. 

Next, we measured Hall resistance with a Hall bar device fabricated with a Bi/Ni bilayer, in 

order to estimate the carrier density of Bi/Ni bilayer. The carrier density is used to calculate the 

penetration depth which is important for the device fabrication of ring-shaped devices, because 

the width of the ring must be wider than the penetration depth. Details of the calculation are 

described in the next paragraph. The measurement was performed at 10 K using the Hall bar 

device ሺsee the inset of Fig. S3ሻ. The Hall resistance is shown in Fig. S3 where a small symmetric 

component has been subtracted from the raw data. From the slope of the Hall resistance, we 

estimated the carrier density as 𝑛ୡ ൌ 4.9 ൈ 10ଶଶ cm-3 S2. Since the carrier densities of Bi and Ni 

are respectively 3 ൈ 10ଵ଻ cm-3 S3 and 1.0 ൈ 10ଶଷ cm-3 S4, the present value is in between the 

carrier densities of Bi and Ni. The result indicates that the carrier in the Ni layer is doped into 

the Bi layer11. 

 

 

 

Fig. S3| Hall resistance measured at 10 K using a Hall bar device ሺthe insetሻ. The black solid line 

shows the liner fitting.  
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  We then calculate the penetration depth of Bi/Ni. According to the two fluid model, the 

penetration depth is given asS5 

 

𝜆 ൌ ඨ
𝑚∗

𝜇଴𝑛ୱ𝑒∗ଶ
 , ሺ1ሻ 

 

where 𝜇଴  is the permeability of vacuum, 𝑚∗  is the effective mass, and 𝑒∗  is the effective 

charge, i.e., 𝑚∗ ൌ 2𝑚ୣ and 𝑒∗ ൌ 2𝑒 ሺ𝑚ୣ is the mass of an electron and 𝑒 is the elementary 

chargeሻ. The superfluid density 𝑛ୱ  at 0 K is equal to the normal fluid density before the 

superconducting transition. By substituting the carrier density of the normal state for the 

superfluid density at 0 K, the penetration depth of Bi/Ni bilayer at 0 K is calculated as 𝜆 ൌ 17 

nm. The temperature dependence of 𝜆 can be expressed with the following formulaS5: 

 

𝜆ሺ𝑇ሻ ൎ 𝜆ሺ0ሻ ቈ1 െ ൬
𝑇
𝑇ୡ
൰
ସ

቉
ିଵ ଶ⁄

, ሺ2ሻ 

 

and is illustrated in Fig. S4. The width of the ring-shaped device ሺൎ 500 nmሻ is much larger than 

the penetration depth at 2.5 K where the Little-Parks oscillations measurements were 

performed. 

 

Fig. S4| Calculated temperature dependence of the penetration depth of Bi/Ni bilayer using Eq. 

ሺ2ሻ. The penetration depth is about 18 nm at 2.5 K which is more than 20 times smaller than the 

width of the ring part. 
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2. Current-voltage properties of ring-shaped Bi/Ni devices 

As mentioned in the main text, before measuring Little-Parks ሺLPሻ oscillations with Bi/Ni and 

Nb ring-shaped devices, we checked the dc currentሺ𝐼 ሻ-voltageሺ𝑉 ሻ property of the devices, in 

order to obtain the critical current ሺ𝐼ୡሻ. Figure S5 shows a typical 𝐼-𝑉 curve obtained with a 

Bi/Ni ring-shaped device ሺsample #2ሻ at 2.47 K. The voltage is zero up to 𝐼ୡ ൌ േ51 μA.  

 

 

Fig. S5| Typical 𝐼-𝑉 curve of a Bi/Ni ring-shaped device measured with sample #2 at 2.47 K. 

The green dotted line indicates the measurement current 𝐼୫ which corresponds to the current 

to measure the LP oscillations demonstrated in the main text.  

 

 

We also measured 𝐼-𝑉 curves at different magnetic fields to see the oscillation of 𝐼ୡ. In Figs. 

S6a and S6b, we show the typical results obtained with other Bi/Ni ring-shaped devices 

ሺsamples #3 and #4ሻ at fixed temperatures ሺ2.34 and 2.45 K, respectivelyሻ. The magnetic field 

𝐻 was applied perpendicularly to the basal plane and normalized by 𝜇଴𝐻଴ ൌ 𝜙଴ 𝑆⁄ ሺ~0.6 mTሻ 

where 𝑆 is the surface of the ring. The critical current 𝐼c takes maxima and minima at 𝐻 ൌ

𝑛𝐻଴ and 𝐻 ൌ ሺ𝑛 ൅ 1 2⁄ ሻ𝐻଴, respectively. Such behavior can be seen in Figs. S6a and S6b. These 

results are consistent with the magnetic field dependence of resistance shown in Figs. S10-S13 

as well as in Fig. 2b and Fig. 3 in the main text. As already discussed in Ref. S6, the oscillation of 

𝐼c at a fixed temperature is essentially the same as that of 𝑇c. 
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Fig. S6| 𝐼-𝑉 curves of Bi/Ni ring-shaped devises measured with ሺaሻ samples #3 and ሺbሻ sample 

#4. 𝜇଴𝐻଴ of samples #3 and #4 are 0.62 mT and 0.65 mT, respectively. The measurements were 

performed at 2.34 K for sample #3 and at 2.45 K for sample #4. 

 

 

Instead of measuring 𝐼-𝑉 curves at a bunch of fixed magnetic fields, it is more practical to 

measure the voltage ሺor resistanceሻ with a fixed temperature ሺfor example, in our 4He flow-type 

refrigerator, at 2.470.01 Kሻ as well as with a fixed measurement current 𝐼୫ above 𝐼ୡ ሺsee Fig. 

S5 and Table Iሻ, and to sweep the magnetic field, as demonstrated in Ref. S7. This method enables 

us ሺ1ሻ to avoid any temperature fluctuations around the superconducting transition 

temperature of Bi/Ni 𝑇ୡ
୆୧/୒୧ ൎ 4 K, where the temperature fluctuation is more than 100 mK for 

our 4He flow-type refrigerator and ሺ2ሻ to measure LP oscillations of Bi/Ni and Nb ring-shaped 

devices simultaneously although they have different superconducting critical temperatures 

ሺ𝑇ୡ
୆୧ ୒୧⁄ ൎ 4 K and 𝑇ୡ୒ୠ ൎ 5 Kሻ. We note that the phase of the oscillations in 𝑅 vs 𝐻 curves is 

opposite to that in 𝐼ୡ vs 𝐻 as well as 𝑇ୡ vs 𝐻S6, S7.  

In Tables I and II, we list Bi/Ni and Nb ring-shaped devices used in the present work.  

 

Table I| Properties of Bi/Ni ring-shaped devices. 

Sample number 𝑇ୡ ሾKሿ 𝐼ୡ ሾμAሿ at ൎ 2.5 K at 𝜇଴𝐻 ൌ 0 mT 𝜇଴𝐻଴ ሾmTሿ 

1 4.0 50 0.96 

2 4.0 51 0.95 

3 3.9 20 0.62 

4 4.0 20 0.65 

Table II| Properties of Nb ring-shaped devices. 

Sample number 𝑇ୡ ሾKሿ 𝐼ୡ ሾμAሿ at ൎ 2.5 K at 𝜇଴𝐻 ൌ 0 mT 𝜇଴𝐻଴ ሾmTሿ 

1 5.1 3.4 ൈ 10ଶ 0.84 

2ሾS8ሿ 5.3 2.4 ൈ 10ଶ 1.45 
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3. How to analyze the LP oscillations 

In this section, we describe the evaluation methods of LP oscillations observed in Bi/Ni ring-

shaped devices. We first determined the real zero magnetic field to evaluate the phase of the 

resistance oscillations. As mentioned in the main text, there should be a small offset magnetic 

field due to remnant magnetization of iron core of electromagnet and terrestrial magnetism. The 

offset of zero magnetic field was determined by measuring a Nb ring-shaped device 

simultaneously. We found that the resistance local minimum of the Bi/Ni ring-shaped device is 

placed at the same field as that of the Nb reference device ሾsee Fig. 2bሿ. Based on this analysis, 

we fixed the real zero magnetic field.  

Then, we normalize the horizontal axis by dividing it by the value corresponding to one 

magnetic flux quantum 𝜙଴ calculated from the ring area. In Fig. S7, the schematic image of a 

ring-shaped device is illustrated. Because the ring has a finite width ሺin the present case, ൎ

500 nmሻ, the area 𝑆 for one magnetic flux quantum to pass through depends on the definition. 

For example, if the center part of the ring ሺindicated by the dotted line in Fig. S7ሻ is taken as the 

side length, 𝑆 ൌ ሺ1.4 ൈ 1.4ሻ μmଶ  and the corresponding magnetic field 𝜇଴𝐻଴  is 1.06 mT by 

using 𝜇଴𝐻଴ ൌ 𝜙଴ 𝑆⁄ .  

 

Fig. S7| Schematic image of a ring-shaped device ሺsamples #1 and #2ሻ. From this structure, the 

maximum and minimum areas for one magnetic flux quantum to pass through are 𝑆 ൌ ሺ0.9 ൈ

0.9ሻ  μmଶ  and ሺ1.9 ൈ 1.9ሻ  μmଶ , respectively. The dotted line indicates the center of the ring 

width and the side length is 1.4 μm. Thus, 𝜇଴𝐻଴ ranges from 0.57 mT to 2.56 mT. 

 

 

Figure S8 is the same data set as in Fig. 2 in the main text, but the horizontal axis is normalized 

by ሺaሻ 𝜇଴𝐻଴ ൌ 1.06 mT and ሺbሻ 𝜇଴𝐻଴ ൌ 0.96 mT. Resistance local minima and maxima should 
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be located at the integer magnetic flux ሺ𝐻/𝐻଴ ሻ for QFs-type and HQF-type LP oscillations, 

respectively. However, Fig. S8a does not satisfy such quantization conditions. In order to satisfy 

the quantization condition, the 𝜇଴𝐻଴ value was reduced, and we obtained 𝜇଴𝐻଴ ൌ 0.96 mT as 

the suitable value because resistance local minima and maxima are placed at small integer 

numbers ሺ𝑛 ≲ 6ሻ and at large integer numbers ሺ𝑛 ≳ 10ሻ, respectively, as shown in Fig. S8b and 

Fig. 3 of the main text. The small difference in 𝜇଴𝐻଴ would originate from the device fabrication 

processes such as electron beam lithography and Ar milling. In fact, the estimated area is 𝑆 ൌ

ሺ1.47 ൈ 1.47ሻ μmଶ  for 𝜇଴𝐻଴ ൌ 0.96  mT. The estimated side length ሺ1.47 μmሻ  is only 5% 

longer than the ideal center part ሺ1.4 μmሻ of the ring. 

In order to confirm that the obtained value of 𝜇଴𝐻଴ሺൌ 0.96 mTሻ  is reasonable, we have 

adopted Fast Fourier Transformation ሺFFTሻ analysis. As shown in Fig. S9a, we first extracted the 

oscillation components by subtracting the background resistance ሺnon-oscillating termሻ from 

Fig. 2a, and then performed FFT. The obtained FFT spectrum is shown in Fig. S9b as the blue 

solid line. Two sharp peaks are observed at around about ሺ𝜇଴𝐻ሻିଵ ൌ 1.11 ሺmTሻିଵ ሺindicated 

by the red arrowሻ and 1.02 ሺmTሻିଵ  ሺindicated by the green arrowሻ, which correspond to 

𝜇଴𝐻 ൌ 0.90 mT and 𝜇଴𝐻 ൌ 0.98 mT, respectively. This FFT analysis is seemingly inconsistent 

with Fig. S8b where the horizontal axis is normalized by 𝜇଴𝐻଴ ൌ 0.96  mT. To solve this 

inconsistency, we fitted blue open circles in Fig. S9a with a function 𝑓ሺ𝑥ሻ which consists of two 

cosine functions:  

𝑓ሺ𝑥ሻ ൌ 𝐴ሺ𝑥ሻ cos ቀ
ଶగ௫

ఓబுబ
ቁ ൅ 𝐵ሺ𝑥ሻ cos ቀ

ଶగ௫

ఓబுబ
െ 𝜋ቁ, ሺ3ሻ 

where 𝐴ሺ𝑥ሻ ൌ െ𝑎 expሺെ𝑏𝑥ଶሻ  and 𝐵ሺ𝑥ሻ ൌ 𝑐 ሾ1 െ expሺ𝑑𝑥ሻଶሿ /ሼ1 ൅ expሾ𝑔ሺ𝑥ଶ െ ℎଶሻሿሽ  express 

the magnetic field dependent amplitudes that include fitting parameters 𝑎, 𝑏, 𝑐,𝑑,𝑔,ℎ, and 𝑥 ൌ

𝜇଴𝐻. We then performed FFT for this function. The FFT spectrum of the fitting function with 

𝜇଴𝐻଴ ൌ 0.96  mT is shown as the black solid line in Fig. S9b. This mimic function perfectly 

reproduces not only the two peak positions but also the ratio of the peak height between the two 

peaks. From these analyses, we can conclude that 𝜇଴𝐻଴ ൌ 0.96  mT is the best value to 

normalize the horizontal axis in Fig. S8b.  

In this way, a crossover from QFs- to HQFs-type LP oscillations was evaluated. By applying the 

same method, the crossover has been observed in other devices. The reproducibility of the 

crossover will be detailed in the next section. 
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Fig| S8, LP oscillations as function of the magnetic field 𝜇଴𝐻 normalized by ሺaሻ 𝜇଴𝐻଴ ൌ 1.06 

mT and ሺbሻ 𝜇଴𝐻଴ ൌ 0.96 mT. The purple triangles ሺred inverse trianglesሻ indicate the positions 

of the local minima ሺmaximaሻ at the integer numbers of magnetic flux. 

 

 

Fig. S9: ሺaሻ The oscillation component extracted from the raw data shown in Fig. 2a in the main 

text ሺblue open circleሻ. The black solid line is the best fitting with Eq ሺ3ሻ. ሺbሻ FFT analyses of the 

resistance oscillations and the fitting function shown in ሺaሻ. The red and green arrows indicate 

the two peak positions. 
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4. Reproducibility of the crossover in LP oscillations 

In order to confirm that the crossover from QFs- to HQFs-type LP oscillations is reproducible, 

we have performed some different experiments. We first investigated the LP oscillations with 

different 𝐼୫  values using sample #1. As shown in Figs. S10 and S11, the crossover is very 

reproducible for various 𝐼୫ and the crossover magnetic field 𝐻∗ is almost constant at around 

8 mT.  

 

Fig. S10| LP oscillations measured with sample #1 using various 𝐼୫ at 2.47 K in the positive 

magnetic field region. The purple triangles ሺred inverse trianglesሻ indicate the positions of the 

local minima ሺmaximaሻ at the integer numbers of magnetic flux.  
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Fig. S11| LP oscillations measured with sample #1 using various 𝐼୫ at 2.47 K in the negative 

magnetic field region. The purple triangles ሺred inverse trianglesሻ indicate the positions of the 

local minima ሺmaximaሻ at the integer numbers of magnetic flux.  

 

 

Next, we show the reproducibility of the crossover from QFs- to HQFs-type LP oscillations 

using different devices. Some basic properties of ring-shaped devices fabricated with Bi/Ni are 

summarized in Tables 1. In Figs. S12 and S13, we show the LP oscillations obtained from sample 

#2 with various 𝐼୫ and sample #3, respectively. Although large background resistances were 

superimposed on the LP oscillations as shown in Figs. S12ሺaሻ and S13, the switching between 

QFs-type and HQFs-type takes place at around |𝐻∗| ൎ 8 mT for both devices ሺsee Figs. S12ሺbሻ, 
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S12ሺcሻ, and the inset of Fig. S13ሻ. Because the background resistance was sometimes observed 

with a simple wire device as shown in Fig. S14, the origin of the background resistance is 

presumably due to the magnetoresistance which is peculiar to a mesoscopic device fabricated 

from the Bi/Ni bilayer film.  

To summarize this section, the crossover from QFs- and HQFs-type LP oscillations is 

reproducible with different 𝐼୫ values and in other devices with different ring sizes. 
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Fig. S12| ሺaሻ 𝐼୫  dependence of LP oscillations measured with sample #2 at 2.46 K. The 

resistance oscillations after the normalization of the horizontal axis by 𝜇଴𝐻଴ in the positive and 

negative magnetic field regions are displayed in ሺbሻ and ሺcሻ, respectively. The purple triangles 

ሺred inverse trianglesሻ indicate the positions of the local minima ሺmaximaሻ at the integer 

numbers of magnetic flux.  
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Fig. S13| LP oscillations measured with sample #3 at 2.34 K with 𝐼୫ ൌ 10 μA. The inset shows 

a closeup view of the crossover region surrounded by the gray dotted square in the main panel. 

The purple triangles ሺred inverse trianglesሻ indicate the positions of the local minima ሺmaximaሻ 

at the integer numbers of magnetic flux. 

 

 

Fig. S14| Magnetoresistance measured with a Bi/Ni wire device at 2.34 K. The inset shows a 

scanning electron microscope image of the wire device. 
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5. Additional discussions on the crossover in LP oscillations 

In the main text, we explain the crossover from QFs-type to HQFs-type LP oscillations based 

on a spin triplet superconductor with spin-orbit interaction, and also mention some possibilities 

which can be ruled out by the additional experiments. In this section, we add more detailed 

discussions for the mechanism of the crossover.  

Here we raise all the possible scenarios which could explain the phase shift of LP oscillations: 

ሺ1ሻ the stray field of perpendicularly polarized Ni through the ring, ሺ2ሻ pining ሺor penetrationሻ 

of magnetic vortices, induced by the external magnetic field or the measurement current 𝐼୫, 

inside the Bi/Ni ring, ሺ3ሻ superconducting weak links formed in the Bi/Ni ring, ሺ4ሻ the two-

dimensional superconductivity on the top surface of Bi/Ni, and ሺ5ሻ the spin texture in spin-

triplet superconducting rings with a spin-orbit interaction under a bias current.  

We add some discussions on the scenario ሺ2ሻ where magnetic vortices induce the phase shift 

of the LP oscillations. According to Ref. S9, the lower critical field along the in-plane direction 

𝜇଴𝐻ୡଵ
∥  is about 10 mT. In the present case, the magnetic field is applied along the out-of-plane 

direction. As will be detailed in the next section, there is a strong anisotropy for the upper critical 

filed 𝐻ୡଶ: the in-plane upper critical field 𝜇଴𝐻ୡଶ
∥  is 5.5 times larger than the out-of-plane upper 

critical field 𝜇଴𝐻ୡଶ
ୄ  at 2.5 K. By assuming the same anisotropy factor as the upper critical field, 

the lower critical field along the out-of-plane direction 𝜇଴𝐻ୡଵ
ୄ  would be about a few mT. In other 

words, magnetic vortices should already be induced at a few mT. In this situation, the 

measurement current 𝐼୫  should affect the vortex pinning and depinning, i.e., the voltage 

derived from vortex motion. However, the crossover does not depend on 𝐼୫. In addition, the 

crossover is reproducible for different devices with different ring sizes. These experimental facts 

can rule out the possibility that magnetic vortices pinned at defects, randomly distributed in the 

rings, move inside the ring and thus add a HQF to the ring. 

As for the scenario ሺ3ሻ, although our ring-shaped devices have no Josephson junctions 

artificially, superconducting weak links could be formed due to crystalline boundariesS7 or phase 

slip lines induced by injecting a large currentS10. The former case has already been denied by the 

cross-sectional scanning transmission electric microscopy ሺTEMሻ image which shows that the 

Bi/Ni bilayer is well-crystalized at each layer and has no domain boundariesS1. On the other hand, 

the latter case is required to check carefully. If a superconducting loop has weak links in the loop, 

switching between QFs-type and HQFs-type LP oscillations can be observed even in conventional 

superconductors, depending on the injected current and magnetic fieldS11-S14. According to Ref. 

S11, when the injected current is small enough, the switching from QFs-type to HQF-type LP 

oscillations occurs at higher magnetic fields, while the crossover magnetic field 𝐻∗ is shifted to 

the lower magnetic field side as the injected current increases and eventually HQFs-type LP 

oscillations take place even at zero magnetic field. As shown in Figs. S10 and S11, however, 𝐻∗ 
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is almost constant at around 8 mT for various 𝐼୫  values in the Bi/Ni ring-shaped device 

ሺsample #1ሻ. This result obviously demonstrates that there is no accidental formation of 

superconducting weak links, phase slip lines, or magnetic vortices in the ring-shaped device.  

In the scenario ሺ4ሻ, the two-dimensional ሺmore precisely, surfaceሻ state at the Bi layer plays 

an important role in the unconventional superconductivity. Here we add further information to 

exclude the possibility of the scenario ሺ4ሻ. According to Refs. S15, S16, and S17, a surface state 

such as the Rashba effect is essential. In two-dimensional surface superconductors with the 

strong Rashba effect such as the Bi2Se3/monolayer NbSe2 system S18, it is known that the 𝜇଴𝐻ୡଶ 

for an in-plane magnetic field often exceeds the Pauli limiting field 𝜇଴𝐻୔ ൌ 1.86𝑇ୡ, showing a 

ඥ𝑇ୡ െ 𝑇 dependence. If there is a dominant surface contribution from a strong Rashba coupling 

in the present system with 𝑇ୡ
୆୧/୒୧ ൎ 4 K  and thus 𝜇଴𝐻୔ ൌ 7.44  T, such a characteristic 

behavior should be observed in 𝜇଴𝐻ୡଶ. As mentioned in the main text and also will be detailed 

in Sec. 6, however, the measured in-plane 𝜇଴𝐻ୡଶ  neither exceeds the Pauli-limiting field 

𝜇଴𝐻୔ ൌ 7.44  T nor exhibits the ඥ𝑇ୡ െ 𝑇  dependence, but can rather be explained by the 

standard three-dimensional Ginzburg-Landau theory with a strong anisotropy. Thus, from the 

experimental point of view, the Rashba effect is negligibly small in the present Bi/Ni bilayer. In 

addition, for the out-of-plane magnetic field of our interest, the 𝜇଴𝐻ୡଶ  is far below 𝜇଴𝐻୔ , 

suggesting that the orbital pair-breaking effect is dominant. 

From the theoretical viewpoint, the effective 𝑝-wave-like superconducting state is possible 

by considering the Rashba Hamiltonian at the top of Bi layer, an 𝑠 -wave superconductivity 

induced by a possible formation of Bi3Ni layer at the interface between Bi and Ni, and a Zeeman 

fieldS17. However, even in such a case, the crossover from QFs- to HQFs-type LP oscillations 

cannot be expected, based on the following theoretical reasons. In 𝑝 -wave superconducting 

states, the d-vector, which is the order parameter of the spin-triplet superconductors ሺsee Sec. 7 

for the definitionሻ, is indispensable for the realization of HQFs. The HQFs is accompanied by the 

𝜋-jump of the Uሺ1ሻ phase of the order parameter, which can be compensated by flipping the d-

vector as 𝑑 → െ𝑑. In spin-orbit coupled systems, however, the d-vector is fully polarized by the 

spin-orbit coupling. As discussed in Sec. 7, the effective 𝑝 -wave pairing scenario induced by 

proximitized 𝑠-wave superconductivity cannot support the HQFs-like LP oscillations. In Sec. 7, 

we will also clarify that the interplay of spin-orbit interaction with the magnetic texture of the 

Ni layer may cause the shift the LP oscillation but cannot explain the HQFs-like LP oscillations. 

As will be discussed in Sec. 8, in the scenario ሺ5ሻ, the HQFs accompanied by the spin texture 

are preferable to QFs when both the perpendicular field and the in-plane field 𝐇୑ are present. 

The transverse field 𝐇୑ stems from a stray field from the Ni layer. As demonstrated in Ref. S9, 

in the Bi/Ni bilayer film, a clear Meissner signal was observed even at 0 mT. The magnitude of 

the signal is suppressed when the in-plane magnetic field of ~1 mT is applied. In addition, the 
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sign of the Meissner signal at 0 mT changes when the magnetization direction of the Ni layer is 

switched. These facts indicate that there exists a stray field from the Ni layer even below 𝑇ୡ and 

the magnitude of the in-plane stray field can be estimated to be ~1 mT. This in-plane stray field 

from the Ni layer should work as 𝐇୑ in the Bi/Ni bilayer. 
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6. Upper critical field measurements in Bi/Ni bilayer film 

In order to evaluate the dimension of the superconductivity of our Bi/Ni film, the upper critical 

field 𝜇଴𝐻ୡଶ was measured. In this work, 𝜇଴𝐻ୡଶ is defined as the external magnetic field when 

the resistance becomes a half of the normal state resistance 𝑅୒. The samples were cooled down 

to about 40 mK by using a dilution refrigerator. The external magnetic field from 0 to 11 T was 

applied by a superconducting magnet.  

The resistance of Bi/Ni film along the out-of-plane and in-plane magnetic fields at various 

temperatures 𝑇 are shown in Fig. S15. The definitions of the magnetic field directions are the 

same as in Fig. S1. The vertical axis is normalized by 𝑅୒. As 𝑇 decreases, 𝜇଴𝐻ୡଶ is shifted to 

the higher magnetic field side and the transition from the superconducting state to the normal 

state becomes broader in both cases. From the comparison between the two cases, the 

superconductivity of Bi/Ni bilayer is weaker for the out-of-plane magnetic field, which is 

common behavior for thin-film superconductors. 

Figure S16 shows the temperature dependence of 𝜇଴𝐻ୡଶ for both the out-of-plane and in-

plane magnetic field directions. In the vicinity of 𝑇 ൌ 0, the in-plane upper critical field 𝜇଴𝐻ୡଶ
∥  

is 4.4 times larger than the out-of-plane upper critical field 𝜇଴𝐻ୡଶ
ୄ . According to the Ginzburg-

Landau theory for an anisotropic superconductor, the temperature dependence of 𝜇଴𝐻ୡଶ can 

be expressed as follows:  

𝜇଴𝐻ୡଶ
ୄ ሺ𝑇ሻ ൌ

𝜙଴
2𝜋𝜉∥

ଶ ൬1 െ
𝑇
𝑇ୡ
൰ , ሺ4ሻ 

𝜇଴𝐻ୡଶ
∥ ሺ𝑇ሻ ൌ

𝜙଴√12
2𝜋𝜉∥𝑑ୱୡ

൬1 െ
𝑇
𝑇ୡ
൰
ఈ

, ሺ5ሻ 

where 𝜉∥ is the in-plane coherence length, and 𝑑ୱୡ is the thickness of superconductor which is 

an important length scale rather than the out-of-plane coherence length 𝜉ୄ  as long as the 

system is two-dimensional, i.e., 𝜉ୄ ൐ 𝑑ୱୡS19-S25. The power 𝛼 is a fitting parameter. When the 

superconductivity is two-dimensional, 𝛼 ൌ 1 2⁄ . On the other hand, 𝛼 is close to 1 for a three-

dimensional ሺi.e., bulkሻ superconductor. In such a case, 𝑑ୱୡ becomes less important than 𝜉ୄ, 

and the coefficient of Eq. ሺ5ሻ is replaced by 𝜙଴ ሺ2𝜋𝜉∥𝜉ୄሻ⁄ . Although 𝜇଴𝐻ୡଶ
ୄ  can be fitted well by 

Eq. ሺ4ሻ ሺsee the orange solid line in Fig. S16ሻ, 𝜇଴𝐻ୡଶ
∥  cannot be explained by Eq. ሺ5ሻ with 𝛼 ൌ

1 2⁄   ሺsee the purple dotted line in Fig. S16ሻ; alternatively, 𝛼 ൌ 0.67  in Eq. ሺ5ሻ can give a 

reasonable fitting ሺsee the purple solid line in Fig. S16ሻ. From the relations 𝜇଴𝐻ୡଶ
ୄ ൌ 𝜙଴ ሺ2𝜋𝜉∥

ଶሻ⁄  

and 𝜇଴𝐻ୡଶ
∥ ൌ 𝜙଴ ሺ2𝜋𝜉∥𝜉ୄሻ⁄  at T ൌ 0 S23 and by using 𝜇଴𝐻ୡଶ

ୄ ൌ 1.44 T and 𝜇଴𝐻ୡଶ
∥ ൌ 6.25 T, we 

obtain 𝜉∥ ൌ 15.1 nm and 𝜉ୄ ൌ 3.5 nm. Because 𝜉ୄ is 10 times smaller than the thickness of 

Bi/Ni film 𝑑୆୧ ୒୧⁄   ሺൌ 37 nmሻ, we conclude that our Bi/Ni film is an anisotropic three-

dimensional superconductor, which is not consistent with the scenario in Ref. S17 where the 

two-dimensional superconductivity on the top surface of Bi/Ni plays an important role on the 
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appearance of topological superconducting state. The importance of the superconductivity at 

the surface of the Bi layer and also at the boundary between Bi and Ni layers have been pointed 

outS1,S26, but our results suggest that the bulk superconductivity is also important for 

understanding the superconductivity of Bi/Ni bilayer. This is consistent with the previous work 

which pointed out the importance of bulk superconductivity of Bi/Ni bilayerS27. 

 

 

Fig. S15| Resistance of a Bi/Ni film normalized by 𝑅୒  as a function of ሺaሻ the out-of-plane 

magnetic field and ሺbሻ the in-plane magnetic field, measured at various temperatures.  

 

 
Fig. S16| Temperature dependence of the upper critical fields 𝜇଴𝐻ୡଶ  along the in-plane 

direction ሺpurple open circleሻ and the out-of-plane direction ሺorange open circleሻ. For the in-

plane critical magnetic field, the experimental data are fitted by Eq. ሺ4ሻ with 𝛼 ൌ 1/2 ሺpurple 

dotted lineሻ and with 𝛼 ൌ 0.67 ሺpurple solid lineሻ. For the out-of-plane critical magnetic field, 

the experimental data are fitted by Eq. ሺ3ሻ ሺorange solid lineሻ.  
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7. Effect of spin-orbit coupling on the LP oscillation 

In this section, we focus on an effective 𝑝 -wave pairing scenario based on the Rashba 

Hamiltonian at the top of the Bi layerS17, and discuss the possibility of the crossover from QFs to 

HQFs in the LP oscillations. The key ingredients of the Hamiltonian are ሺiሻ spin-orbit interaction, 

ሺiiሻ 𝑠-wave superconductivity, ሺiiiሻ an exchange or Zeeman field which arises from the electrons 

on the Bi surface, ሺivሻ the superconducting Bi3Ni alloy at the interface between Bi and Ni, and 

ሺvሻ the magnetic order of the Ni layer. We first demonstrate that the effective 𝑝-wave pairing 

state realized in such spin-orbit coupled systems cannot support the HQFs-like LP oscillations. 

Then, we examine how the interplay of spin-orbit interaction with the magnetic texture of the Ni 

layer affects the LP oscillation. 

Let Δ෡ሺ𝒑, 𝒓ሻ be the 2 ൈ 2 spin matrix of the superconducting order, where 𝒑 and 𝒓 are the 

relative momentum and the center-of-mass coordinate of the Cooper pairs, respectively. The 

quantized flux state is expressed as 

Δ෡ሺ𝒑, 𝒓ሻ ൌ 𝑒௜ఝሺఏሻΔ෡ሺ𝒑,𝜌ሻ, ሺ6ሻ 

where we assume the uniformity along the 𝑧-axis and 𝒓 ൌ ሺ𝜌,𝜃, 𝑧ሻ is the cylindrical coordinate. 

The Uሺ1ሻ  phase 𝜑ሺ𝜃ሻ  is represented by the vorticity 𝜅  as 𝜑ሺ𝜃ሻ ൌ 𝜅𝜃 . In conventional 𝑠 -

wave superconductors, the vorticity is restricted to an integer value 𝜅 ∈ ℤ  because of the 

single-valued order parameter. The HQF states are characterized by a half integer 𝜅 ൌ

ሺ2𝑛 ൅ 1ሻ 2⁄  ሺ𝑛 ∈ ℤሻ, where the Uሺ1ሻ phase along the azimuthal direction changes from 0 to 

ሺ2𝑛 ൅ 1ሻ𝜋 accompanied by the 𝜋-phase jump. However, such 𝜋-phase jump can be canceled 

out by the internal ሺspin or orbitalሻ degrees of freedom of Δ෡. To see this, we decompose Δ෡ to 

the spin-singlet even-parity component 𝜓ሺ𝒑ሻ ൌ 𝜓ሺെ𝒑ሻ  and the spin-triplet odd-parity 

component 𝒅ሺ𝒑ሻ ൌ െ𝒅ሺെ𝒑ሻ as 

Δ෡ሺ𝒑, 𝒓ሻ ൌ ൬
Δ↑↑ሺ𝒑,𝒓ሻ Δ↑↓ሺ𝒑,𝒓ሻ
Δ↓↑ሺ𝒑,𝒓ሻ Δ↓↓ሺ𝒑,𝒓ሻ൰ ൌ 𝜓ሺ𝒑,𝒓ሻ𝑖𝜎௬ ൅ 𝑖𝒅ሺ𝒑,𝒓ሻ ⋅ 𝝈𝜎௬ , ሺ7ሻ 

where 𝝈 ൌ ሺ𝜎௫,𝜎௬ ,𝜎௭ሻ are the Pauli matrices in the spin space. Let 𝑅௡ be the 𝑛 fold rotation 

operator for the 𝑧 -axis. In the 𝑑௫మି௬మ   superconducting state, i.e., 𝜓ሺ𝒑ሻ ൌ Δ଴ሺ𝑝௫ଶ െ 𝑝௬ଶሻ  and 

𝒅 ൌ 𝟎, the operator rotates the order parameter as 𝑅ସ𝜓ሺ𝒑ሻ ൌ െ𝜓ሺ𝒑ሻ, which compensates the 

discontinuity of the Uሺ1ሻ  phase 𝜑ሺ𝜃 ൌ 0ሻ ൌ െ𝜑ሺ𝜃 ൌ 𝜋ሻ . Indeed the half magnetic flux with 

𝜙 ൌ 𝜙଴ 2⁄   has been observed in a trigrain boundary-junction ring of superconducting 

YBaଶCଷO଻ିஔ
S28. For spin-triplet superconductors with 𝒅ሺ𝒑ሻ ൌ 𝒅෡𝑓ሺ𝒑ሻ, the 𝜋-phase jump arising 

from the half-winding of the Uሺ1ሻ can also be canceled out by flipping 𝑅ଶ𝒅෡ ൌ െ𝒅෡. The half-

quantum vortices have been observed in superfluid 3He with uniaxially anisotropic disorders, 

which is a prototype of spin-triplet superfluidsS29. Hence, the HQF state can be realized by the 

texture of the spin or orbital component of the order parameter. 
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  Consider the electrons on the Bi surface with proximitized 𝑠 -wave pairing. Here we 

demonstrate that although spin-orbit coupling induces an effective 𝑝-wave pairing, the spins of 

the Cooper pairs are frozen out and not responsible for the HQF-type LP oscillation. Following 

Ref. S17, we consider that two-dimensional electrons on the Bi surface and an 𝑠 -wave 

superconductivity, Δ෡ ൌ Δ𝑖𝜎௬, proximitized from the superconducting alloy Bi3Ni formed at the 

interface between Bi and Ni, where we set Δ ∈ ℝ without loss of generality. The Bogoliubov-de 

Gennes Hamiltonian is given by 

ℋሺ𝒑ሻ ൌ ቆ
𝜀̂ሺ𝒑ሻ Δ𝑖𝜎௬
െΔ𝑖𝜎௬ െ𝜀̂୲୰ሺെ𝒑ሻ

ቇ. ሺ8ሻ 

  The 2 ൈ 2  matrix, 𝜀̂ሺ𝒑ሻ ൌ 𝜀଴ሺ𝒑ሻ ൅ 𝒈ሺ𝒑ሻ ⋅ 𝝈 ൅ 𝑩 ⋅ 𝝈 , is the Hamiltonian for the normal 

electrons on the Bi surface, where 𝒈ሺ𝒑ሻ ൌ െ𝒈ሺെ𝒑ሻ is antisymmetric spin-orbit coupling and 

𝑩  is the exchange field arising from the magnetic moment of the Ni layer and an applied 

magnetic field. To clarify how the spin-triplet odd-parity pairing emerges from the conventional 

𝑠 -wave gap, we introduce the unitary matrixS30, 𝑈 ൌ ሺ𝜏଴ ൅ 𝑖𝜎௬𝜏௫ሻ √2⁄  , where 𝜏଴  and 𝜏௫  are 

the unit matrix and the Pauli matrix in the particle-hole space, respectively. The unitary 

transformation of the BdG Hamiltonian reads 

𝑈ℋሺ𝒑ሻ𝑈ற ൌ ቆ
𝑩 ⋅ 𝝈 ൅ Δ െ𝜀଴ሺ𝒑ሻ𝑖𝜎௬ െ 𝑖ሾ𝝈 ⋅ 𝒈ሺ𝒑ሻሿ𝜎௬

𝜀଴ሺ𝒑ሻ𝑖𝜎௬ ൅ 𝑖ሾ𝝈 ⋅ 𝒈ሺ𝒑ሻሿ𝜎௬ െ𝑩 ⋅ 𝝈୲୰ െ Δ
ቇ. ሺ9ሻ 

This shows that the transformed Hamiltonian is regarded as the admixture of the spin-singlet 

even-parity component and spin-triplet odd-parity component. As the effective 𝒅-vector arises 

from the antisymmetric spin-orbit coupling 𝒈ሺ𝒑ሻ, the spin degrees of freedom of the Cooper 

pairs are frozen out. Therefore, the HQFs cannot be realized by the texture of the 𝒅-vector in 

such spin-orbit systems with proximitized Δ. 

  In the rest of this section, let us discuss how the interplay of spin-orbit coupling with the 

magnetic texture of the Ni layer affects the LP oscillation. In the context of the Ginzburg-Landau 

ሺGLሻ theory, it has been known that in superconductors with broken inversion symmetry, a 

coupling between the magnetic field and the supercurrent can be induced by the so-called 

Lifshitz invariants 

𝑓୐୍ ൌ෍𝜅௜௝𝐵௜ ቂΔ∗ሺ𝒓ሻ ቀΠ௝Δሺ𝒓ሻቁ ൅ Δሺ𝒓ሻ ቀΠ௝Δሺ𝒓ሻቁ
∗
ቃ

௜௝

, ሺ10ሻ 

where 𝚷 ൌ െ𝑖𝛁 ൅ 2|𝑒|𝑨 is the gauge covariant derivative. Here we set ℏ ൌ 𝑐 ൌ 1. Thus, the GL 

free energy functional for spin-orbit coupled superconductors under a magnetic field 𝑩 is given 

by 

𝑓ୋ୐ ൌ 𝐾|𝚷Δሺ𝒓ሻ|ଶ ൅ 𝛼|Δሺ𝒓ሻ|ଶ ൅
𝛽
2

|Δሺ𝒓ሻ|ସ ൅
𝑩ଶ

8𝜋
൅ 𝑓୐୍, ሺ11ሻ 
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with the GL parameters 𝛼 ൏ 0 , 𝐾 ൐ 0 , and 𝛽 ൐ 0 . The Lifshitz invariant term describes a 

coupling between the magnetic texture of the Ni layer and the supercurrent density. The explicit 

expression of 𝜅௜௝ depends on crystalline symmetry and broken inversion symmetryS31,S32. For 

the Rashba spin-orbit interaction, the tensor is given by 𝜅௜௝ ൌ ∑ 𝜖௜௝௞𝑛ො௞௞ , where 𝒏ෝ is the unit 

vector associated with the broken inversion symmetry at the surface. Here we take the 𝑧-axis 

along the surface normal direction, i.e., 𝒏ෝ ൌ 𝑧̂ . Then, only the transverse components of the 

magnetic field, 𝑩 ⊥ 𝑧̂ contribute to the Lifshitz invariant term. 

  The Lifshitz invariant term provides a source of exotic superconducting phenomenaS31-S33. 

This includes the spatially modulated pairing state known as the Fulde-Ferrell-Larkin-

Ovchinnikov ሺFFLOሻ state and the magnetoelectric effect. The in-plane magnetic field together 

with a Rashba spin-orbit interaction shifts the center of the Fermi surfaces, leading to the 

formation of the Cooper pairs with nonzero center-of-mass momentum 𝑸. The FFLO state may 

be accompanied by the half-quantum flux as a half dislocation with 𝜋-phase windingS34-S36. As 

𝑸 ∥ 𝑩 ൈ 𝑧̂, however, the realization of the FFLO state with a modulation along the ring, i.e., 𝑸 ∥

𝜽෡, requires both a special configuration of the in-plane field such as 𝑩 ⋅ 𝝆ෝ ് 0. In addition, the 

FFLO state is usually stabilized at lower temperatures 𝑇 ≲ 0.5𝑇ୡ and strong in-plane magnetic 

fieldsS36, which are not relevant to the current situation of the Bi/Ni bilayer that an external 

magnetic field is applied along 𝑧̂  and the temperature is 𝑇 ൎ 0.6𝑇ୡ . Hence, it is difficult to 

expect the FFLO state with HQFs in the current situation. 

  Another important consequence of the Lifshitz invariants is the formation of the spontaneous 

current. As a combination with the magnetic texture of the Ni layer, the spontaneous current may 

flow along the ring as 𝒋ୱ୭ୡ ∝ 𝜅𝑧̂ ൈ 𝑩෡  , which generates the additional contribution to the 

magnetic flux penetrating the superconducting ring and shifts the LP oscillations. The shift of 

the LP oscillations is not quantized but depends on the strength of the spin-orbit coupling and 

magnetic texture. To clarify this, we recast the GL free energy in Eq. ሺ11ሻ and obtain the following 

equation: 

𝑓ୋ୐ ൌ 𝐾෍ቤቆΠ௝ െ
𝜅ሺ𝑩 ൈ 𝑧̂ሻ௝

𝐾
ቇΔሺ𝒓ሻቤ

ଶ

൅ ቆ𝛼 െ
𝜅ଶሺ𝑩 ൈ 𝑧̂ሻଶ

𝐾
ቇ |Δሺ𝒓ሻ|ଶ ൅

𝛽
2

|Δሺ𝒓ሻ|ସ

௝

. ሺ12ሻ 

Here we assume that the in-plane magnetic field arising from the Ni layer slowly varies along the 

superconducting ring. Equation ሺ12ሻ indicates that the Cooper pairs experience the additional 

vector potential stemming from the Lifshitz invariant term as 𝐴௝ → 𝐴௝ െ 𝜅ሺ𝐵 ൈ 𝑧̂ሻ௝ 2|𝑒|𝐾⁄  , 

giving rise to the shift of the magnetic flux 

𝛿𝜙 ≡
𝜅

2|𝑒|𝐾
නሺ𝑩 ൈ 𝑧̂ሻ ⋅ 𝑑𝒍መ ൎ െ

𝜅𝑅
2|𝑒|𝐾

න 𝐵ఘሺ𝜃ሻ𝑑𝜃
ଶగ

଴
, ሺ13ሻ 

where 𝒍መ is the unit vector along the azimuthal direction of the ring and 𝐵ఘ ൌ 𝐵௫ cos𝜃 ൅ 𝐵௬ sin𝜃 

is the radial component of the in-plane magnetic field. To estimate the magnitude of the shift, we 
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utilize the GL parameters in the weak coupling limit, 𝐾 ൌ 7𝜁ሺ3ሻ𝑁ሺ0ሻ𝑣୊
ଶ ሾ32ሺ𝜋𝑘୆𝑇ୡሻଶሿ⁄  and 𝜅 ൌ

7𝜁ሺ3ሻ𝛿𝑁଴𝑔𝜇୆𝑣୊
ଶ ሾ32ሺ𝜋𝑘୆𝑇ୡሻଶሿ⁄ S37, where 𝑔 and 𝜇୆ are the 𝑔-factor and the Bohr magneton, 

respectively. We also introduced 𝑁଴ ≡ ሺ𝑁ା ൅ 𝑁ିሻ 2⁄   and 𝛿𝑁଴ ≡ 𝑁ା െ 𝑁ି  with the density of 

states of two bands split by the spin-orbit coupling, 𝑁േ. Equation ሺ13ሻ is then recast as follows: 

𝛿𝜙 ൌ
𝑔ሺ𝛿𝑁଴ 𝑁଴⁄ ሻ

2ሺ𝑘୊𝑅ሻ
𝜋𝑅ଶ න 𝐵ఘሺ𝜃ሻ𝑑𝜃

ଶగ

଴
. ሺ14ሻ 

We note that 𝛿𝑁଴ 𝑁଴⁄  measures the spin-orbit coupling and the particle-hole asymmetry in the 

normal electron state, which is of the order of 𝜅଴ሺ𝑇ୡ 𝑇୊⁄ ሻ ሺ𝜅଴ is the strength of the spin-orbit 

couplingሻ. The radius of the superconducting ring in the current situation is much larger than 

the Fermi wavelength 𝑘୊
ିଵ, i.e., 𝑘୊𝑅 ≫ 1. As mentioned in Sec. 5, the magnitude of the in-plan 

field is about 1 mT. Based on these parameters, we conclude that the spin-orbit interaction 

causes the negligibly small shift of the LP oscillations. In addition, the shift 𝛿𝜙 depends on the 

magnetic texture and nonzero 𝛿𝜙 requires a nontrivial spatial profile of 𝐵ఘሺ𝜃ሻ. In Fig. S17, we 

display the three examples of the magnetic textures of the Ni layer. As 𝐵ఘ ൌ 0 in the type-A and 

𝐵ఘ ∝ cos 𝜃 in the type-B, both textures result in 𝛿𝜙 ൌ 0. The texture of the type-C is responsible 

for the nonzero shift 𝛿𝜙. 

 

 

Fig. S17. Examples of the Ni magnetic textures, where the arrows depict the magnetic moment. 

The type-A and type-B shows 𝛿𝜙 ൌ 0 , while the texture of the type-C is responsible for the 

nonzero shift 𝛿𝜙. 
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8. Theoretical interpretation of the phase shift in LP oscillations 

  In a Little-Parks ሺLPሻ experiment with a bias electric current, the resistivity should be 

associated with the critical bias current density 𝑗ୡ . It has theoretically been shownS6 that 𝑗ୡ 

exhibits a LP oscillation similarly to the transition temperature and that at least within the 

conventional BCS theory, the oscillation pattern is not half-quantum-shifted even in the spin-

triplet 𝑝 -wave case where the 𝐝 -vector degrees of freedom may possibly lead to an exotic 

superconducting state such as a half-quantum vortex in the context of superfluid 3He S38. Here, 

we demonstrate that a half-quantum-shifted LP oscillation in 𝑗ୡ can be realized in the presence 

of a spin-orbit coupling which is not taken into account in Ref. S6. In spin-triplet 

superconductors, the gap function is obtained by the 2 ൈ 2 spin matrix, which is parameterized 

with the 𝐝-vector having the momentum dependence 𝐝 ൌ ሺ𝑑௫ሺ𝐩ሻ,𝑑௬ሺ𝐩ሻ,𝑑௭ሺ𝐩ሻሻ, as shown in 

Sec. 7. Since the detailed electronic structure relevant to superconductivity in the Bi/Ni system 

is not yet available, here we consider the isotropic Fermi surface for simplicity and assume that 

the 𝑝 -wave pairing interaction is dominant as in the case of superfluid 3He. The 𝐝 -vector is 

expressed as 𝑑ఓሺ𝐩ሻ ൌ ∑ 𝐴ఓ,௜𝑝̂௜௜   with the order parameter 𝐴ఓ,௜ , and thus the GL free energy 

functional in the presence of a magnetic field is given by ℱୋ୐ ൌ 𝑁ሺ0ሻ ׬ 𝑑𝐫 ቂ𝑓ሺଶሻ ൅ 𝛿𝑓ሺଶሻ ൅

𝛿𝑓஽
ሺଶሻ ൅ 𝑓ሺସሻቃ with 

𝑓ሺଶሻ ൌ ෍ ቂ
𝛼
3
𝐴ఓ,௜
∗ 𝐴ఓ,௜ ൅ 𝐾′𝐴ఓ,௜

∗ ൫Π௝Π௝𝐴ఓ,௜ ൅ 2Π௜Π௝𝐴ఓ,௝൯ቃ
ఓ,௜,௝

,  

𝛿𝑓ሺଶሻ ൌ െ
𝛿𝛼 

3
𝑖෍൫𝐴௫,௜𝐴௬,௜

∗ െ 𝐴௬,௜𝐴௫,௜
∗ ൯

௜

,  

𝛿𝑓ୈ
ሺଶሻ ൌ 𝜆ୈ෍൬𝐴ఓ,ఓ

∗ 𝐴ఔ,ఔ ൅ 𝐴ఓ,ఔ
∗ 𝐴ఔ,ఓ െ

2
3
𝐴ఓ,ఔ
∗ 𝐴ఓ,ఔ൰

ఓ,ఔ

,  

𝑓ሺସሻ ൌ ෍ ቂ𝛽ଵห𝐴ఓ,௜𝐴ఓ,௜ห
ଶ
൅ 𝛽ଶ൫𝐴ఓ,௜

∗ 𝐴ఓ,௜൯
ଶ
൅ 𝛽ଷ𝐴ఓ,௜

∗ 𝐴ఔ,௜
∗ 𝐴ఓ,௝𝐴ఔ,௝ ൅ 𝛽ସ𝐴ఓ,௜

∗ 𝐴ఔ,௜𝐴ఔ,௝
∗ 𝐴ఓ,௝

ఓ,ఔ,௜,௝

൅ 𝛽ହ𝐴ఓ,௜
∗ 𝐴ఔ,௜𝐴ఔ,௝𝐴ఓ,௝

∗ ቃ . 

ሺ15ሻ 

This functional form is obtained from ℱୋ୐ for superfluid 3He by replacing െ𝑖𝛁 by 𝚷 ൌ െ𝑖𝛁 ൅

2|𝑒|𝐀 with the vector potential 𝐀 ൌ
ଵ

ଶ
𝐇 ൈ 𝐫. Here, to simplify the notation, we take ℏ ൌ 1 and 

𝑘୆ ൌ 1. In the weak coupling limit, the coefficients are given by 𝛼 ൌ ln
்

ౙ்బ
, 𝐾ᇱ ൌ

ଵ

ହ
ቀ ౙ்బ

்
ቁ
ଶ
𝜉଴
ଶ, and 

െ2𝛽ଵ ൌ 𝛽ଶ ൌ 𝛽ଷ ൌ 𝛽ସ ൌ 𝛽ହ ൌ
଻఍ሺଷሻ

ଵଶ଴గమ்మ
 with the superconducting transition temperature at zero 
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field 𝑇ୡ଴  and the coherence length 𝜉଴ ൌ ට଻఍ሺଷሻ

ସ଼గమ
௩ಷ

ౙ்బ
  at 𝑇 ൌ 0 S38. The 𝛿𝑓ሺଶሻ  term originates 

from the difference in density of states between the up-spin and down-spin Fermi surfaces and 

thereby, is active only in a magnetic fieldS38,S39. Within a linear approximation, we can express 

𝛿𝛼  as 𝛿𝛼 ൌ 𝜂
஍

஍బ
 . 𝑁ሺ0ሻ  is the density of states averaged over the Zeeman-split two Fermi 

surfaces. The 𝛿𝑓ୈ
ሺଶሻ  term represents the dipole interaction, a kind of spin-orbit interaction, 

which is known to be important for texture formations in superfluid 3He. 𝜆ୈ  is a coupling 

constant related to the dipole-type spin-orbit interaction. This dipole interaction is not 

incorporated in Ref. S6, and the following discussion is essentially the same as that in Ref. S6 

except the 𝛿𝑓ୈ
ሺଶሻ  term. From the GL free energy functional Eq. ሺ15ሻ, one can derive the 

superconducting current density 𝐣 ൌ െ
ఋℱృై
ఋ𝐀

 as follows: 

𝑗ఈ ൌ െ4|𝑒|𝑁ሺ0ሻ𝐾′∑ 𝐴ఓ,௜
∗ ൫𝛿௜௝Πఈ ൅ 𝛿ఈ௝Π௜ ൅ 𝛿ఈ௜Π௝൯𝐴ఓ,௝ఓ,௜,௝ . ሺ16ሻ 

With the combined use of Eqs. ሺ15ሻ and ሺ16ሻ, one can calculate the superconducting critical 

current density which can be obtained by measuring 𝐼-𝑉 properties. 

  In the Bi/Ni superconductor, a chiral pairing state is proposed as a possible pairing symmetry. 

Thus, we assume the chiral 𝑝-wave state: 

𝐴ఓ,௜ ൌ 𝑑ఓ𝑤𝐩,௜ ሺ17ሻ 

where 𝑤𝐩,௜ ൌ
ଵ

√ଶ
൫𝑝̂௫ ൅ 𝑖𝑝̂௬൯, i.e., the ABM state in the context of superfluid 3He. At this point, the 

orbital degrees of freedom 𝑤𝐩,௜ and the spin degrees of freedom 𝑑ఓ are completely decoupled, 

and such a situation is also the case for 𝑓ሺଶሻ, 𝛿𝑓ሺଶሻ, and 𝑓ሺସሻ in the GL free energy functional. 

The dipole interaction 𝛿𝑓ୈ
ሺଶሻ, on the other hand, couples these momentum-space and spin-space 

degrees of freedom: 𝛿𝑓ୈ
ሺଶሻ is calculated as 𝛿𝑓ୈ

ሺଶሻ ൌ 𝜆ୈ ቂ
ଵ

ଷ
|𝐝|ଶ െ ሺ𝐝 ⋅ 𝑝̂௭ሻଶቃ. The 𝐝-vector tends 

to orient along the 𝑝̂௭ direction. In this respect, the dipole interaction works as a kind of spin-

orbit interaction. 

  In the spin space, there exists another constraint on the direction of the 𝐝 -vector. In the 

presence of a magnetic field or a uniform magnetization, the ↑↓  Cooper pair becomes 

unfavorable. Thus, the 𝐝 -vector tends to orient perpendicularly to the spin polarization 

direction, i.e., 𝑑௭ ൌ 0. We note that 𝑑௭ ൌ 0 does not mean ሺ𝐝 ⋅ 𝑝̂௭ሻ ൌ 0, because the spin and 

momentum spaces are different. Suppose that 𝑒̂ଵ , 𝑒̂ଶ , and 𝑒̂ଷ  are mutually orthogonal unit 

vectors in the spin space and the spin quantization axis is 𝑒̂ଷ. In such a case, the 𝐝-vector is in 

the 𝑒̂ଵ -𝑒̂ଶ  plane perpendicular to 𝑒̂ଷ , and the relative angle between 𝑒̂ଷ  and 𝑝̂௭  is not yet 

determined. 
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  For the ring geometry without the bias current, the 𝐝-vector can be expressed with the use of 

two winding numbers 𝑚 and 𝑛 as 

𝐝 ൌ ቈ
|Δ↑↑|

√2
𝑑መା𝑒ି௜௠ఝ ൅

|Δ↓↓|

√2
𝑑መି𝑒௜௠ఝ቉ 𝑒ି௜௡ఝ ሺ18ሻ 

with 𝑑መേ ൌ
ଵ

√ଶ
ሺ𝑒̂ଵ േ 𝑖𝑒̂ଶሻ . To grasp the physical meanings of 𝑚  and 𝑛 , it is convenient to 

consider the simplified case of |Δ| ൌ |Δ↑↑| ൌ |Δ↓↓|  where Eq. ሺ18ሻ is reduced to 𝐝 ൌ

|Δ|𝑒ି௜௡ఝሾ𝑒̂ଵ cosሺ𝑚𝜑ሻ ൅ 𝑒̂ଶsin ሺ𝑚𝜑ሻሿ. It is clear that 𝑛 is the phase winding number, whereas 𝑚 

describes the rotation of the 𝐝-vector along the circumference of the ring. In the case of 𝑚 ൌ 0, 

the 𝐝-vector is spatially uniform and 𝑛 takes an integer value such that the gap function can be 

single-valued. For 𝑚 ് 0, on the other hand, 𝑛 and 𝑚 can take half-integer values as well as 

integer values. This is because the gap function can also be single-valued with the half-integer 

values for 𝑛  and 𝑚 . This half-integer state accompanied with the 𝐝 -vector rotation 

corresponds to the so-called half-quantum vortex which has often been discussed in the context 

of superfluid 3He S38. 

  In the presence of the bias current ሾsee Fig. S18aሿ, the upper and lower arms of the ring are 

not equivalent. In other words, their winding numbers do not have to take the same values. Thus, 

the 𝐝-vector can be expressed as: 

𝑑ఓ ൌ

⎩
⎪
⎨

⎪
⎧ ቈ

|Δ↑↑|

√2
𝑑መఓା𝑒ି௜௠భఝ ൅

|Δ↓↓|

√2
𝑑መఓି𝑒௜௠భఝ቉ 𝑒ି௜௡భఝ    ሺ0 ൑ 𝜑 ൑ 𝜋ሻ

ቈ
|Δ↑↑|

√2
𝑑መఓା𝑒ି௜௠మఝ ൅

|Δ↓↓|

√2
𝑑መఓି𝑒௜௠మఝ቉ 𝑒ି௜௡మఝ    ሺ𝜋 ൑ 𝜑 ൑ 2𝜋ሻ

, ሺ19ሻ 

where the phase winding numbers 𝑛ଵ  and 𝑛ଶ  and the 𝐝 -vector ones 𝑚ଵ  and 𝑚ଶ  must 

satisfy the constraint shown in Table III, to avoid the phase mismatch at the intersections of the 

two armsS6. As shown in Fig. S18b, the constraint yields complicated 𝐝-vector textures, except 

for the trivial case of 𝑚ଵ ൌ 𝑚ଶ ൌ 0 ሺtype-I stateሻ where the 𝐝-vector is spatially uniform. 

 

Table III| Constraint on the phase winding numbers 𝑛ଵ  and 𝑛ଶ  and the 𝐝 -vector winding 

numbers 𝑚ଵ and 𝑚ଶ. Examples of the 𝐝-vector textures for type I, II, and III states are shown 

in Fig. S18b. 

Type 𝑛ଵ,𝑛ଶ 𝑚ଵ,𝑚ଶ 𝑛ଵ െ 𝑛ଶ 𝑚ଵ െ𝑚ଶ 

I integer 𝑚ଵ ൌ 𝑚ଶ ൌ 0 even 0 

II integer integer ് 0 
even 

odd 

even 

odd 

III half integer half integer 
even 

odd 

even 

odd 
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  Now, we consider the relative angle between the spin polarization direction 𝑒̂ଷ and the 𝑝̂௭ 

direction corresponding to the ring axis. In the LP experiment where the magnetic field 𝐇 is 

applied along the ring axis parallel to 𝑝̂௭ , the relation 𝑒̂ଷ ∥ 𝐇 ∥ 𝑝̂௭  is satisfied. In the Bi/Ni 

system, however, there exists an in-plane stray field 𝐇୑ stemming from the Ni layer. Thus, the 

spin polarization direction 𝑒̂ଷ , which corresponds to the 𝐇൅ 𝐇୑  direction, should be tilted 

from the ring axis, i.e., from the 𝑝̂௭ direction, by an angle 𝜃ୌ. The angle 𝜃ୌ connecting the spin 

and momentum spaces is included in the GL free energy via the 𝛿𝑓ୈ
ሺଶሻ term. The contribution 

to the free energy density can be calculated as 

𝜆஽
2
൜൬

1
3
െ

1
2

sinଶ 𝜃ୌ൰ ሺ|Δ↑↑|ଶ ൅ |Δ↓↓|ଶሻ െ 𝛾 sinଶ 𝜃ୌ|Δ↑↑||Δ↓↓|ൠ ሺ20ሻ 

with 

𝛾 ൌ

⎩
⎪
⎨

⎪
⎧

1  ሺ𝑚ଵ ൌ 𝑚ଶ ൌ 0ሻ
1
2

  ሺ𝑚ଵ ൌ 0 or 𝑚ଶ ൌ 0ሻ

0  ሺ𝑚ଵ,𝑚ଶ; integer ് 0ሻ
1

2𝜋
൬

1
𝑚ଵ

െ
1
𝑚ଶ

൰   ሺ𝑚ଵ,𝑚ଶ; half integerሻ

, ሺ21ሻ 

where the above result is obtained by substituting 𝐴ఓ,௜ ൌ 𝑑ఓ𝑤𝐩,௜  with 𝑤𝐩,௜ ൌ
ଵ

√ଶ
൫𝑝̂௫ ൅ 𝑖𝑝̂௬൯௜ 

and Eq. ሺ19ሻ into Eq. ሺ15ሻ, and also by performing some straightforward manipulationsS40. One 

can see from the coefficient shown in Eq. ሺ21ሻ that the energy gain due to the 𝛿𝑓ୈ
ሺଶሻ  term 

depends on the combination of 𝑚ଵ  and 𝑚ଶ  ሾsee Eq. ሺ21ሻሿ, i.e., the 𝐝 -vector configuration. 

Such an energy difference proportional to 𝛾 ሾsee the last term in Eq. ሺ20ሻሿ is active only when 

𝜃ୌ ് 0, i.e., the in-plane stray field is present as is actually the case for the Bi/Ni system. 

  In the same manner as that for Eq. ሺ20ሻ, one can calculate the total free energy density. The 

GL equations 
ఋ௙ృై
ఋ|୼↑↑|

ൌ 0 and 
ఋ௙ృై
ఋ|୼↓↓|

ൌ 0 yield 

|Δఙఙ|ଶ ൌ െ
1

4𝛽଴
ቊ
𝛼 െ 𝜖ఙ𝛿𝛼

3
൅
𝐾ᇱ

𝑅ଶ
ቈ൬𝑛ଵ ൅ 𝜖ఙ𝑚ଵ െ

Φ
Φ଴
൰
ଶ

൅ ൬𝑛ଶ ൅ 𝜖ఙ𝑚ଶ െ
Φ
Φ଴
൰
ଶ

቉

൅ 𝜆஽ ቈ
1
3
െ

1
2

sinଶ 𝜃ୌ െ
1
2
𝛾 sinଶ 𝜃ୌ

|Δିఙିఙ|
|Δఙఙ|

቉ቋ. 

ሺ22ሻ 

Here, 𝜖↑ሺ↓ሻ ൌ 1ሺെ1ሻ, Φ ൌ 𝜋𝑅ଶ𝐻 is the magnetic flux passing through the ring of radius 𝑅, and 

Φ଴ is the flux quantum. By substituting 𝐴ఓ,௜ ൌ 𝑑ఓ𝑤𝐩,௜ into Eq. ሺ16ሻ, the total current density 

𝐣୲୭୲, which is sum of the superconducting current densities flowing in the upper and lower arms 

of the ring, is calculated as 

𝐣୲୭୲ ൌ െ𝜑ො
4|𝑒|𝑁ሺ0ሻ𝐾ᇱ

𝑅
ሾሺ|Δ↑↑|ଶ ൅ |Δ↓↓|ଶሻሺ𝑛ଵ ൅ 𝑛ଶሻ ൅ ሺ|Δ↑↑|ଶ െ |Δ↓↓|ଶሻሺ𝑚ଵ െ𝑚ଶሻሿ, ሺ23ሻ 
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where |Δ↑↑| and |Δ↓↓| are the solutions of Eq. ሺ22ሻ. The maximum value of |𝐣୲୭୲| as a function 

of 𝑛ଵ, 𝑛ଶ, 𝑚ଵ, and 𝑚ଶ under the constraints shown in Table III corresponds to 𝑗ୡ. In this work, 

the obtained 𝑗ୡ is normalized by 𝑗଴ ൌ 𝑁ሺ0ሻ𝑇ୡ଴|𝑒|𝑣୊. 

  Figure S18c shows the LP oscillation in 𝑗ୡ  in the absence of the spin-orbit interaction of 

dipole type ሺ𝜆ୈ ൌ 0ሻ. At each field, the highest critical current density among 𝑗ୡ's for various 

combinations of 𝑚ଵ and 𝑚ଶ gives a physical critical current density. As reported in Ref. S6, in 

the low-field region, the type-I state ሺgreen curveሻ with the spatially uniform 𝐝-vector is stable, 

whereas in the high-field region, the type-II and type-III states ሺbluish and reddish curvesሻ 

having the complicated 𝐝 -vector textures are realized. The physical 𝑗ୡ  exhibits the 

conventional LP oscillation irrespective of whether the most stable superconducting state is type 

I, II, or III. Although the half-quantum-shifted oscillation is potentially possible ሺfor example, see 

the red curveሻ, it is energetically unstable except for some degenerate points ሺcompare the red 

and blue curvesሻ. 

  In the presence of the spin-orbit coupling ሺ𝜆ୈ ് 0 ሻ, on the other hand, the half-quantum-

shifted LP oscillation can be realized simply due to the energetics. Remember that the energy 

gain due to the spin-orbit coupling depends on the combinations of 𝑚ଵ and 𝑚ଶ ሾsee Eq. ሺ21ሻሿ. 

As one can see from Fig. S18d, with increasing the tilting angle 𝜃ୌ, 𝑗ୡ for the type-III state with 

𝑚ଵ ൌ
ଵ

ଶ
 and 𝑚ଶ ൌ െ

ଷ

ଶ
 ሺred curveሻ is gradually elevated and eventually overwhelm 𝑗ୡ for the 

originally stable type-II state with 𝑚ଵ ൌ 1 and 𝑚ଶ ൌ െ1 ሺblue curveሻ. As a result, in the case 

of 𝜆ୈ ൌ 0.005  and 𝜃ୌ ൌ 30°  ሾsee the left panel of Fig. S18dሿ, the physical 𝑗ୡ  shows the 

conventional behavior in the low-field region of Φ Φ଴⁄ ൏ 10 , while in the high-field range of 

10 ൏ Φ Φ଴⁄ ൏ 18, it shows the half-quantum-shifted LP oscillation. Such a field-induced half-

quantum shift of the LP oscillation is consistent with the experimental observation in the Bi/Ni 

superconducting ring. 

  Here, we comment on additional effects which are not incorporated in the above calculations. 

Although the tilting angle 𝜃ୌ  gradually changes with increasing the magnetic field, we have 

used constant values of 𝜃ୌ in the above field-sweep calculation. As our focus is on the higher-

field region where the usual and half-quantum-shifted LP oscillations are competing, such a 

constant-value approximation would be reasonable in this field range, as long as the in-plane 

stray field 𝐇୑ is not so large compared with the applied field 𝐇. As mentioned in Sec. 5, the 

Meissner effect for the Bi/Ni bilayer was observed even at 0 mT ሾsee Ref. S9ሿ. In addition, the 

magnetization at 0 mT depends on the magnetization direction of the Ni layer. These facts 

indicate that there exists an in-plane stray filed from the Ni layer even below 𝑇ୡ  and the 

magnitude of the stray field can be estimated to be ~1 mT. This should work as 𝐇୑ in the Bi/Ni 

bilayer. In the field range of 𝐇୑ ൏ 𝐇, 𝜃ୌ should be small. In such a case, the stability of the half-

quantum-shifted LP oscillation depends on how large the spin-orbit coupling 𝜆ୈ  is. In the 
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present work, we have introduced the dipole interaction as a spin-orbit coupling simply from 

the analogy to superfluid 3He, the well-established example of the spin-triplet Cooper pairing. In 

the real Bi/Ni system, however, a different kind of spin-orbit interaction might play a similar role 

to that of the dipole interaction.  

 

 

 

Fig. S18| System setup and the LP oscillation in the critical bias current density 𝑗ୡ . ሺaሻ A 

superconducting ring in the presence of an external magnetic field 𝐇, a uniform in-plane stray 

field 𝐇୑, and a bias current density 𝐣୲୭୲ ൌ 𝐣ଵ ൅ 𝐣ଶ, where 𝜑 denotes an azimuthal angle and 

𝜃ୌ denotes the tilting angle of 𝐇 ൅ 𝐇୑ from the ring axis. 𝑛ଵ and 𝑛ଶ ሺ𝑚ଵ and 𝑚ଶሻ are the 

phase ሺ𝐝-vectorሻ winding numbers in the upper and lower arms of the ring, respectively. ሺbሻ 

Schematically drawn 𝐝 -vector textures in the type I, II, and III states in Table III, where a 

magenta arrow represents the 𝐝-vector and |Δ↑↑| ൌ |Δ↓↓| is assumed for ease of understanding. 

ሺcሻ, ሺdሻ LP oscillations in 𝑗ୡ  obtained at 𝑇 𝑇ୡ଴⁄ ൌ 0.7  for the spin-triplet 𝑝 -wave ring with 

𝑅 𝜉଴⁄ ൌ 50  and 𝜂 ൌ 0.005  in the cases ሺcሻ without and ሺdሻ with the spin-orbit coupling 

proportional to 𝜆ୈ ൌ 0.005, where the color notations in ሺdሻ are the same as those in ሺcሻ. In ሺdሻ, 

the tilting angle 𝜃ୌ is changed from 0° to 30° ሺfrom left to rightሻ. 
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