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Supplementary Note 1. Principal axes of the effective Ising spin system of α-CoV2O6
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Supplementary Fig. 1 |Magnetization measured on the single crystal of α-CoV2O6. a, c, Images of the crystal

at rotation angles, θ = 90.5◦ and 183.1◦, respectively. b, d, The rotation angles were determined by Laue x-ray

diffraction measurements and further confirmed with microscopic images (e.g., a, c), with a maximum error of ∼

±1◦. e, Magnetization measured at θ = 90.5◦ and 183.1◦ and at 5 K. The critical fields (Hc1 and Hc2) are indicated,

and the magnetization measured along the b axis is displayed for comparison. f, Rotation-angle dependence of Hc1

and Hc2 measured at 5 K. The solid lines represent the combined fit to the experimental data using Supplementary

Eq. (1), and the dashed blue and red lines show the positions of the other two principal axes as determined by the fit,

with Hc1 =∞ (Hc2 =∞) and Hc1 = Hz
c1 (Hc2 = Hz

c2), respectively. Error bars, 1σ s.e.

High-quality single crystals of α-CoV2O6 (space group: C121) were grown using the flux method [1–3].

The nonmagnetic reference compound α-ZnV2O6 used to measure the lattice specific heat was synthesized

through a traditional solid-phase method using stoichiometric mixtures of ZnC2O4·2H2O and V2O5 in air

up to 630 ◦C for 60 hours, with intermediate grinding. The phase purity of the sample was verified by
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x-ray diffraction. Due to the strong (Ising) anisotropy of the magnetism of the α-CoV2O6 spin system [4,

5], the single crystals were cut to the appropriate size in our measurements to maintain a high signal-to-

noise ratio while avoiding excessive stress. For all magnetization measurements in a magnetic properties

measurement system (MPMS) up to 7 T, we selected a single crystal weighing 10.52 mg with a natural

surface corresponding to the ab plane (0 0 1), as confirmed by Laue x-ray diffraction. The crystal was affixed

to a quartz sample holder with GE varnish and cooper wire (Cu ≥ 99.999%), as depicted in Supplementary

Fig. 1a,c. We verified the orientation and position of the crystal following each MPMS measurement,

and no movement relative to the sample holder was detected. In α-CoV2O6, the two-fold rotation axis is

oriented along the b direction, indicating that bmust be one of the three principal axes (i.e., the y axis), while

the other two principal axes are orthogonal to the b axis. Supplementary Fig. 1e displays the magnetization

measured along the b axis, which exhibits a linear field dependence at least up to 7 T, consistent with the

findings reported in previous references [1, 3]. This observation confirms the designation of b as one of the

principal axes.

Lenertz et al. reported that at low temperatures the magnetic moments (i.e., Ising spins) of Co2+ in

α-CoV2O6 are aligned along the CoO6 octahedra axis (z, which is perpendicular to b), as determined by

neutron diffraction measurements performed under various applied magnetic fields [4]. To confirm this, we

performed magnetization measurements perpendicular to the b axis by rotating the crystal through an angle

θ, as illustrated in Supplementary Fig. 1. Here, θ is the angle between the z axis (i.e., the Ising axis) and the

direction of the applied magnetic field (H). At 5 K, we observed two critical fields, Hc1 andHc2, consistent

with previous reports in Ref. [1]. These critical fields are associated with the successive transitions among

the three phases characterized by M z = 0 (interchain antiferromagnetic), gz/6 (1/3-plateau), and gz/2 (fully

polarized), respectively [4, 5]. The dependence of these critical fields on θ was calculated for the crystal of

α-CoV2O6, as

Hc1 =
Hz

c1

| cos(θ − θ0)|
, Hc2 =

Hz
c2

| cos(θ − θ0)|
, (1)

where µ0H
z
c1 ∼ 1.49 T and µ0H

z
c2 ∼ 3.44 T are the minimum values of µ0Hc1 and µ0Hc2, respectively,

and θ0 represents the offset of θ. Our combined fit to the experimental data yielded a small offset angle of

θ0 = 1.7±0.4◦ (see Supplementary Fig. 1f), consistent with the previous neutron diffraction work [4].

For the effective Ising spin system of α-CoV2O6, we define a rectangular coordinate system with the

principal axes, x, y, and z, as shown in Supplementary Fig. 1a and Supplementary Fig. 4a.

Supplementary Note 2. Crystal-field Hamiltonian with spin-orbit coupling in α-CoV2O6
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We investigate the single-ion interactions in α-CoV2O6 to understand the relationship between the ap-

plied transverse magnetic field µ0H
⊥ (in T) and the resulted transverse field Γ (in K). The crystalline

electric field (CEF) of Co2+ is primarily determined by the local CoO6 environment [6]. The CoO6 octa-

hedra possess approximate C2v point-group symmetry (see Supplementary Fig. 4a). The crystal structure

of α-CoV2O6 is two-fold rotation symmetrical about the y axis, and the dihedral angle of O1–Co-Co–O2

(with Co-Co along the y axis) is 90.04◦ close to a right angle [1], resulting in good mirror symmetries on

both xy and yz planes for the CoO6 octahedra. Therefore, we start with the single-ion Hamiltonian that is

invariant under the C2v point-group symmetry [7],

HSI = B0
2O

0
2 +B2

2O
2
2 +B0

4O
0
4 +B2

4O
2
4 +B4

4O
4
4 +B0

6O
0
6 +B2

6O
2
6 + +B4

6O
4
6 +B6

6O
6
6

+ λs · L− µ0µBH · (2s + L), (2)

where Bm
n (m, n are integers and m ≤ n) are CEF parameters, Omn are the Stevens operators, and λ =

−22.32 meV the spin-orbit (s-L) coupling [8, 9]. For Co2+, s = 3/2 and L = 3 give rise to a (2s+1)(2L+1)

= 28 dimensional Hilbert space ofHSI. By diagonalizingHSI, we obtain the eigenvalues and eigenvectors,

Ej and |Ej〉 (j = 1, ..., 28), respectively. The single-ion dc magnetic susceptibility is calculated by,

χαSI =
NAµB

∑28
j=1 exp(− Ej

kBT
)〈Ej |2sα + Lα|Ej〉

Hα
∑28

j=1 exp(− Ej

kBT
)

, (3)

where α = x′, y′, z′ in the CEF coordinate system with x′ = x, y′ = z, z′ = −y (see Supplementary Fig. 4a

for the definition of the xyz coordinate system). It is noteworthy that the small transverse susceptibilities

(measured with H ‖ x and y, see Supplementary Fig. 2) originate from the Van Vleck paramagnetism and

can be well understood in principle through the single-ion Hamiltonian. At zero applied field H = (0, 0,

0), 14 CEF doublets of the eigenvectors form with E1 = E2, ..., E27 = E28, which are protected by the

time-reversal symmetry of the system in accordance with Kramers’ law. In the subspace of the ground-state

CEF doublet, denoted by |E1〉 and |E2〉, the matrix element of the magnetic moment can be expressed as

mα
jj′ = 〈Ej |2sα + Lα|Ej′〉, j, j′ = 1, 2. Diagonalizing the matrix mα yields two eigenvalues, −gα/2 and

gα/2, from which the g factor gα can be obtained.

From least-squares fitting the experimental magnetic susceptibilities (see Supplementary Fig. 2) and g

factors (with gx
′

e = gx = 0, gy
′

e = gz = 11.04, gz
′

e = gy = 0), we obtain B0
2 = 2.50 meV, B2

2 = 3.14 meV, B0
4 =

−0.336 meV,B2
4 =−1.22 meV,B4

4 =−2.61 meV,B0
6 =−0.00266 meV,B2

6 = 0.191 meV,B4
6 = 0.340 meV,

B6
6 = 0.578 meV, and the calculated g factors, gx

′
c = 0.0, gy

′
c = 11.04 ∼ gz , gz′c = 0.0. At low temperatures

and low applied fields, the magnetism of α-CoV2O6 is primarily determined by the two lowest-lying single-

ion states (|E1〉 and |E2〉), which are well-separated from other excited CEF states with an energy gap of

E3 − E1 ∼ 140 K (see inset of Supplementary Fig. 2).
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Supplementary Fig. 2 | Single-ion crystal field and spin-orbit couplings. Temperature dependence of the

magnetic susceptibilities measured at 1 T applied along the x, y, z axes. The colored lines show the least-square fit

above TN ∼ 14 K by using the single-ion Hamiltonian of Supplementary Eq. (2). The inset presents the calculated

energy gaps between the second-excited and ground-state single-ion states, E3 − E1, in transverse magnetic fields

applied along the x and y axes.

At non-zero applied field, the ground-state CEF Kramers doublet is lifted with E2 > E1, due to

the breaking of time-reversal symmetry. When a magnetic field is applied along the Ising (z) axis, the

single-ion Hamiltonian of Supplementary Eq. (2) is represented as the well-known Zeeman term HSI =

−µ0µBH
zgzSz + C in the subspace of |E1〉 = |Sz = S〉 and |E2〉 = |Sz = −S〉, where E2 − E1 =

µ0µBH
zgz , C = (E1 + E2)/2, S = 1/2, and

mx ∼my ∼

 0 0

0 0

 ,mz ∼ gz

2

 1 0

0 −1

 = gzSz. (4)

When the magnetic field is applied along the transverse (x or y) axis, in the subspace of |E1〉 and |E2〉 the

magnetic moment is presented as

mx ∼my ∼

 0 0

0 0

 ,mz ∼ gz

2

 0 −i

i 0

 = gzSy. (5)

The eigenstates of Supplementary Eq. (5) are also the effective spin-1/2 (S = 1/2) states,

|Sz = ±S〉 =
1√
2

(|E1〉 ± i|E2〉) (6)

The single-ion Hamiltonian of Supplementary Eq. (2) can be expressed as the well-known transverse-field

term HSI = (E2 − E1)(|E2〉〈E2| − |E1〉〈E1|)/2 + C = −ΓSx + C, in the subspace of the effective S =
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1/2 states [10, 11]. Here, Γ = E2 − E1 is the transverse field, and Sx = S(|Sz = S〉〈Sz = −S| + |Sz =

−S〉〈Sz = S|) = −(|E2〉〈E2| − |E1〉〈E1|)/2 is the effective S = 1/2 operator.

Supplementary Note 3. Classical Monte Carlo simulations at zero transverse field

a b

c d

Supplementary Fig. 3 | Equilibrium-state magnetism via thermal annealing. a, Magnetization (M ) of

α-CoV2O6 measured with the magnetic field applied along the z (Ising) axis at 1.9 K. The red lines represent the

hysteresis loop measured at a constant ramp rate of 10 mT/s, with the blue line showing the equilibrium-state M

extracted from d. M0 (red scatters) and M∞ (blue scatters) are the magnetization at t = 0 and∞ obtained from

fitting the relaxation curves (see Supplementary Fig. 6b for example). b, Temperature dependence of equilibrium M

and dM /dH measured at 15 mT. After achieving the steady field at 1.9 K (t = 0), we waited for 30 min before

measuring M versus T by warming up to 20 K and subsequently cooling back down to 1.9 K. c, Temperature

dependence of equilibrium specific heat and dM /dH measured at 1 T. The critical temperatures TN are indicated in b

and c. d, Equilibrium M measured by sweeping temperature at steady fields after allowing sufficient time for

relaxation. The phase boundaries are determined based on the equilibrium dM /dH and specific heat measurements,

and the different phases, including interchain antiferromagnetic (AF), up-up-down 1/3-plateau, fully-polarized

ferromagnetic (FM), and high-T paramagnetic (PM) phases, are indicated. Error bars, 1σ s.e.

The magnetic structures of α-CoV2O6 at low temperatures and various applied magnetic fields were

extensively studied using neutron diffraction measurements [4]. Saúl reported a comprehensive study of

the magnetic interactions using density functional theory (DFT) and Monte Carlo (MC) calculations [5],

which exhibited qualitative agreement with the experimentally observed magnetic structures. However, the
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Supplementary Fig. 4 | Effective spin-1/2 interactions in α-CoV2O6. a, Crystal structure of α-CoV2O6, viewed

along the b axis. The thin lines show the unit cell and the coordinate system for the spin components is established.

b, First (J0, |Co-Co|0 ∼ 3.5 Å), second (J1, |Co-Co|1 ∼ 4.9 Å), third (J2, |Co-Co|2 ∼ 6.6 Å), and fourth (J3,

|Co-Co|3 ∼ 6.8 Å) nearest neighbor Ising interactions. c, Due to the dominant ferromagnetic intrachain coupling J0,

all spins in each chain (along the b axis) are ordered (either up or down) at the ground state. As a result, the system

can be approximated as a two-dimensional triangular lattice with modified couplings J ′1 = 2J1, J ′2 = J2, and

J ′3 = 2J3, in the presence of a low transverse field |Γ | � |J0|.

thermodynamic properties of α-CoV2O6 have not been fully reproduced and the Hamiltonian parameters

are still not fully refined. This is due to the presence of complex metastable states below∼ 6 K, as indicated

by the observed magnetic hysteresis (see Supplementary Fig. 3a) [3, 12]. To obtain equilibrium-state ther-

modynamic data, we allowed the spin system to fully relax for a time t longer than the intrinsic relaxation

time τ (i.e., thermal annealing time), which is commonly less than ∼1,000 s above ∼ 1.9 K (see Supple-

mentary Fig. 6). The magnetization M , measured after waiting 30 min for the system to relax, shows no

evident magnetic hysteresis (see Supplementary Fig. 3b), and the dM /dH and specific heat Cm only exhib-

it a sharp peak (see Supplementary Fig. 3b,c), consistent with theoretical predictions of equilibrium-state

properties [5]. This confirms the approach to thermodynamic equilibrium in our measurements.

In this work, we start from the previously reported effective spin-1/2 Hamiltonian in zero transverse

field [5] (see Supplementary Fig. 4b),

H = J0

∑
〈i,i0〉

Szi S
z
i0 + J1

∑
〈i,i1〉

Szi S
z
i1 + J2

∑
〈i,i2〉

Szi S
z
i2 + J3

∑
〈i,i3〉

Szi S
z
i3 − µ0µBH

zgz
∑
i

Szi , (7)

where Szi represents the component of the magnetic moment along the z axis on the ith site, gz ∼ 11.04 is the

g factor determined from the magnetization (see Supplementary Fig. 5a), and the couplings beyond fourth-

nearest neighbors are neglected based on the DFT calculation, which shows |Jn| ≤ 0.02|J0| for n ≥ 4 [5].

To balance computational costs and potential finite-size effects, we initially conducted standard Metropolis

MC simulations above 1.9 K on a 1,296-site cluster with periodic boundary conditions (PBC). The cluster

had dimensions Na = 6, Nb = 18, Nc = 6, where Na, Nb, and Nc represent the numbers of unit cells along
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Supplementary Table 1 | Ising spin Hamiltonian parameters of α-CoV2O6. Previously reported theoretical

parameters (no. 1) [5] and those obtained by fitting the equilibrium-state magnetization (no. 2, see Supplementary

Fig. 5a). The standard deviation σd is defined using the experimental magnetization M e
k , calculated magnetization

M c
k , and the number of data points N .

interactions no. 1 [5] no. 2 (this work)

intrachain J0 −29.8 K −30.73 K

interchain J1 4.9 K 3.60 K

interchain J2 10.6 K 14.21 K

interchain J3 2 K 2.55 K

σd =
√∑

k(M e
k −M c

k)2/N 0.47 µB/Co 0.08 µB/Co
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Supplementary Fig. 5 |Monte Carlo simulations of the equilibrium-state magnetism. a, Equilibrium

magnetization of α-CoV2O6 (scatters), extracted from the data presented in Supplementary Fig. 3d. The dashed

lines show the calculations using model no. 1 [5], while the solid lines represent the combined fit of the experimental

data in model no. 2 (see Supplementary Tab. 1). b, Magnetic entropy (Sm =
∫ T
4K

Cp(Co)−Cp(Zn)
T ′ dT ′, where Cp(Co)

and Cp(Zn) are the zero-field specific heats measured on α-CoV2O6 and α-ZnV2O6, respectively) and dc

susceptibility (measured at 1 T), along with calculations from model no. 1 (dashed lines) and model no. 2 (solid

lines) for comparison.

the a, b, and c axes, respectively, with each unit cell containing two Co2+ spins. We computed the average

values of thermodynamic observables at intervals of 4 Monte Carlo steps (MCS), after discarding the first

30,000 MCS for equilibration, and up to 50,000 MCS. By fitting the equilibrium magnetization above

1.9 K (see Supplementary Fig. 5a), we obtained the fully refined Hamiltonian parameters by minimizing
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the standard deviation σd (see Supplementary Tab. 1 for model no. 2). Supplementary Fig. 5 shows

that the refined model no. 2, with the significantly reduced σd, reproduces the equilibrium magnetization,

susceptibility, and entropy better than the previously reported model no. 1. Therefore, we propose that the

effective spin-1/2 Hamiltonian of model no. 2 (see Supplementary Tab. 1) accurately describes the low-T

magnetism of α-CoV2O6, without the need for any additional parameter tuning. This Hamiltonian gives rise

to three well-defined ground states under different conditions: (1) When |Hz| is less than Hz
c1, the ground

phase is the stripe AF state (see the left inset of Supplementary Fig. 7c) with an energy per site of EGS =
J0
4 −

J1
2 −

J2
4 + J3

2 (∼−11.76 K). (2) WhenHz
c1 < |Hz|<Hz

c2, the system enters the one-third magnetization

plateau state (see the left inset of Supplementary Fig. 7d) with EGS = J0
4 −

J1
6 −

J2
12 −

J3
6 −

µ0µB|Hz |gz
6 .

(3) When |Hz| is greater than Hz
c2, the spin system becomes fully polarized along the z axis with EGS =

J0
4 + J1

2 + J2
4 + J3

2 −
µ0µB|Hz |gz

2 . The critical longitudinal fields are given by µ0H
z
c1 = 2J1+J2−4J3

µBgz
(∼ 1.5

T) and µ0H
z
c2 = 2J1+J2+2J3

µBgz
(∼ 3.6 T).

To simulate the magnetic dynamics of α-CoV2O6 at low temperatures, we performed MC calculations

using model no. 2 on a larger cluster of 28,800 sites with PBC. The cluster had dimensions of Na = 12, Nb

= 50, and Nc = 24, and we ran simulations for up to 50,000 MCS (Extended Data Fig. 2). We calculated the

fictitious “time” (in MCS) dependence [13, 14] of magnetization on another 3,600-site cluster (with PBC

and dimensions of Na = 3, Nb = 100, and Nc = 6) using random initial states for up to 5,000 MCS, and

evaluated over 50 independent samples, in Supplementary Fig. 6. Based on a comparison with experimental

data (Supplementary Fig. 6c,d), we estimated that 1 MCS corresponds to approximately 10 s.

Based on the classical MC simulations described above, the low-T (T � TN) magnetic properties of

α-CoV2O6 can be summarized as follows: (i) After long relaxation times, the correlation length along the

chain (b axis) is much larger than that along the triangular lattice (ac plane) at µ0H
z = 0 and 2 T, which

is attributed to the dominant intrachain FM coupling J0 ∼ −30 K. (ii) At low temperatures, the presence

of low-energy topological excitations, such as vortices, antivortices, and vortex-antivortex pairs, can effec-

tively confine domain walls, leading to remarkably long lifetimes (≥ 20,000 MCS ∼ 60 hours). Our MC

simulations indicate that introducing structural defects to confine magnetic domain walls is unnecessary, as

good agreement with experimental data is achieved without any structural disorder (Supplementary Fig. 6).

(iii) After 10 MCS, the density of excitations and the residual energy (E − EGS) are typically higher at

µ0H
z = 2 T compared to 0 T. The relaxation time exhibits a maximum at µ0H

z ∼ 2 T, consistent with the

experimental results (see Supplementary Fig. 6c). In sharp contrast, at µ0H
z = 4 T the spin system quickly

relaxes to its ground state after only 3-4 MCS. This suggests that the interchain spin frustration plays an

important role in the extremely slow dynamics observed at low temperatures. (iv) The relaxation processes

of different samples last for different times (see Supplementary Fig. 6a), leading to a distribution of the
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μ0H z ~ 2 T         

Supplementary Fig. 6 | Comparing magnetic dynamics in experiment and theory. a, Magnetization (M ) of 9

randomly selected samples as a function of Monte Carlo step (MCS), calculated at T = 1.8 K and µ0H
z = 1 T. b,

Time (t) dependence of M measured at T = 1.8 K and µ0H
z = 1 T (blue scatters). We collected magnetization data

at t = 0, as soon as µ0H
z had stabilized at the set value from −4.2 T with a ramp rate of 10 mT/s. The MC M (gray

scatters) was calculated on the 3,600-site cluster using random initial states by evaluating over 50 independent

samples. The blue and gray lines present the stretched-exponential fits to the experimental and calculated data

respectively, M(t) = (M0 −M∞) exp[−(t/τ)β ] +M∞, where τ is the relaxation time, β is the stretching exponent,

M0 and M∞ are the initial and final magnetization respectively. c, Longitudinal field (µ0H
z) dependence of

measured (blue) and calculated (gray) relaxation times at 1.8 K and Hx ∼ 0. d, Relaxation rates at the longitudinal

magnetic field of µ0H
z ∼ 2 T, and at transverse magnetic fields of µ0H

x ∼ 0 and 2 T. The gay lines present the

corresponding classical and quantum MC calculations in c and d. Error bars, 1σ s.e.

relaxation times (τ ) and thus a stretched-exponential relaxation behavior [15] (e.g., see Supplementary Fig.

6b).

Supplementary Note 4. Quantum computations with low transverse fields

Exact diagonalization

In zero transverse field, the Ising spin Hamiltonian of α-CoV2O6 (Supplementary Eq. (7)) commutes

with Szi operators, allowing classical MC simulations on large clusters to reproduce the low-T magnetic
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Supplementary Fig. 7 | Ground-state magnetism in transverse fields investigated by exact diagonalization. a,

Gapped behavior in specific heat measurements under transverse magnetic fields (Hx), Cm ∼ exp(−∆/T ). The

gaps were fit to ∆ = 35.3± 0.3 K and 35.0± 0.6 K at µ0H
x = 0 T and 9 T, respectively, within the temperature

range of 4-10 K. Alternatively, a power-law function can be used, but it only provides a good fit within a narrow

range of 4-6 K, and the resulting power-law exponent of 6.4± 0.2 is unreasonably large. Error bars, 1σ s.e. b, The

24-chain clusters with different PBC used in the calculations. c, d, The transverse field (Γ ) dependence of the

ordering parameters (mI ) calculated at µ0H
z = 0 and 2 T, respectively. The critical transverse fields are marked by

dashed lines, and the corresponding magnetic structures of the triangular lattice (ac plane) are displayed in the insets.

The dipole magnetic orders, including the antiferromagnetic (AFz) and up-up-down (uudz) orders, are characterized

by mI = |〈GS|SzI |GS〉|/S, while the quantum paramagnetic phase (FMx) is characterized by mI = 〈GS|SxI |GS〉/S.

Here, |GS〉 represents the ground-state wavefunction, and S = 1/2.

behaviors (Supplementary Note 3). The nonzero transverse field terms,HTF = −Γ
∑

i S
x
i , do not commute

with the Szi operators, resulting in quantum tunnelling between states with Szi = ±1/2. However, this

makes the computational cost much higher. According to the previous theoretical work [5] and our MC

simulations, all Ising spins in each chain at Γ = 0 are aligned due to the dominant intrachain ferromagnetic

coupling (|J0| � |Jn|, n = 1, 2, 3). This alignment is protected by an energy gap of ∼ 35 K ∼ |J0|, as

shown in Supplementary Fig. 7a, resulting in only two states for each chain, all spin up or down, at low

temperatures. Under weak transverse fields (|Γ | � |J0|), it is expected that all Ising spins in each chain

remain aligned at low temperatures, andHTF mainly competes with the weak interchain couplings (J1, J2,

and J3) in α-CoV2O6, highly similar to the case of Ca3Co2O6 [16]. As a result, the three-dimensional (3D)
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spin Hamiltonian can be reduced to a 2D triangular lattice with frustrated interactions (J ′1 = 2J1, J ′2 = J2,

J ′3 = 2J3),

H ≈ J ′1
∑
〈I,I1〉

SzIS
z
I1 + J ′2

∑
〈I,I2〉

SzIS
z
I2 + J ′3

∑
〈I,I3〉

SzIS
z
I3 − µ0µBH

zgz
∑
I

SzI − Γ
∑
I

SxI , (8)

where SI presents the spin operator of an arbitrary Co2+ ion in the Ith chain. The 2D Hamiltonian rep-

resented in Eq. (8) also yields three different ground phases separated by two critical longitudinal fields,

µ0H
z
c1 = J ′1+J ′2−2J ′3

µBgz
and µ0H

z
c2 = J ′1+J ′2+J ′3

µBgz
, in zero transverse field, parallel to the original 3D Hamiltonian

presented in Eq. (7). The ground-state wavefunctions were calculated using the Lanczos diagonalization

algorithm on 24-chain clusters with PBC, utilizing 80 Lanczos steps and 20 random initial states [17–20].

The calculations did not reveal any significant finite-size effects (see Supplementary Fig. 7).

At Γ = 0 K, the ground states exhibit the interchain antiferromagnetic (AFz) and up-up-down (uudz)

orders with the ordering parameters of 1 at µ0H
z = 0 and 2 T, respectively (Supplementary Fig. 7c,d), as

predicted by the classical MC simulations [5] (also see above). As Γ increases, the dipole magnetic orders

(AFz and uudz) are gradually suppressed. At the critical transverse field of Γc, the interchain antiferro-

magnetic (AFz) or up-up-down (uudz) ordering parameter approaches zero, while the ordering parameter

of the ferromagnetic component (FMx) mI = 〈GS|SxI |GS〉/S starts to grow. At Γ > Γc, the classical Ising

spin ordering is fully suppressed, and the system enters the quantum paramagnetic phase, known as the

FMx phase. In this phase, the system exhibits a spontaneous transverse magnetization along the x axis due

to quantum fluctuations, which is the hallmark of the FMx phase. Our exact diagonalization calculations

reveal a significant reduction in the critical value Γc from 8.7 ± 0.1 K at µ0H
z = 0 T (Supplementary Fig.

7c) to 6.0± 0.1 K at µ0H
z = 2 T (Supplementary Fig. 7d). However, these critical transverse fields are still

much larger than the maximum value of Γ (∼ 0.1 K) achieved in our experiments by applying a transverse

magnetic field of ∼10 T along the b axis. In this study, the transverse field of Γ < 0.1 K is considered too

weak to significantly alter the lowest-energy configurations.

Integral-path Monte Carlo simulations

We conducted quantum Monte Carlo (QMC) computations to study the low-T magnetism of α-CoV2O6

(using model no. 2, see Supplementary Tab. 1) under a low transverse field on a large scale. At a finite

temperature, we present the thermal density matrix of the transverse-field part in the integral path as

exp(
ΓSxI
kBT

) = cosh(
Γ

2kBT
)[I2×2 + 2 tanh(

Γ

2kBT
)SxI ], (9)

where I2×2 is the 2×2 identity matrix and SxI = σxI /2 is the effective spin-1/2 operator (σxI =

0 1

1 0

 is the

Pauli matrix acting on the Ith chain). Similarly, the thermal density matrix of the effective “interlayer” part
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(along 〈I ′, I ′0〉) can be expressed as

exp(
−J ′0SzI′SzI′0
kBT

) = exp(
−J ′0

4kBT
)

 1 e
J′0

2kBT

e
J′0

2kBT 1

 = exp(
−J ′0

4kBT
)[I2×2 + 2 exp(

J ′0
2kBT

)SxI ]. (10)

To represent Eq. (9) with Eq. (10), we obtain tanh( Γ
2kBT

) = exp(
J ′0

2kBT
) and thus J ′0 = 2kBT ln[tanh( Γ

2kBT
)].

The constant pre-factors in Eqs. (9) and (10) are automatically eliminated when calculating any observables,

given by 〈O〉 = Tr(Oe
− H

kBT )

Tr(e
− H

kBT )

. Therefore, the 2D Hamiltonian with transverse-field terms (Eq. (8)) can be

equivalent to a 3D Hamiltonian with the ferromagnetic coupling in the third (Trotter) direction (J ′0) [13, 21],

H ≈ J ′1
∑
〈I′,I′1〉

SzI′S
z
I′1

+ J ′2
∑
〈I′,I′2〉

SzI′S
z
I′2

+ J ′3
∑
〈I′,I′3〉

SzI′S
z
I′3
− µ0µBH

zgz
∑
I′

SzI′ + J ′0
∑
〈I′,I′0〉

SzI′S
z
I′0
, (11)

〈SzI 〉 = 1
Nb′

∑
I′∈I〈SzI′〉 is used to calculate the observables. The Trotter error is controlled by ( 1

kBTNb′
)2,

whereNb′ is the number of Trotter replicas along the “bond” 〈I, I0〉. Our QMC computations used a 28,800-

site cluster with PBC and dimensions of Nb′ = 50, Na = 12, and Nc = 24 (Fig. 4 and Extended Data Fig. 4

in the main text). The simulation of relaxation rate agrees with the experimental data (see Supplementary

Fig. 6d).

Supplementary Note 5. Technical details of Faraday force magnetometer and heat transport mea-

surements

Below 2 K, the magnetization (M , in µB/Co) ofα-CoV2O6 (single crystals,∼ 1 mg) was measured using

a high-resolution Faraday force magnetometer in a 3He-4He dilution refrigerator (KELMX-400, Oxford

Instruments) [22, 23]. The applied main magnetic fields (H) and field gradients (dH/dl) were generated by

the superconducting coils (in INTA-LLD-S12/14, Oxford Instruments), and the electrical capacitance was

measured using a digital capacitance bridge (AH-2500A, Andeen-Hagerling, Inc.) with the three-terminal

method. The change in the inverse electrical capacitance is given by,

∆(
1

C
) =

∆d

ε0A
=
µ0NAµBMdH/dl

keffε0A
, (12)

where ε0 represents the electric permittivity of vacuum, A is the area of the top (smaller) plate, ∆d denotes

the variation in the gap, and keff represents the effective spring coefficient in Hook’s law (see Supplemen-

tary Fig. 8a). Therefore, we obtained the magnetization by measuring the inverse electrical capacitance (see

Supplementary Fig. 8b). By scaling the results to the magnetization measured by MPMS (see Supplemen-

tary Fig. 8c), we got keff ∼ 3.4×103 N/m at low temperatures, slightly higher than the value of∼ 2.5×103

N/m measured at room temperature.
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samplethermal
link T0
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sample no.1

sample no.1, run #1

Supplementary Fig. 8 | Faraday force magnetometer and heat transport measurements on single crystals of

α-CoV2O6. a, Schematic diagram of the Faraday force magnetometer (FFM). b, Inverse electrical capacitance

measured by sweeping the magnetic field (applied along the z axis) up and down at different magnetic field gradients

at 5 K. c, Field dependence of magnetization measured by FFM and MPMS at 5 K. d, The heating power applied to

the sample and the resulting temperature difference between the two thermometers (T2 − T1, see inset of e). e,

Thermal conductivity data measured in steady-T and continuous-T sweep modes (run #1 and #2). A power-law fit to

the run #1 data is represented by the line, κ = γTα
′
, where α′ = 2.99(2) and γ = 0.524(4) WK−4m−1. The inset

illustrates a schematic diagram of the experimental setup employed for thermal conductivity measurements.

The low-temperature (down to ∼ 50 mK) thermal conductivity (κ, in WK−1m−1) measurements were

conducted using a standard four-wire steady-state method on three single crystals of α-CoV2O6 in the

dilution refrigerator [24]. Two samples have roughly rectangular shapes of 0.11×0.45×1.0 mm3 (sample

no. 1) and 0.11×0.56×1.2 mm3 (sample no. 3), with the long edges along the b (chain) axis, whereas

the sample no. 2 has dimensions of 0.15×0.6×1.6 mm3 with the long edge along the a axis (along the

triangular plane). The silver wires of the two thermometers (T1 and T2) and heater (P ) were attached to the

surfaces of the samples with silver paint (see inset of Supplementary Fig. 8e), to let the heat flow along the

spin chain (samples nos. 1,3) or along the a axis in the triangular plane (sample no. 2). These two RuO2

chip thermometers (T1 and T2, RX-102A-BR, LakeShore) were in situ calibrated against a reference (T0,

RX-102B-RS-0.02B, LakeShore, calibrated down to 20 mK) at each applied magnetic field, by turning off

the heater (i.e., at P = 0). The thermal conductivity is obtained as

κ(T =
T2 + T1

2
) =

d0P

A0(T2 − T1)
, (13)

where d0 is the distance between the two thermometers (T1 and T2), A0 represents the cross-section area
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Supplementary Fig. 9 | Extended thermal conductivity data of α-CoV2O6. a, Zero-field thermal conductivity

measured along the b axis (κb) on two samples (nos. 1 and 3). b, The data measured on sample no. 1 under various

longitudinal magnetic fields. c, Thermal conductivity measured along the a axis (κa) on sample no. 2 under

transverse magnetic fields of µ0H
y = 0 and 8 T. We measured the data at 1 T intervals from 0 to 8 T twice, with the

first measurement designated as run #1 (0→ 8 T) and the second as run #2 (0→ 8 T, again). d, κa(0

T)/κa(µ0H
y)−1. The red line displays the Arrhenius fit to the experimental data of κa(0 T, run #2)/κa(0 T, run

#1)−1 above ∼ 0.7 K, ∝ exp(−∆E/T ), with ∆E = 4.3±0.3 K.

of the single-crystal sample, T1 and T2 are the measured temperatures of the thermometers, and P the

measured power of the heater (see Supplementary Fig. 8d). d0 = 0.40, 0.66, 0.50 mm, A0 = 0.050, 0.090,

0.062 mm2, for samples nos. 1, 2, 3 respectively, were determined by using a microscope.

The final thermal conductivity is independent of the excited power P (see Supplementary Fig. 8d,e),

suggesting good linear response, and is also independent of different measurement modes (Supplementary

Fig. 8e). No significant sample dependence of κb between samples nos. 1 and 3 was observed (Supple-

mentary Fig. 9a). As shown in Supplementary Fig. 9b κb is less sensitive to longitudinal magnetic fields

Hz than κa to transverse magnetic fields Hy (Supplementary Fig. 9c). Here, κa and κb are the thermal

conductivities measured along the a and b axes, respectively. The slight suppression of κb by Hz can be

attributed to increased inelastic phonon-spin scattering, which is enhanced by closing the spin gap (see Ex-

tended Data Fig. 1c) [25]. Moreover, Supplementary Fig. 9c shows that κa has a weak dependence on run
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sequences. Long-term exploration (about 10 days) at low temperatures (≤ 2.3 K) under transverse magnetic

fields (up to µ0H
y = 8 T) only slightly increases κa, suggesting that the magnetic crystal is approaching its

equilibrium state. In this work, we utilized the most recently measured κa at zero field (in run #2), which

had the highest values for almost the entire temperature range (see Supplementary Fig. 9c), as the pure

phonon thermal conductivity κp. As explained in the main text, we used κb(0 T, run #2)/κb(µ0H
y)−1 to

approximate τpp/τps, where τ−1
pp and τ−1

ps are the pure phonon and phonon-spin scattering rates, respectively.

τpp is expected to be nearly independent of temperature and applied magnetic field below 2.3 K (� Debye

temperature of∼ 160 K). Hence, κb(0 T, run #2)/κb(µ0H
y)−1 is an approximate representation of the spin

fluctuations around magnetic domain walls, as the system undergoes annealing by flipping spins near the

domain walls. As shown in Supplementary Fig. 9d, κb(0 T, run #2)/κb(0 T, run #1)−1 exhibits a thermal-

ly activated Arrhenius behavior above ∼ 0.7 K, ∝ exp(−∆E/T ), where ∆E = 4.3±0.3 K represents the

zero-field barrier energy. In contrast, κb(0 T, run #2)/κb(µ0H
y)−1 (µ0H

y ≥ 1 T) remains almost constant

throughout the same temperature range, suggesting the emergence of quantum spin fluctuations induced by

the transverse field.
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