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I. ANRR ARCHITECTURE OF THE CURIE-WEISS MODEL15

The Curie-Weiss model (CW) is a uniform, fully-connected Ising model. The Hamiltonian of the Curie-Weiss model (CW)16

with N spins is H (x) = −h
∑N
i=1 xi −

J
N

∑
i<j xixj . Defining M<i[x<i] =

∑i−1
s=1 xs and M>i =

∑N
l=i+1 xl, the conditional17

probability of a spin i, see Eq. (11) in the main text, of the CW model, is:18

PCW (xi = 1|x<i) = σ

(
2βh+ 2β

J

N
Mi<[x<i] + log(ρ+i [x<i])− log(ρ−i [x<i])

)
, (1)

where:19

ρ±i [x<i] ∝
∑
x>i

eβ(h± J
N+ J

NM<i[x<i])M>i+
βJ
2NM

2
>i (2)

Defining h±i [x<i] = h± J
N + J

NM<i[x<i], at given x<i, the Eq. (2) is equivalent to the partition function of the CW model,20

with N − i spins and external fields h±i , as written in the main text. The sums over the configurations of the spins l can be21

carried on easily:22

ρ±i [x<i] =
∑

xi+1...xN

eβh
±
i [x<i]M>i+

βJ
2NM

2
>i =

√
N

2πβJ

∑
xi+1...xN

eβh
±
i [x<i]M>i

ˆ
e−

N
2Jβ t

2+tM>idt

=

√
N

2πβJ

ˆ
dte−

N
2Jβ t

2 ∑
xi+1...xN

e(βh
±
i [x<i]+t)M>i =

√
N

2πβJ

ˆ
dte−

N
2Jβ t

2
(
eβh

±
i [x<i]+t + e(−βh

±
i [x<i]−t)

)N−i
(3)
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where we used the Hubbard–Stratonovich (HS) transformation to obtain the second equality. The last equality is obtained23

just by summing over the variables xl.24

First, in the following, we derive the exact feed-forward representation of Eq. (1) at finite N number of variables, then in25

the limit of N →∞.26

A. Exact expression of the conditional probability of the CW model27

The integral in the equation 3 can be computed the following way:28

ρ±i [x<i] =

√
N

2πβJ

ˆ
dte−

N
2Jβ t

2
N−i∑
k=0

(
N − i
k

)
e(N−i−2k)∗(βh

±
i [x<i]+t)

29

=

N−i∑
k=0

(
N − i
k

)√
N

2πβJ

ˆ
dte−

N
2Jβ t

2

e(N−i−2k)∗(βh
±
i [x<i]+t)

30

=

N−i∑
k=0

(
N − i
k

)
e
βJ
2N (N−i−2k)2+(N−i−2k)(βh± βJN )e

βJ
N (N−i−2k)

∑
s xs31

=

N−i∑
k=0

eb
±
i,k+wi,k

∑
s xs32

where:33

b±ik = log

(
N − i
k

)
+
βJ

2N
(N − i− 2k)

2
+ (N − i− 2k)

(
βh± βJ

N

)
(4)34

ωik =
βJ

N
(N − i− 2k) , (5)35

proving Eq. (10) shown in the main text.36

B. Thermodynamical limit of the conditional probability of the CW model37

In the thermodynamical limit, the Curie-Weiss model admits an analytical solution. The order parameter of the system is38

the magnetization, mβ = 1
NZ

∑
x

∑
i xie

−βH with Z =
∑

x e
−βH . At high temperatures, with zero external fields h = 0, the39

magnetization, mβ , is zero up to a critical temperature βc = 1
J , where a phase transition occurs, and a non-zero magnetization40

is observed [1]. Considering the following variables: ηi = N−i
N , mi = −N−i−2kN , and for simplicity, the h = 0 case, we can41

rewrite the expression, Eq. (3), as:42

ρ±i [x<i] =

√
N

2πβJ

ˆ
dte−

N
2Jβ t

2
N−i∑
k=0

(
N − i
k

)
e(N−i−2k)∗(βh

±
i [x<i]+t) (6)

=

N−i∑
k=0

(
N − i
k

)
e
βJ
2N (N−i−2k)2+(N−i−2k)(± βJN )e

βJ
N (N−i−2k)

∑
s xs (7)

=

ηi∑
mi=−ηi

(
Nηi

N(mi+ηi)
2

)
e
NβJ

2 m2
i∓βJmie−NβJ

∑
s xs
N (8)
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In the limit N � 1, we obtain:43

ρ±i =

ˆ ηi

−ηi

(
Nηi

N(mi+ηi)
2

)
e
NβJ

2 m2
i∓βJmieNβJ

∑
s xs
N dmi (9)

≈
ˆ ηi

−ηi
exp

{
−Nηi

(
−

1 + mi
ηi

2
log

1 + mi
ηi

2

−
1− mi

ηi

2
log

1− mi
ηi

2
− βm2

i

2ηi
+ βmi

∑
s xs
N

)}
e∓βJmidmi

(10)

≈ exp

{
−Nηi

(
−

1 + m̃i
ηi

2
log

1 + m̃i
ηi

2

−
1− m̃i

ηi

2
log

1− m̃i
ηi

2
− βm̃2

i

2ηi
+ βm̃i

∑
s xs
N

)}
e∓βJm̃i

.
=e∓βJm̃i

(11)

where in the second line I used the Stirling approximation for the binomial factor, in the third line I used the saddle point44

method, assuming N � 1, where m̃i is the extreme of the function inside the curly brackets. In the last line, I simplify all the45

elements that are equal between ρ+i and ρ−i that cancel each other in the conditional probability function Eq. (1). Deriving46

by mi the function inside the curly brackets, we obtain that the extreme m̃i should satisfy the following equation:47

m̃i

ηi
= tanh

(
β(
m̃i

ηi
−
∑
s xs
N

)

)
(12)

In the N large limit, and for a typical sample, I assume that:
∑
s xs
N = i

N

∑
s xs
i ≈ i

N |m̃β |sgn(
∑
s xs), where the mβ is the48

magnetization of the Curie-Weiss system at inverse temperature β and sgn(x) = |x|
x is the sign function. We can distinguish49

two cases when the magnetization of the system is zero or not. In the first case, when β ≤ 1/J , the solution of Eq. (12) is50

zero as well, and log(ρ+i )− log(ρ−i ) = 0 because the only term that makes the two quantities different, ∓βJmi, vanish.51

When instead the system acquires a magnetization mβ different from zero, Eq. (12) admit one maximum that depends on52

the two possible symmetric values of i
N

∑
s xs
i ≈ i

N |m̃β |sign(
∑
q xq). The solution of Eq. (12), ±m̃extrem depends again on53

sign(
∑
s xs), and we can write the maximum solution as m̃i = |m̃i|sgn(

∑
s xs). Easily we obtain that log(ρ+i ) − log(ρ−i ) =54

−2βJ |m̃i|sgn(
∑
s xs), demonstrating the formula in the main text.55

II. ANALYTIC EXPRESSION OF THE CURIE-WEISS FREE ENERGY AT FINITE N56

The free energy of a system is defined as:57

F = − 1

β
logZ (13)

For the CW system, with similar computation that leads to Eq. (7), we find:58

F = − 1

β
log

N∑
k=0

(
N

k

)
e
βJ
2 (N−2k)2+(N−2k)h +

J

2
(14)
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III. ARNN ARCHITECTURES OF THE SHERRINGTON-KIRKPATRICK MODEL59

In order to derive the architecture for the SK model based on the replica method, I’ll start from Eq. (17) presented in the60

main text:61

EJ
[
(ρ±i [x<i])

n
]

=

ˆ ∏
l<l′

dPJll′

{ ∑
{xa}Ni+1

exp

[
β

(∑
l,a

(
± Jil +

∑
s

Jslxs

)
xal +

∑
l,l′,a

Jll′x
a
l x
a
l′

)]}
(15)

where, the sums over (l, l′), s and a run respectively over (i + 1, N), (1, i − 1) and (1, n), and dPJll′ = P (Jll′)dJll′ . Here62

we assumed that N − i � 1, and the average over the disorder EJ is on the parameters Jl,l′ with l, l′ > i. Defining63

h±l [x<i] = ±Jil +
∑i−1
s=1 Jslxs as an external field, we can observe that the above quantity is the partition function of the SK64

model on xi> variables, with external fields h±l [x<i], at fixed x<i, and Jll′ as coupling constants.65

Computing the integrals over the disorder variables {Jll′} yields [2]:66

EJ
[
(ρ±i [x<i])

n
]

=
∑
{xa}Ni+1

exp

β
∑

l

h±l [x<i]
∑
a

xal +
β

2N

∑
l,l′

∑
a,b

xal x
b
lx
a
l′x

b
l′

 (16)67

= e
(N−i)β2

4N ((N−i)n−n2)
∑
{xa}Ni+1

exp

β
∑

l

h±l [x<i]
∑
a

xal +
β

2N

∑
a<b

(∑
l

xal x
b
l

)2
 (17)68

Using the Hubbard-Stratonovich transformation of the quadratic terms, we can write:69

EJ
[
(ρ±i [x<i])

n
]

= c(n,N, i)

ˆ ∏
a<b

dQabe
−N2 β

2Q2
a,b

∑
{xa}Ni+1

exp

{
β

[∑
l

h±l [x<i]
∑
a

xal + β
∑
a<b

Qa,b
∑
l

xal x
b
l

]}
(18)70

= c(n,N, i)

ˆ ∏
a<b

dQabe
−N2 β

2Q2
a,b

∏
l

∑
{xal }

exp

{
β

[
h±l [x<i]

∑
a

xal + β
∑
a<b

Qa,bx
a
l x
b
l

]} (19)71

where we defined:72

c(n,N, i) = e
(N−i)β2

4N ((N−i)n−n2)

(
2πβ2

N

)n(n−1)
2

.

The Parisi solutions of the SK model prescribe how to parametrize the matrix of the overlaps Q [3]. The following shows how73

to obtain neural network architectures based on the replica symmetric (RS) and k-step replica symmetric broken (k-RSB)74

solutions.75

A. Replica Symmetric solution (RS)76

We assume that the overlaps between the replicas are symmetric under permutations, and the matrix of the overlaps77

between replicas is parametrized with only one variable q:78

Qa,b =

{
0, if a = b

q, otherwise
,

obtaining:79
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EJ
[
(ρ±,symi [x<i])

n
]

= c(n,N, i)

ˆ
dqe−

n(n−1)N
4 β2q2

∏
l

∑
{xal }

exp

{
β

[
h±l [x<i]

∑
a

xal + βq
∑
a<b

xal x
b
l

]} (20)80

= c(n,N, i)

ˆ
dqe−

n(n−1)N
4 β2q2e−

nNβ2q
2

∏
l

∑
{xal }

e
β
[
h±l [x<i]

∑
a x

a
l +

βq
2 (
∑
a x

a
l )

2
] (21)81

= c′(n,N, i)

ˆ
dqe−

n(n−1)N
4 β2q2e−

nNβ2q
2

∏
l

ˆ dzl√
2πq

e−
z2l
q

∑
{xal }

eβ(h±l [x<i]+βzl)
∑
a x

a
l

 (22)82

= c′(n,N, i)

ˆ
dqe
−nN

(
(n−1)

4 β2q2+ β2q
2

)∏
l

[ˆ
dzl√
2πq

e−
z2l
q 2n coshn

(
β
(
h±l [x<i] + βzl

))]
. (23)83

(24)84

Using the limit that n→ 0 we can write:85

ˆ
dzl√
2πq

e−
z2l
q 2n coshn

(
β
(
h±l [x<i] + βzl

))
= e

n
´ dzl√

2πq
e
−
z2l
q log 2 cosh(β(h±l [x<i]+βzl)). (25)86

obtaining:87

log(ρ±,symi [x<i]) = lim
n→0

1

n
log

(
c′(n,N, i)

ˆ
dqe−

n(n−1)N
4 β2q2e−

nNβ2q
2 e

n
∑
l

´ dzl√
2πq

e
−
z2l
q log 2 cosh(β(h±l [x<i]+βzl))

)
(26)88

= log(c′′(N, i)) +

(
+
N

4
β2q20 −

Nβ2q0
2

+
∑
l

ˆ
dzl√
2πq0

e−
z2l
q0 log 2 cosh

(
β
(
h±l [x<i] + βzl

)))
(27)89

.
= c(N, i, q0)−

∑
l

ˆ
dzl√
2πq0

e−
z2l
q0 log σ

(
β
(
2h±l [x<i] + 2βzl

))
(28)90

In the second line, I use the saddle point methods to evaluate the integral over q, assuming that the single maximum value91

q0 does not depend on the input values x<i in the set of h±l [x<i]. It is a bold assumption to be verified a posteriori on the92

quality of the neural network architectures performances. In the third line, we use the identity log cosh(x) = 2x− log σ(2x)93

and the elements that are equals between log(ρ+) and log(ρ−) are simplified. We introduced the log σ non-linear operator94

for computational reasons.95

Now we consider the following approximation of the Gaussian convolution:96

ˆ
dze−z

2

log σ (β (h+ β
√
qz)) ∼ b0 + w0 ∗ log σ(b1 + w1h),

where (b0, w0, b1, w1) are free parameters to be determined. In the sec.III C of the SI a numerical analysis of the quality of97

this approximation is shown. Putting together all the pieces, we can parameterize the conditional probability as:98

QRS (xi = 1|x<i) = σ
(
x1i (x<i) + log(ρ+i )− log(ρ−i )

)
= σ

(
x1i (x<i) +

N∑
l+=i+1

wi,l
+

0 log σ(bi,l
+

1 + wi,l
+

1 x1i,l+(x<i)) + +

N∑
l−=i+1

wi,l
−

0 log σ(bi,l
−

1 + wi,l
−

1 x1i,l−(x<i)

)
(29)

where the set of (b,w) are free variational parameters to learn in the training process.99
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B. K-step Replica Symmetric Breaking (k-RSB) solution100

Assuming that the replica symmetry is broken, we can use the ansatz called 1-step replica symmetric breaking (1RSB),101

where the overlaps between replicas are divided into m blocks:102

Qa,b =

{
q1, if I(a/m) = I(b/m)

q0. if I(a/m) 6= I(b/m).
(30)103

With the above ansatz, we can compute the following quantities:104

∑
ab

Qabxaxb =
1

2

[
q0

(∑
a

xa

)2

+ (q1 − q0)
∑

blocks

( ∑
a∈block

xa

)2

− nq1
]

(31)

∑
ab

Q2
ab = n2q20 + nm(q21 − q20)− nq21 . (32)

The equation 19 becomes:105

EJ
[
(ρ±,1RSBi )n

]
=

= c(n,N, i)

ˆ
dq1dq0e

N
2 β

2[n2q20+nm(q21−q
2
0)−nq

2
1]
∏
l

[ ∑
{xal }

eβ
[
h±l
∑
a x

a
l +βq0(

∑
a x

a
p)

2
+β(q1−q0)

∑
blocks(

∑
a∈block x

a
l )

2−nq1
]]

= c(n,N, i)

ˆ
dq1dq0e

N
2 β

2[n2q20+nm(q21−q
2
0)−nq

2
1−nq1]

∏
l

[ ∑
{xal }

ˆ
dPzl

n/m∏
k=1

ˆ
dPylke

β
[
h±l
∑
a x

a
l +βzl

∑
a x

a
l +β

∑
blocks ylk

∑
a∈block x

a
l

]]

= c(n,N, i)

ˆ
dq1dq0e

N
2 β

2[n2q20+nm(q21−q
2
0)−nq

2
1−nq1]

∏
l

[ ˆ
dPzl

n/m∏
k=1

ˆ
dPylk coshm

(
β
[
h±l + βzl + βylk

])]
= c′(n,N, i) + c(n,N, i)

ˆ
dq1dq0e

N
2 β[n2q20+nm(q21−q

2
0)−nq

2
1−nq1]

∏
p

ˆ
dPzl exp

{
n

m
log

(ˆ
dPyl coshm

(
β
[
h±l + βzl + βyl

]))}
,

where we defined:106

dPzl =
dzl√
2πq0

e
z2

2q0 (33)

dPyl =
dyl√

2π(q1 − q0)
e

y2l
2(q1−q0) . (34)

Considering N � 1 and n→ 0 to use the saddle point methods and the identity in Eq. (25), we can write:107

log(ρ±,1RSBi ) = lim
n→0

1

n
log
(
EJ
[
(ρ±,1RSBi )n

])
(35)

= ci + Extrq0,q1

[
c′i(N,n, q0, q1) +

1

m

∑
l

ˆ
dPzl log

(ˆ
dPyl coshm

(
β
[
h±l + βzl + βyl

]))]
. (36)
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The above integrals are rewritten as the following:108

ˆ
dPzl log

( ˆ
dPyl coshm

(
β
[
h±l + βzl + βyl

]))
= (37)

ˆ
dPzl log

(ˆ
dPyle

m log cosh(β[h±l +βzl+βyl])
)

= (38)

βh±l +

ˆ
dPzl log

(ˆ
dPyle

β2myl−m log σ(β[h±l +βzl+βyl])
)

(39)

We have two nested Gaussian convolutions.109

The integrals over the variables (zl, yl) are approximated in the same way as the approach used previously for the RS case:110

the number of free parameters increases to have feed-forward functions without integrals. First, we consider the following111

maps:112

log

ˆ
dPyle

β2myl−m log σ(β[h±l +βzl+βyl]) ≈ (40)

log

(
b̂l
±

0 + ŵl
±

0 eb̂
l±
1 +ŵl

±
1 log σ(b̂l

±
2 +ŵl

±
2 (h±l +βzl))

)
= (41)

log(bl
±

0 ) + log(1 + e
log(

ŵl
±

0

bl
±
0

)+b̂l
±
1 +ŵl

±
1 log σ(b̂l

±
2 +ŵl

±
2 (h±l +βzl))

) = (42)

log(b̂l
±

0 )− log σ(log(
ŵl
±

0

bl
±
0

) + b̂l
±

1 + ŵl
±

1 log σ(b̂l
±

2 + ŵl
±

2 (h±l + βzl))) = (43)

bl
±

0 + wl
±

0 log σ(bl
±

1 + wl
±

1 log σ(bl
±

2 + wl
±

2 (h±l + βzl))) (44)

Where in the last equation I renamed the variational parameters, for instance, bl
±

0 = log(b̂l
±

0 ), wl
±

0 = −1, etc. Then once113

again:114

b̂l
±

0 + ŵl
±

0

ˆ
dPzl log σ

(
b̂l
±

1 + ŵl
±

1 log σ(b̂l
±

2 + ŵl
±

2 (h±l + βzl))

)
≈ (45)

bl
±

0 + wl
±

0 log σ(bl
±

1 + wl
±

1 log σ(bl
±

2 + wl
±

2 (h±l ))). (46)

The set of parameters (b±0 ,w
±
0 ,b

±
1 ,w

±
1 ,b

±
2 ,w

±
2 ) are free parameters to be determined by the learning procedures. The115

Gaussian convolution integrals are substituted by feed-forward non-linear operations, enlarging the space of parameters. In116

section III C numerical evidence for the goodness of the above approximations is shown. For the 1RSB case, we use the117

following architecture:118

Q1RSB (xi = 1|x<i) = σ
(
x1i (x<i) + log(ρ+i )− log(ρ−i )

)
= σ

(
x1i (x<i)+

N∑
l+=i+1

wi,l
+

0 log σ(bi,l
+

1 +wi,l
+

1 log σ(bi,l
+

2 +wi,l
+

2 x1i,l+(x<i))) +

N∑
l−=i+1

wi,l
−

0 log σ(bi,l
−

1 +wi,l
−

1 log σ(bi,l
+

2 +wi,l
+

2 x1i,l−(x<i)))

)
The generalization of the ρ± parametrization to the k-RSB case is straightforward. For instance, for 2-RSB we have:119

log ρ±,2RSB (xi = 1|x<i) =
∑
l±

wi,l
±

0 log σ(bi,l
±

1 + wi,l
±

1 log σ(bi,l
±

2 + wi,l
±

2 (log σ(bi,l
±

3 + wi,l
±

3 x1i,l±(x<i)))))
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C. Numerical evidence of integrals approximations120

In this section, I show the numerical evidence of some of the approximations used to represent the non-linear operations121

derived for the SK model. In the RS case, see Subsec. III A, the non-linear operation is approximated as in the following:122

f(x) =

ˆ
dz√
2πq0

e−
z2

q0 log σ (β (x+ β
√
qz)) ∼ b0 + w0 ∗ log σ(b1 + w1h). (47)

The results in Fig. 1 of the fit, using the non-linear least squares method, of the f(x) with the r.h.s of the above expression, with123

free parameters b0, w0, b1, w1, are shown. The fits, for different values of β and q0, show the robustness of the approximation124

used. In the 1RSB case, see subsection III B, one of the non-linear operations is approximated as in the following:125

f(x) = log

ˆ
dz√

2π(q1 − q0)
e
− z2

(q1−q0) eβ
2mz−m log σ(βx+β2z) ≈ b0 + w0 log σ(b1 + w1 log σ(b2 + w2x)) (48)

As before, the function f(x) is fitted with the r.h.s of the above expression, and the results in Fig. 2 show the robustness of126

the approximation used for different values of (q1 − q0), m, and β.127
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FIG. 1. Fit of Eq. (47) at different values of β and q0. The free parameters are b0, w0, b1, w1. The points are numerical evaluations of
the integrals, and the grey lines are the corresponding fit using the approximated functions. The results show the robustness of the
approximation used.

128

129130

IV. MONTE CARLO SAMPLING OF THE SK MODEL131

In the main text, in the section results, in order to check the correlation between the weights of the first layer of the SK1RSB132

architecture with the coupling of the Hamiltonian, 10,000 samples were generated through the Monte-Carlo Metropolis133

algorithm [4]. The samples are generated for a system with N = 200 variables at β = 2. Each configuration is sampled after134

200∗N spin trail flips. I observe that, for the system under study, for this number of trail spin flips of the Metropolis algorithm135

the autocorrelation time between the configurations drops below 0.5. The training of the SK1RSB was done minimizing, over136

the parameters of the SK1RSB , the average of the negative log-likelihood (LL) of the generated m samples:137

LL = − 1

m

∑
m

log(Q1RSB) (49)
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FIG. 2. Fit of Eq. (48) at different values of beta m, and q1 − q0. The free parameters are b0, w0, b1, w1, b2, w2. The points are
numerical evaluations of the integrals, and the gray lines are the corresponding fit using the approximated functions. The results show
the robustness of the approximation used.
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