
Supplementary Material for “Autonomous error correction of a single logical qubit
using two transmons”

I. DEVICE PARAMETERS

Transition T1 (µs) TR (µs) Techo (µs)
Q1 |e⟩ → |g⟩ 24.3 15.2 24.6
Q2 |e⟩ → |g⟩ 9.1 9.8 14.3
Q1 |f⟩ → |e⟩ 27.1 16.7 29.3
Q2 |f⟩ → |e⟩ 26.7 20.1 34.3
R1 |1⟩ → |0⟩ 0.3
R2 |1⟩ → |0⟩ 0.3

TABLE I. Device coherence parameters.

Relevant coherence parameters and frequencies at the
operating point (Coupler DC flux bias ΦDC = 0.3795Φ0)
without external drives are listed in Table. I and Ta-
ble. II. The ZZ coupling (dispersive shifts) between two-
transmon energy levels are measured in the experiment
through Ramsey fringe frequency difference (Supplemen-
tary Material VII), and the cross-Kerr couplings J11, J21,
J12, J22 are calculated from the measurement results.

II. STAR CODE FRAME TRANSFORMATION

We explicitly show the Hamiltonian for the Star code in
different frames, with the sideband parameter set {Wr =
Wb = W,Ωj = Ω, νr, νb}. Without the external drives,
the device can be described by the following Hamiltonian

Parameter Symbol Value/2π
Q1 ge frequency ωq1 3.2049GHz
Q2 ge frequency ωq2 3.6625GHz
Q1 anharmonicity α1 −116.4MHz
Q2 anharmonicity α2 −159.6MHz

R1 frequency ωr1 4.9946GHz
R2 frequency ωr2 5.4505GHz

R1 dispersive shift χ1 −180 kHz
R2 dispersive shift χ2 −330 kHz(

E|ee⟩ − E|ge⟩
)
−

(
E|eg⟩ − E|gg⟩

)
ZZge −261 kHz(

E|fe⟩ − E|ee⟩
)
−

(
E|fg⟩ − E|eg⟩

)
ZZef1 −130 kHz(

E|ef⟩ − E|ee⟩
)
−

(
E|gf⟩ − E|ge⟩

)
ZZef2 −301 kHz(

E|ff⟩ − E|ef⟩
)
−

(
E|fg⟩ − E|eg⟩

)
ZZff1 −171 kHz(

E|ff⟩ − E|fe⟩
)
−

(
E|gf⟩ − E|ge⟩

)
ZZff2 −289 kHz(

E|ef⟩ − E|gf⟩
)
−

(
E|eg⟩ − E|gg⟩

)
ZZgf1 −619 kHz(

E|fe⟩ − E|fg⟩
)
−

(
E|ge⟩ − E|gg⟩

)
ZZgf2 −464 kHz

Coefficient of nq1nq2 J11 −312 kHz
Coefficient of n2

q1nq2 J21 25 kHz
Coefficient of nq1n

2
q2 J12 −49 kHz

Coefficient of n2
q1n

2
q2 J22 −43 kHz

TABLE II. Device frequencies without external drives.

Capacitance (fF) Josephson Energy (GHz)
Cq1 165.9 Ej1 12.4
Cq2 123.4 Ej2 12.1
Cc 178.3 Ejc 1106.0
Cq12 2.0

TABLE III. Capacitances and Josephson energies used in the
simulation. Capacitances are extracted through design geom-
etry simulations in ANSYS Q3D, and Josephson energies are
calculated from the room temperature resistances of identical
test junctions on the same chip.

in the lab frame by keeping leading-order terms,

H =
2∑

j=1

(
ωqjnqj +

αj

2
nqj (nqj − 1) + ωrjnrj + χjnqjnrj

)
+

∑
j,k=1,2

Jjk(nq1)
j(nq2)

k. (1)

Here nqj = a†qjaqj and nrj = a†rjarj are the photon num-
ber operators for the j-th transmon and resonator respec-
tively with aqj(rj) representing the annihilation operator
for the j-th transmon (resonator). χj and Jjk are the
ZZ coupling strength between the j-th QR pair and be-
tween two transmons. Inter-transmon ZZ couplings are
expanded to the second order for explaining shifts up to
|f⟩ level. Cross-Kerr couplings Jjk are minimized by bi-
asing DC flux at ΦDC = 0.3795Φ0 to suppress logical
states’ extra dephasing channel (see derivation in Sup-
plementary Material IV).

Then we bring in external drives and ignore the static
ZZ couplings between QQ and QR, which can be reintro-
duced into the equation by shifting the diagonal energies.
The lab-frame Hamiltonian then reads

Hlab =
∑
j=1,2

(
ωqja

†
qjaqj +

αj

2
a†qja

†
qjaqjaqj + ωrja

†
rjarj

)
+HQQ +HQR1 +HQR2, (2)

HQQ =AQQ (t)
(
a†q1 + aq1

)(
a†q2 + aq2

)
,

HQRj =AQRj (t)
(
a†qj + aqj

)(
a†rj + arj

)
,

AQQ (t) =
W√
2
cos ((ωq2 − ωq1 − α1 − νr) t)

+
W√
2
cos ((ωq2 − ωq1 + α2 + νr) t)

+W cos ((ωq1 + ωq2 − νb) t)

+
W

2
cos ((ωq1 + ωq2 + α1 + α2 + νb) t),

AQRj (t) =
Ω√
2
cos ((ωqj + ωrj + αj) t).
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Next, we move to the “logical-static” frame where all
logical states have zero energy resulting in (we keep the
lowest two levels for the resonators)

H̃static =− α1

2
(Peg + Pef )−

α2

2
(Pge + Pfe)

+ H̃QQ

−
∑
j=1,2

αj

2
a†rjarj + H̃QRj , (3)

H̃QQ =
W

2

(
|ee⟩ ⟨gf | e2πiνrt + |ee⟩ ⟨fg| e2πiνrt

+ |ee⟩ ⟨gg| e2πiνbt + |ee⟩ ⟨ff | e2πiνbt
)
⊗ I4

+ h.c.,

H̃QR1 =
Ω

2
(|eg⟩ ⟨fg|+ |ef⟩ ⟨ff |)⊗ |0⟩ ⟨1| ⊗ I2 + h.c.,

H̃QR2 =
Ω

2
(|ge⟩ ⟨gf |+ |fe⟩ ⟨ff |)⊗ I2 ⊗ |0⟩ ⟨1|+ h.c..

Finally, we perform another rotating frame transfor-
mation so that the detuned QQ sidebands become time-
independent, which leads to

H̃rot =− α1

2
(Peg + Pef )−

α2

2
(Pge + Pfe)

− νr(Pgf + Pfg + Pge + Peg)

− νb(Pgg + Pff + Pef + Pfe)

+ H̃ ′
QQ

−
∑
j=1,2

αj

2
a†rjarj + H̃QRj , (4)

H̃ ′
QQ =

W

2
(|ee⟩ ⟨gf |+ |ee⟩ ⟨fg|

+ |ee⟩ ⟨gg|+ |ee⟩ ⟨ff |+ h.c.)⊗ I4.

Here In is the n×n identity matrix and Pab = |ab⟩ ⟨ab|⊗
I4. Rotating Wave Approximation (RWA) is applied
in the last two transformations. In the final frame,
{|L0⟩ , |L1⟩} have different energies {−νr,−νb}, and the
superposition states become time-dependent.

III. CIRCUIT HAMILTONIAN AND SIDEBAND
STRENGTH

Fig. 1a is our device’s false color optical picture. We
first consider the Hamiltonian of the two transmons:

HQ =−→n ⊺C−1
L

−→n − Ej1 cos (φc − φ1)− Ej2 cos (φ2 − φc)

− Ejc cos

(
π
Φext

Φ0

)
cos (φc), (5a)

CL =

Cq1 + Cq12 −Cq12 0
−Cq12 Cq2 + Cq12 0

0 0 Cq1 + Cq2 + Cqc

 ,
(5b)

−→n ⊺ =(n1, n2, nc) , [nj , φj ] = −i. (5c)
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FIG. 1. The device. (a) False-colored optical image. Two
transmons (red) are inductively connected through a SQUID
loop (purple, inset shows zoomed-in image). An on-chip flux
line is coupled to the SQUID for activating QQ sidebands
through parametric RF flux modulation at the proper DC
flux position. Each transmon is capacitively coupled to the
readout resonator (blue). Single transmon pulses are sent
through the resonator input lines. QR sidebands are applied
through corresponding charge lines. (b) Circuit schematic
diagram.

Here −→n and −→φ are the charge and phase variables and
can be found through the Legendre transformation. Ta-
ble. III includes all coefficients used in the quantization.
Then we extract the linear part of HQ to obtain

H0 = −→n ⊺C−1
L

−→n +
Ej1

2
(φc − φ1)

2
+
Ej2

2
(φ2 − φc)

2

+
Ejc

2
cos

(
π
Φext

Φ0

)
φ2
c .

(6)
Next, we rewrite the charge and phase variables in the
dressed basis with the unitary transformation matrix U
such that H0 is simultaneously diagonalized to find out
the normal modes,

H0 =
∑

j=1,2,c

(
C̃j ñ

2
j + D̃jφ̃j

2
)
, (7a)

−→̃
n = (ñ1, ñ2, ñc)

⊺
= U−1−→n , (7b)

−→̃
φ = (φ̃1, φ̃2, φ̃c)

⊺
= U−1−→φ , (7c)

U =

U11 U12 U1c

U21 U22 U2c

Uc1 Uc2 Ucc

 . (7d)
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In the dressed basis, the nonlinear part is reintroduced
in the Hamiltonian to get

HQ =
∑

j=1,2,c

(
C̃j ñ

2
j

)

− Ej1 cos

 ∑
j=1,2,c

(Ucjφ̃j − U1jφ̃j)


− Ej2 cos

 ∑
j=1,2,c

(U2jφ̃j − Ucjφ̃j)


− Ejc cos

(
π
Φext

Φ0

)
cos

 ∑
j=1,2,c

Ucjφ̃j

, (8a)

with

ñj =
i√
2

√
D̃j

C̃j

(
a†qj − aqj

)
, (8b)

φ̃j =
1√
2

√
C̃j

D̃j

(
a†qj + aqj

)
. (8c)

We use the scQubits package [1] to quantize the Hamil-
tonian. The numeric and experiment comparison are
shown in Fig. 2. When Φext is biased close to Φ0/2,
deviation appeared in numerics. This comes from the
asymmetry of SQUID junctions’ resistances and parasitic
SQUID loop inductance and is away from our bias point.
Around the DC flux position where the Star code pro-
tocol is implemented (marked as Fig. 2b dash line), we
have a decent explanation of both transmons’ frequencies
and cross-Kerr couplings.

The QQ sidebands are realized through parametric RF
flux modulation of the coupler. To understand the side-
band rate, we follow the previous paper[2] and apply an
adiabatic approximation to the Hamiltonian: The cou-
pler mode frequency remains high (> 15 GHz) above
transmons’ frequencies (< 4 GHz) in the system, there-
fore the coupler can be assumed static at the ground
state. The non-dynamical potential of the coupler mode
is removed by minimizing the Hamiltonian. Transmons
are treated as duffing oscillators when calculating the ef-
fective sideband rate. Keeping up to 2nd order expan-
sions, the Hamiltonian Had under adiabatic approxima-
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FIG. 2. Circuit quantization results of HQ. Comparison of
(a) transmon frequencies and (b) cross-Kerr couplings be-
tween simulation and experiment. Q1 (red) and Q2’s (blue)
|g⟩ ↔ |e⟩ and |e⟩ ↔ |f⟩ frequencies from numerical calcula-
tion and experiment are plotted as a function of Φext. Four
inter-qutrit cross-Kerr coupling strengths, J11, J21, J12 and
J22 are calculated, and experiment data are marked out on
the Star code operating point (dashed line).

tion is

Had = ωq1a
†
q1aq1 + ωq2a

†
q2aq2

+
α1

2
a†q1a

†
q1aq1aq1 +

α2

2
a†q2a

†
q2aq2aq2

+ g1 (t)
(
a†q1 + aq1

)(
a†q2 + aq2

)
+ g2

(
−a†q1 + aq1

)(
−a†q2 + aq2

)
, (9a)

g1 (t) =

√
Ej1Ej2

2Ejc cos
(
πΦext(t)

Φ0

)√ωq1ωq2, (9b)

g2 =

√
Cq1Cq2

2Cq12

√
ωq1ωq2. (9c)

Here g1 (t) and g2 are flux-tunable inductive coupling
strength and constant capacitive coupling strength.

Plugging in the RF flux modulation πΦext(t)
Φ0

= ΦDC +
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FIG. 3. Chevron plots for fast QQ sidebands. The state of
both transmons are simultaneously read out and shown as
photon numbers. Top two figures show 9MHz |gg⟩ ↔ |ee⟩,
and bottom two demonstrate 21MHz |ee⟩ ↔ |gf⟩ oscillations.

ϵ cos (ωdt) into Eq. 9b and assuming ϵ≪ ΦDC, we obtain

g1 (t) =

√
Ej1Ej2

2Ejc

√
ωq1ωq2

1

cos (ΦDC + ϵ cos (ωdt))

=

√
Ej1Ej2

2Ejc

√
ωq1ωq2

(1 + ϵ sin (ωdt) tan (ΦDC))

cos (ΦDC)
.

(10)

Therefore the QQ sideband rate becomes (suppose |ψ1⟩
and |ψ2⟩ are states connected by the sideband)√

Ej1Ej2

2Ejc

√
ωq1ωq2

ϵ tan (ΦDC)

cos (ΦDC)
A12, (11)

with

A12 = ⟨ψ1|
(
a†q1 + aq1

)(
a†q2 + aq2

)
|ψ2⟩ ,

and is proportional to the flux modulation rate. A12

is the state-dependent bosonic enhancement coefficient.
Higher order corrections can be calculated using time-
dependent Schrieffer–Wolff transformation[3], and for our
inductive coupler, both QQ blue and red sideband will
have a similar rate under the same ϵ.
Each transmon is capacitively coupled to the readout

resonator, and the second-order QR error-correcting side-
bands are generated through the charge drive at half the
transition energy ωdqrj = (ωqj + ωrj + αqj)/2 with drive
amplitude ϵqj ,

HQRj =ωqja
†
qjaqj +

αj

2

(
a†qj

)2

(aqj)
2
+ ωrja

†
rjarj

+ gqrj

(
−a†qj + aqj

)(
−a†rj + arj

)
+ ϵqj

(
a†qje

−iωdqrjt + h.c.
)
. (12)

The effective QR sideband rate is Ωj =

16g3qrjϵ
2
qj/(ωqj − ωrj)

4
[4]. Under the same Purcell

limit
(
∼ g2

qrjκj

(ωqj−ωrj)
2

)
from the resonator, smaller QR

frequency difference allows higher QR sideband rate
for the same drive amplitude. In our experiment, the
Purcell limit from the resonator is larger than 200µs,
and is not limiting the physical coherence time.

IV. TRANSMON ZZ INDUCED DEPHASING

Realizing AQEC requires error transparency to single
photon loss error. This makes ZZ coupling an extra
logical dephasing channel as it does not commute with
H̃star. In a two qutrit system, there are in total 7 differ-
ent ZZ frequency shifts coming from 4 cross-Kerr cou-
pling strengths J11, J21, J12, J22. However, not all ZZ
couplings are detrimental to the Star code. The error
transparency requires no phase accumulation between
logical states during the error correction process. This
is equivalent to having the same energy for the photon
lost from one transmon, independent of the state of the
partner transmon,

Eff − Eef = Efg − Eeg,

Eff − Efe = Egf − Ege.
(13)

Here Ejk refers to the energy of the state |jk⟩. Equa-
tions 13 are equivalent to ZZff2 = ZZff1 = 0 (see Ta-
ble. II). When this is not the case, a random phase dif-
ference will accumulate between logical states after the
error correction, introducing dephasing to the logical su-
perposition states. The other ZZs are naturally error
transparent in the logical manifold since |ee⟩ is dark and
will not affect the logical states’ coherence. To suppress
the ZZ-induced logical dephasing, we can increase the
QR sideband rate Ωj , shortening the |e⟩ population time
in both qutrits and reducing the accumulated random
logical phase. To eliminate this dephasing channel, we
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need a coupler that has zero ZZff1 and ZZff2 when all
external sidebands are turned on. This can be poten-
tially realized in our current coupler with dispersive shift
engineering. We consider a two-transmon system with
static interaction that produces a set of dispersive shifts
for cancellation. The base Hamiltonian Hbase is

Hbase =
∑
n

(ϵ1,n |n1⟩ ⟨n1|+ ϵ2,n |n2⟩ ⟨n2|)

+
∑
nm

∆nm |n1m2⟩ ⟨n2m1| ,
(14)

where ϵ1/2,n are energies for single transmon levels, ∆nm

is the static energy shift to the state when transmon 1
has n photons and transmon 2 has m photons. For the
ground state ϵ1/2,0 and ∆00 are set to 0. We add to Hbase

a QQ red sideband through the coupler,

HD = 2g sin (2πνt)
(
a†q1aq2 + aq1a

†
q2

)
. (15)

We assume the frequency detuning ν is far off-resonant
so that ν ≫ g, and this will introduce an energy shift
Djk to all levels:

D
(R)
jk =

g2j(k + 1)

Ej,k − Ej−1,k+1 − ν
+

g2j(k + 1)

Ej,k − Ej−1,k+1 + ν

+
g2(j + 1)k

Ej,k − Ej+1,k−1 − ν
+

g2(j + 1)k

Ej,k − Ej+1,k−1 + ν
.

(16)

For a detuned QQ blue sideband drive, one can find a
similar expression for the energy shift,

D
(B)
jk =

g2(j + 1)(k + 1)

Ej,k − Ej+1,k+1 − ν
+

g2(j + 1)(k + 1)

Ej,k − Ej+1,k+1 + ν

+
g2jk

Ej,k − Ej−1,k−1 − ν
+

g2jk

Ej,k − Ej−1,k−1 + ν
.

(17)

When multiple external QQ sidebands are applied, the
total dispersive shift to each energy level is given by

Djk =
∑
D

(R)
jk +

∑
D

(B)
jk , where the sum is over all

external QQ sidebands. Specifically for the Star code
scheme, we can modulate two extra QQ sidebands near
|ef⟩ ↔ |gh⟩ and |fe⟩ ↔ |hg⟩. This can introduce either
positive or negative D12 and D21 to the system, depend-
ing on the choices of frequency detuning. The required
g for complete ZZ cancellation can be less than 5MHz.
Therefore, it is theoretically possible to cancel ZZff1 and
ZZff2 simultaneously under such two extra drives. We
did not turn on the cancellation sidebands in the exper-
iment, because our readout suffers from frequency shift
under strong flux modulation amplitude as discussed in
Supplementary Material V.
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FIG. 4. Readout saturation feature for fast (rate 9MHz) QQ
blue sideband |gg⟩ ↔ |ee⟩ in the long time scale. Top and
bottom panel show readout signals from the first and second
resonators.

V. READOUT SATURATION AND FLUX LINE
OPTIMIZATION

In our device, we use the on-chip flux line to generate
various two-qubit interactions through parametric mod-
ulation. A typical parametric coupler design includes
two qubits capacitively or inductively coupled through
a tunable coupler. Modulation of the coupler frequency
and the qubit-coupler coupling strength contribute to the
two-qubit interaction strength. For a capacitively cou-
pled system [3, 5–7], coupler frequency modulation con-
tributes dominantly to the QQ sideband rate, and time-
dependent Schrieffer-Wolff transformation (SWT) proves
that [3] the ratio of interaction strengths between bswap
and iswap is ω1−ω2

ω1+ω2
(ωj is Qj ’s frequency). Therefore,

a capacitive coupler provides a slower bswap than the
iswap. In contrast, an inductively coupled system [2, 8]
modulates the coupling strength between the qubit and
coupler more effectively, and both iswap and bswap will
have the same zeroth-order terms in the SWT expansion,
thus theoretically sharing the same rate under same mod-
ulation amplitude. Previous experiments achieved fast
iswap interactions, but a similar bswap rate has not been
demonstrated in either type of parametric coupler yet.
We experimentally realize a comparable maximum rates
of 9MHz bswap and 21MHz iswap (shown in Fig. 3).
In the experiment, we notice that turning a strong

bswap on will shift both resonators’ frequencies after a
long time, resulting in the ‘saturation’ feature (Fig. 4).
Such a readout frequency shift is both sideband strength
and duration dependent, and the shift persists for a no-
ticeable period after all sidebands are turned off. Dis-
tinguishing transmons’ states through readout becomes
difficult when this happens. A readout is possible when
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FIG. 5. Distribution of electrical field’s amplitude (in log
scale) when RF flux drive is modulated at (a) 700 MHz and
(b) 7 GHz obtained from HFSS simulation.

the shift is reversed after waiting for a sufficiently long
period but degrades readout fidelity due to transmons’
relaxation. While case-dependent dynamic demarcation
can distinguish states, this method becomes complex and
inaccurate. In our experiment, we decided to lower the
RF modulation amplitude and minimize the saturation
region by optimizing the flux line geometry.

One source for the readout saturation at the bswap
drive frequency is the flux line’s stray charge coupling to
the SQUID [8]. The on-chip flux line can be considered
an antenna. The coupler is located in the near-field re-
gion, and the electrical field amplitude is proportional to
the flux modulation frequency. Since bswap’s drive fre-
quencies are normally a magnitude higher than that of
the iswap operations, a much stronger stray-charge drive
is observed when the bswap drive is on.

We verify this fact using ANSYS HFSS simulation (see
Fig. 5), where the electrical field amplitude is observed to
increase over an order of magnitude when the modulation
frequency is increased by a factor of 10. The stray charge
drive limits the maximum power we can use for the flux
modulation, and we focus on geometrical optimization to
improve the flux-to-charge drive ratio. In order to do so,
we maximize the mutual inductance between the SQUID
and the flux line by increasing the SQUID loop size and
bringing the flux line closer to the loop. The loop size in

(a)
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FIG. 6. SQUID design. (a) Old design without optimization.
(b) Current design by maximizing the mutual inductance be-
tween the flux line and SQUID. The Ta and Al areas are
colored as grey and blue separately, and the bare sapphire is
colored white.

our experiment is limited by the SQUID’s hysteresis [9]

set by the ratio
Lloop

Ljc
, where Ljc is the inductance of each

junction in the SQUID (assumed identical) and Lloop is

the SQUID loop inductance. When
Lloop

Ljc
> 1, trans-

mon frequencies become hysteric as a function of ΦDC,
and the region grows with the ratio. Dissipation appears
when modulating within the hysteric region and should
be avoided in our experiment. This property sets an up-
per bound for SQUID loop length.
We use HFSS simulation to calculate flux threaded by

the SQUID loop and vary the geometry to maximize. As-
suming the electrical field is geometry insensitive around
the SQUID, maximizing SQUID flux increases the ratio
between the mutual inductive coupling and stray capac-
itive coupling strength of the flux line. The original and
optimized designs are shown in Fig. 6. The simulation
suggests a factor of 3.5 improvement in the ratio.
Being strongly coupled to the SQUID, the flux line is

also a channel for transmons’ relaxation. In order to im-
prove Purcell protection, we design a Stepped-Impedance
band-stop Purcell Filter (SIPF) as shown in Fig. 7, which
strongly blocks transmon frequencies while allowing the
QQ red and blue sideband drives to pass (see Fig. 17 for
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FIG. 7. The stepped impedance Purcell filter. (a) Optical
image of our SIPF chip made using Ta on sapphire. (b) Cal-
culated SIPF insertion loss. Transmon transitions, QQ red
and blue sideband frequencies are marked in the plot.

the full measurement setup).

VI. QQ AND QR SIDEBAND RATES

The ability to sustain fast QQ sidebands is crucial to
the realization of the Star code and we optimize the ge-
ometry of the device as discussed in the previous sec-
tion. In Fig. 8(a), we show all two-photon QQ sidebands
achieved in the experiment. Fig. 8(b) shows all exper-
imentally achieved QR sidebands and resonator decay
rates. The strong and rich two-photon processes with this
design also show the potential of realizing high-fidelity
two-qutrit gates [10].

VII. FULL STAR CODE CALIBRATION
PROCESS

To implement the Star code, we need to calibrate the
QQ and QR sideband frequencies when all sidebands
are simultaneously on. The presence of external side-
bands will change both transmons’ frequencies through
AC-stark shift and rectifying effect (RF modulation un-
der a nonlinear frequency-flux response). In the experi-
ment, we systematically perform the calibration, shown
in Fig. 9.

In Fig. 9a, the static ZZ dispersive shift is character-
ized by measuring the Ramsey fringe frequency difference
depending on the other qubit’s state. In steps Fig. 9b and
Fig. 9c, we first turn on all 6 QQ and QR drives at their
bare frequencies. All QQ sideband rates are set to W
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1.0

1.0

2.0

QQ sidebands

QR sidebands

FIG. 8. QQ (top panel) and QR (bottom panel) sidebands
with rates achieved in the experiment without readout satu-
ration.

when independently turned on. Two QQ red sidebands
and two QQ blue sidebands are pair-swept separately as
the ‘red/blue pair’. The pair width and center are the
sidebands’ frequency difference and average. In each iter-
ation step, we update sequentially the red and blue pair
centers, and the QR sideband frequencies. For each pair,
we sweep the center frequency as a function of time with
all six sidebands on. We use |gg⟩ (blue pair) and |fg⟩
(red pair) as the initial states. Reading out the average
photon number in both transmons, the 2D sweep plots
show a fringed chevron pattern (shown in Fig. 10). The
pattern’s center line is the new pair center. The fringe
rate represents the actual sideband detunings νb/r and
rate Wb/r, and the detunings can be updated by chang-
ing pair width at this stage. After extracting both pairs’
new centers, the QR sidebands are calibrated with |eg⟩
and |ge⟩ as the initial state when all drives are on. Pop-
ulating |f⟩ with the |e0⟩ ↔ |f1⟩ process is most efficient
when QR sidebands are on resonance. Because of none
zero ZZff1 and ZZff2, the QR sidebands cannot be ex-
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FIG. 9. Gate circuits for the Star code calibration. (a) Pulse
sequence for calibration of ZZff1. Ramsey-like protocol is
used for the partner transmon being in |g⟩ or |f⟩. The other
ZZs are calibrated similarly. (b) QQ blue and (c) QQ red
sideband frequency calibration sequence. QQ sideband pair
frequencies are iteratively swept and updated based on the
time-domain pattern. (d) |L1⟩ preparation phase calibration
sequence. The phase point that has minimum |e⟩ population
in the sweep is chosen as the calibrated ϕL1. The preparation
phase for |L0⟩ is calibrated similarly. (e) |Lx⟩ preparation
phase calibration protocol.

actly on resonance for both |Li⟩. In the experiment, we
calibrate QR sidebands to be on resonance for the |L0⟩.
For |L1⟩, the error correction process will be slower but
not dephase the state after correction. After a few it-
erations, we get decent frequency calibrations of all six
sidebands.

Logical state preparation includes both charge and flux
drives with appropriate relative phases. Fig. 9d is to cal-
ibrate |L0⟩ and |L1⟩’s preparation phase. For the logical
state |L0⟩, we first apply two πge pulses sequentially on
Q1 and Q2 to prepare |ee⟩ through charge lines. After-
wards a (π/2)|ee⟩↔|gf⟩ pulse with a phase offset ϕL0 and
a π|ee⟩↔|fg⟩ pulse are applied through the flux line. To
prepare |L1⟩, a (π/2)|gg⟩↔|ee⟩ pulse with some phase ϕL1

followed by a π|ee⟩↔|ff⟩ are applied through the flux line.

These steps generally prepare (|gf⟩− eiϕL0 |fg⟩)/
√
2 and

(|gg⟩ − eiϕL1 |ff⟩)/
√
2. For non-zero {ϕL0, ϕL1}, |ee⟩ is

populated under the action of H̃static, and we use this fea-
ture to find the correct preparation phases. We sweep the
phase ϕL0(1) in the presence of all six tones and observe
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FIG. 10. Simultaneous QQ sideband calibration. All six tones
used in the Star code are simultaneously turned on during
the frequency-time sweep. The red (top two panels) and blue
(bottom two panels) QQ sideband pair frequencies are swept
individually for calibration in the presence of the other pair.
Red dash lines in the plots represent the pairs’ center fre-
quency choices. (a) and (b) are Q1 and Q2’s average photon
number when sweeping the red pair with the initial state |fg⟩.
(c) and (d) are Q1 and Q2’s average photon number when
sweeping the blue pair with the initial state |gg⟩.

|e⟩ population on both qutrits. The correct preparation
phases are determined by values that minimize |e⟩ pop-
ulation of both transmons during the first 8 µs of error
correction, as presented in Fig. 11.

Preparation of |Lx⟩ = (|L0⟩ + |L1⟩)/
√
2 does not

require any sideband pulses as it is a product state
(|g⟩ − |f⟩) (|g⟩+ |f⟩) /2. We apply a (π/2)ge pulse
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FIG. 11. Preparation phase calibration of |L0⟩ (left) and |L1⟩
(right) in the error correction experiment. The population
of |e⟩ on Q1 are measured after turning on all sidebands for
up to 8 µs, and the red dash line marks the calibrated phase
position. We choose Q1 due to higher readout fidelity.

with a specific phase, followed by a πef pulse on
both transmons. These pulses prepare the state(
|g⟩+ eiϕLx1 |f⟩

) (
|g⟩+ eiϕLx2 |f⟩

)
/2, leaving two prepa-

ration phases ϕLx1 and ϕLx2 left for calibration. The
correct phase combination can be calibrated on the 2D
ϕLx1-ϕLx2 phase sweep plot. Correct preparation phases
will keep equal populations of |g⟩ and |f⟩ for both trans-
mons at any time after turning on all sidebands. In
Fig. 9e, both transmons’ |g⟩ and |f⟩ populations are mea-
sured 8µs after turning sidebands on. Fig. 12 shows the
2D phase sweep plot. This yields four phase coordinates
{ϕLx1, ϕLx2} = {0, 180◦}⊗{0, 180◦}, and two of the four

correspond to (|L0⟩± |L1⟩)/
√
2. We distinguish the logi-

cal |Lx⟩ by taking two-qutrit state tomography measure-
ments after turning on the sidebands for 9µs and choose
the error-corrected case. The calibration process for the
4 QQ echo case is the same, except the QR sidebands are
off.
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FIG. 12. Phase calibration for |Lx⟩ preparation. Population
of |g⟩ (top) and |f⟩ (bottom) on Q1 (left) and Q2 (right) are
measured after 8 µs, and the red star marks the calibrated
phase position.

VIII. TWO QUTRIT TOMOGRAPHY

Following the basis choice in Ref. 11, we apply 81 post
rotations Sj from the tomography rotation set S ⊗ S:
S = {I,Rge

(
0, π2

)
, Rge

(
π
2 ,

π
2

)
, Rge (0, π) , Ref

(
0, π2

)
,

Ref

(
π
2 ,

π
2

)
, Ref

(
0, π2

)
Rge (0, π) , Ref

(
π
2 ,

π
2

)
Rge (0, π) ,

Ref (0, π)Rge (0, π)}. Here I is the identity gate, and the
rotations Rge and Ref are defined as follows

Rge (ϕ, θ) =

 cos θ
2 −e−iϕ sin θ

2 0
eiϕ sin θ

2 cos θ
2 0

0 0 1

 , (18a)

Ref (ϕ, θ) =

1 0 0
0 cos θ

2 −e−iϕ sin θ
2

0 eiϕ sin θ
2 cos θ

2

 . (18b)
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FIG. 13. Single shot confusion matrix. Two-qutrit basis
states are prepared and measured 5000 times.

Simultaneous single-shot readouts are collected after
each of the 81 rotations. Fig. 13 shows the single shot
confusion matrix of our readout. To compensate for the
measurement error, we applied the inverse of the confu-
sion matrix to the readout result. Maximum-Likelihood-
Estimation (MLE) is used to reconstruct the physical
density matrix ρm that minimizes the cost function fc,

fc(
−→p ,−→q ) =

81∑
j=1

∑
a,b=g,e,f

(
pj,|ab⟩ − qj,|ab⟩

qj,|ab⟩

)2

,

pj,|ab⟩ = ⟨ab|Sj · ρm |ab⟩ ,
qj,|ab⟩ = ⟨ab|Sj · ρexp |ab⟩ .

(19)

Here qj,|ab⟩ is the measured probability for |ab⟩ after
the jth tomography rotation. For any state tomogra-
phy data, we repeat the same experiment 5000 times to
approximate each qj,|ab⟩. We first obtain ρexp from di-
rect inversion of the experimental data and then perform
MLE to find the physical density matrix ρm.
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The tomographically reconstructed states after prepa-
ration, and after 9µs for the three cases of free decay,
4 QQ echo, and AQEC are illustrated in Fig. 14. The
evolution of fidelities as a function of time are shown in
Fig. 15.

IX. SIMULATION AND ERROR CHANNELS IN
THE AQEC

All simulations are carried out in a Hamiltonian of di-
mension 3 × 3 × 2 × 2. We first simulate the theoretical
lifetime improvement with only photon loss error in the
rotating frame (Eq. 4), and results are shown in Fig. 16.
All simulated data show improvements beyond the break-
even point, even with only 10 µs T ge

1 and modest rate
requirements for QQ and QR sidebands. The logical co-
herence limits come from the double photon loss event
and off-resonant population to other stray states from
the spectrum crowding (see Ref. [12]). Logical errors will
happen when a second photon decays before correction.
|Lx⟩ has a higher lifetime than |Lj⟩ because it is par-
tially protected against double photon loss in a single
transmon. Longer physical T ge

1 , larger Wr/b, and Ωj for
a faster error correction rate help increase this limit.

To simulate the real system, several error channels are
introduced in the static frame H̃static (Eq. 3)— single

photon decay T ge,j
1 and T ef,j

1 , single transmon dephasing

T j
ϕ, single-photon excitation T ↑

1 , resonator photon popu-

lation nres and extra correlated dephasing T
|ff⟩
ϕ at |ff⟩

level. Since only ZZff1 and ZZff2 have effects on the
logical state, we model the ZZs by directly adding energy
shifts to |fe⟩ and |ef⟩, so that all logical basis still share
the same energy and remain static in the frame. In the
presence of external drives, the parameters will be differ-
ent from the free decay case. We use experimentally mea-
sured ZZff1 and ZZff2 values in the simulation. The
full master equation is solved in QuTip,

∂ρ(t)

∂t
= −i [Hfull, ρ(t)]

+ (
∑
j=1,2

(
1

T ge,j
1

Dj [|g⟩ ⟨e|] +
1

T ef,j
1

Dj [|e⟩ ⟨f |]

+
1

T ↑
1

Dj [|e⟩ ⟨g|] +
2

T ↑
1

Dj [|f⟩ ⟨e|]

+
1

T j
ϕ

Dj [|e⟩ ⟨e|] +
4

T j
ϕ

Dj [|f⟩ ⟨f |]

+ κjnresD[a†rj ] + κjD[arj ])

+
1

T
|ff⟩
ϕ

D12[|ff⟩ ⟨ff |])ρ(t).

(20)

Here we define

Hfull = H̃static +
∑
j=1,2

χjnqjnrj

+ (ZZff1 |fe⟩ ⟨fe|+ ZZff2 |ef⟩ ⟨ef |)⊗ I4, (21)

D[A]ρ = AρA† − 1

2

(
A†Aρ+ ρA†A

)
,

D1[A] = D[A⊗ I3 ⊗ I4],

D2[A] = D[I3 ⊗A⊗ I4],

D12[A] = D[A⊗ I4].

Since transmons’ anharmonicities are much larger than
the transmon decay rate, each level’s decay and dephas-
ing are phase-independent. The system’s full density ma-
trix ρ(t) is calculated and used to extract the coherence
time and correctable error rate. Table IV includes all
parameters used in the master equation simulation. For
each separate case (free decay, 4 QQ echo, and AQEC),
parameters are the same for all logical states |L0⟩, |L1⟩,
and |Lx⟩. T j

ϕ is increased in the 4 QQ Echo and AQEC

cases because of the echo suppression of 1/f noise.
Table V shows the lifetime limitations from different

error channels in the AQEC case. In the ideal imple-
mentation, we include only the single photon decay and
QR couplings χj in the simulation. The transmon pho-
ton excitation is enhanced when all sidebands are turned
on. However, excitation error on |Lx⟩ is partially cor-
rectable under three-level approximation, and thus |Lx⟩
is more insensitive to it compared to

∣∣L0/1

〉
. Resonator

photon excitation happens from the heating effect when
QR sidebands are on. Larger cavity photon number nres
will dephase all logical states and is one of the domi-
nant error sources in our system. With higher resonator
frequencies or an extra coupler between transmon and
resonator, nres can be reduced under the same QR rate
Ωj . The next two dominant error channels are cross-
Kerr of between the transmons and QR frequency mis-
match. ZZff1 and ZZff2 will dephase logical superpo-
sition states, as discussed in Supplementary Material IV
(but has no effect on individual logical states). QR fre-
quency mismatch is unavoidable in the presence of ZZ.
In the experiment, we apply on-resonance |e0⟩ ↔ |f1⟩
drive for |L0⟩ (corresponding the partner transmon be-
ing in |g⟩). Consequently, for |L1⟩ the QR sidebands
become detuned by ZZff1 and ZZff2 (corresponding to
the partner being in |f⟩) and effectively perform slower
error correction. The QQ sideband frequency mismatch
comes from a modest upper bound of the system’s fre-
quency drift (around 10 kHz). This is not comparable
to the W and has no significant influence on the logical
states. Other dephasing noise sources include 1/f noise,
white noise, and |ff⟩’s correlated dephasing. Among
those three the white noise affects AQEC performance
as it has a constant noise spectrum that cannot be sup-
pressed through the spin echo. Star code protocol is also
insensitive to small sideband amplitude drifts. The phase
between logical states is defined by different sideband
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FIG. 14. Evolution of the logical states under different conditions. Panels from top to bottom correspond to the logical state
|L0⟩, |L1⟩ and |Lx⟩. The real part of the density matrices are plotted as the imaginary components are small after phase
rotation. The left column shows the initial states. Improvements in the coherence can be seen for the echo case when compared
to free decay. With the full Star code protocol, further improvements are observed.

pairs, and amplitude drifts have to be comparable to W
to change the logical states. Further, when all sidebands
are on, both transmons’ physical T1 are shortened, which
slightly reduces the performance. Other insignificant er-
ror sources include leakage to higher transmon energy
levels (|αj | ≫ W ) and population in the coupler mode
(ωc ≫ ωj). Those are not considered in the simulation
as the transition frequency is far away.

X. DEVICE FABRICATION AND
MEASUREMENT SETUP

The substrate for the device is a 430 µm thick C-plane
sapphire wafer annealed at 1200oC for 2 hours. The
ground plane uses 200 nm thick Tantalum film sputtered
at 800oC. Large patterns, except Josephson junctions,

were made through optical lithography and 20-second
wet-etching in Transene Tantalum etchant 111. AZ 1518
was spin-coated as the positive photoresist, and a Hei-
delberg MLA 150 Direct Writer was used for the pho-
tolithography. The junction mask was fabricated with
a Raith EBPG5000 Plus E-Beam Writer on a bi-layer
resist (MMA EL11-950 PMMA A7). Transmon and cou-
pler’s Josephson junctions are Dolan bridge type. The
mask was evaporated in a Plassys electron-beam evapo-
rator with double-angle evaporation (±23o). The wafer
was diced into 7 × 7 mm2 chips and lifted off. After
measuring the test junctions’ resistances, the device was
mounted on a printed circuit board, wire-bonded, pack-
aged inside a µ-metal shielded sample can, and installed
inside a dilution fridge.

Figure 17 shows the room and cryogenic temperature
measurement chain. The device is mounted on the mix-
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FIG. 16. Theoretical logical lifetime in the rotating frame.
The logical lifetime increases as a function of physical T1. |L1⟩
has a similar lifetime as |L0⟩ in the simulation. A larger QQ
sideband rate also provides higher logical qubit coherence.
Parameter used for simulation are {W = 10, 5MHz,Ωj =
1.0MHz, νr = −νb = W

2
}, {W = 1.5MHz,Ωj = 0.4MHz,

νr = −νb = 0.85MHz} and κ = 0.5MHz.

ing chamber plate of the dilution fridge with a 15 mK
base temperature. A Tektronix 5014C AWG (1.2GSa/s)
acts as the master trigger for all other equipment. The
readout pulses are generated through two CW tones from
RF sources (PSG-E8257D), modulated by AWG 5014C.
The qubit input pulses are generated through another
4-channel AWG (Keysight M8195 65 Gsa/s, 16 Gsa/s
per channel). The qubit and readout signals are com-
bined and sent through lines In1 and In2 into the dilu-
tion fridge. Three DC sources (Yokogawa GS200) are

Simulation parameters Free decay 4 QQ echo AQEC

Q1 T ge,1
1 (µs) 18.0 21.0 21.0

Q1 T ef,1
1 (µs) 33.0 29.0 23.0

Q1 T 1
ϕ(µs)

† 15.0 23.0 23.0

Q1 T ↑
1 (µs) ∞ ∞ 600.0

Q2 T ge,2
1 (µs)∗ 8.0 9.0 9.0

Q2 T ef,2
1 (µs) 33.0 29.0 23.0

Q2 T 2
ϕ(µs)

† 15.0 23.0 23.0

Q2 T ↑
1 (µs) ∞ ∞ 600.0

T
|ff⟩
ϕ (µs) 4.4 80.0 80.0

κ1 (MHz) 0.53 0.53 0.53
κ2 (MHz) 0.48 0.48 0.48
χ1 (MHz) −0.2
χ2 (MHz) −0.2

nres 0.00 0.00 0.03
Wr (MHz) 1.00 1.45
Wb (MHz) 1.70 1.25
νr (MHz) 1.50 0.80
νb (MHz) 0.00 −0.90
Ω1 (MHz) 0.39
Ω2 (MHz) 0.39

ZZff1 (MHz) 0.6
ZZff2 (MHz) 2.2

TABLE IV. Parameters used in the master equation sim-
ulation. {Wr/b,Ωj , νr/b} are extracted through Fig. 10 in
simulation; ZZff1 and ZZff2 are experimentally measured
through |e0⟩ ↔ |f1⟩ on-resonance frequency difference
when all sidebands on. Coherence times and χj in the
simulations are tuned to explain the Star code experiment,
which are slightly different from the measurement. Irrelevant
parameters in each case are not shown in the table and not
included in the simulation.
† Dephasing in the 4 QQ echo and AQEC cases are higher
because of the QQ sideband spin-echo improvement.
∗ Q2’s T

ge
1 is lower than Q1’s because of the TLSs around the

transition frequency. Effects to the codewords performance
are minimal as population on |e⟩ is corrected.

used to bias the DC flux of the coupler and two Joseph-
son Parametric Amplifiers (JPA). The red and blue QQ
RF flux drives and two direct QR charge drives are syn-
thesized through the same 4-channel AWG. Inside the
fridge, at the 4K plate, all input lines have 20-dB at-
tenuators. At the base plate, In1 and In2 lines have 10-
dB attenuators, followed by a strong Eccosorb® provid-
ing 20-dB attenuation at 4GHz. Charge1 and Charge2
lines have 20-dB attenuators, followed by strong Eccosorb
providing 20-dB attenuation at 4GHz, and a bandpass
filter with passband 3.9 − 4.8GHz. The DC Flux line
has a low pass filter (DC − 1.9MHz) and a weak Ec-
cosorb (1-dB attenuation at 4GHz). The red-frequency
RF flux line passes through a weak Eccosorb first, fol-
lowed by a high pass filter (cut off at 200MHz) and a
low pass filter (cut off at 2GHz). The blue-frequency
RF flux line passes through a weak Eccosorb first, fol-
lowed by a high pass filter (cut off at 6GHz). The two
RF flux lines and the DC flux line are combined and
pass through a Step Impedance Purcell Filter (SIPF)



13

Error channels limit |L0⟩ |L1⟩ |Lx⟩
Ideal implementation∗ 95 µs 160µs

Transmon photon excitation ∼ 360 µs ∼ 3ms
nres dephasing† ∼ 55µs ∼ 25µs

Other dephasing noise† ∼ 50µs ∼ 25µs
Transmon ZZ dephasing ∞ ∼ 25µs
QR frequency mismatch > 10ms ∼ 45µs
QQ frequency mismatch > 10ms ∼ 1.5ms

QQ rate mismatch > 10ms ∼ 4ms
Reduced physical T1 ∼ 330 µs ∼ 400 µs
Experimental lifetime 23.4± 6.8 µs 16.9± 3.7µs 8.7± 4.6µs

TABLE V. Various decoherence channels for the logical qubit. Ideal implementation represents logical states’ lifetime with
QR coupling and only T1 error. Each limit is extracted using the simulation through lifetime difference after adding relevant
error channels. The average photon number in the resonator (nres) increases during external drives and dephases transmons
through photon shot noise. Other dephasing noise include 1/f noise, white noise, correlated dephasing noise, and any other
noise source. The total effect is represented with T j

ϕ in the simulation. ZZ between transmons introduces a large mismatch in

QR frequency for |L1⟩ and |Lx⟩, and the effect is combined with ZZ dephasing for |Lx⟩ case. The drifts in sideband amplitudes
frequencies are less than 5% and 20 kHz, and those limits are in the order of ms.
∗ Ideal implementation includes QR couplings χj but no QQ ZZ couplings.
† nres and T j

ϕ are determined through simulation-experiment matching.

with a stop band 2.5 − 5.5GHz. The two output sig-
nals go through three circulators, then each amplified
by a JPA with 15-dB gain, followed by a low pass fil-
ter (cut off at 8GHz), two circulators, a DC block, and
amplified with one LNF High-Electron-Mobility Transis-
tor (HEMT) amplifier. The output signals are further
amplified at room temperature, then demodulated, fil-
tered with a low pass filter (DC −250MHz), and ampli-
fied again using the SRS Preamplifier. The final signal is
digitized with Alazar ATS 9870 (1GSa/s) and analyzed
in a computer.
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FIG. 17. Detailed cryogenic and room temperature measurement setup.
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