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Supplementary Information (Appendices) 1 

 2 

Appendix 1: Reproducing the patterns of prospect theory in the AS 3 

model with surprise functions of general form 4 

Here we are showing that the predictions from the AS model conform to the empirical 5 
observation in Kahneman and Tversky (1979) for the type of problems described in Table 1. 6 

For the gain domain, it is useful to study how the surprise function varies with respect to 𝑝 in 7 

the setting described in Table A1. 8 

 Reward Probability 

Outcome 1 1/𝑝 𝑝 

Outcome 2 0 1 − 𝑝 

Table A1: The setting for studying the property of the surprise function in the gain domain. 9 

Note that we set 𝑥̅ = 1 to simplify analysis. 10 
 11 
In this setting, the surprise value ∆, as a function 𝑝, is given by: 12 

∆(𝑝) = 𝑝𝛿 (
1

𝑝
− 1) + (1 − 𝑝)𝛿(−1) = 𝑝𝑓 (

1

𝑝
− 1) − (1 − 𝑝)𝑘𝑓(1)                          (A1) 13 

From (A1), we can obtain the following important results: 14 

∆(𝑝 = 1) = 0  15 

lim
𝑝→0

𝛿(𝑝) = lim
𝑝→0

 𝑝𝑓 (
1

𝑝
)  = ∞  16 

𝜕𝛿

𝜕𝑝
|𝑝=1 = 𝑘𝑓(1) − 𝑓′(0) ≥ 𝑓(1) − 𝑓′(0) > 0  17 

𝜕2𝛿

𝜕𝑝2 =
1

𝑝3 𝑓′′ (
1

𝑝
− 1) > 0  18 

The 2nd and 4th conditions mean that ∆(𝑝) is positive and decreasing at small 𝑝. The 1st, 3rd 19 

and 4th conditions necessitate that ∆(𝑝)  reaches negative value at some intermediate values 20 

of 𝑝, and then increases and reaches the value of 0 at 𝑝 = 1. This results in a U-shaped ∆(𝑝) 21 

that crosses zero at intermediate 𝑝. See, for example, Figure 1. 22 

The value of 𝑝 where ∆(𝑝) = 0, aside from the trivial solution 𝑝 = 1, corresponds to the 23 
probability where the subject switch from the gambling option to the certain option. For the 24 

special case where 𝑘 = 1, it can be easily shown from (A1) that ∆(𝑝 = 0.5) = 0. For the 25 

realistic case where 𝑘 > 1, note that 𝛿 is decreasing with  𝑘, which means that ∆(𝑝 = 0.5) <26 

0 and that ∆ crosses 0 at a smaller value of 𝑝. 27 

In the loss domain, the relevant setting is shown in Table A2. 28 

 Reward Probability 

Outcome 1 −1/𝑝 𝑝 

Outcome 2 0 1 − 𝑝 

Table A2: The setting for studying the property of the surprise function in the loss domain. 29 
 30 

In this setting, the surprise value ∆− is given by: 31 
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 ∆−(𝑝) = 𝑝𝑘𝑓 (
−1

𝑝
— 1) + (1 − 𝑝)𝑓(— 1) 32 

              = −𝑝𝑘𝑓 (
1

𝑝
− 1) + (1 − 𝑝)𝑓(1)                          (A2) 33 

We are particularly interested in knowing whether reflection effect holds in our model. For a 34 

pair options with probability 𝑝1 and 𝑝2 respectively, reflection effect holds when ∆(𝑝1) >35 

∆(𝑝2) and ∆−(𝑝1) < ∆−(𝑝2), or when ∆(𝑝1) < ∆(𝑝2) and ∆−(𝑝1) > ∆−(𝑝2). For 𝑘 = 1, 36 

∆−(𝑝) = −∆(𝑝), which implies that the reflection effect can be observed at all values of 𝑝,  37 

since ∆(𝑝1) > ∆(𝑝2) implies ∆−(𝑝1) < ∆−(𝑝2) for all 𝑝1, 𝑝2, and vice versa. For 𝑘 > 1, 38 

reflection effect is not always observed. For example, both ∆(0.5) and ∆−(0.5) are negative 39 

and ∆(1) = ∆−(1) = 0. So, we have ∆(1) > ∆(0.5) and ∆−(1) > ∆−(0.5), violating the 40 

reflection effect. In general, the reflection effect can be observed for extreme values of 𝑝1 and 41 

𝑝2, while it becomes ambiguous when they take intermediate values. 42 

 43 

Appendix 2: Reproducing the results for problem 10 in Kahneman’s 44 

1979 paper using the AS model 45 

Here we are showing that our sequential branching mechanism implies that for problem 10 in 46 

Kahneman’s 1979 paper, consistent to the experiment observations and what PT proposed, it 47 
is effectively equivalent to the case when the 1st stage of the problem is ignored. The 48 
branching scheme of a general version of problem 10 is shown in Figure S1. 49 

 50 
Figure S1: The branching scheme for a general version of problem 10 in Kahneman and 51 
Tversky (1979). 52 
 53 

The surprise value ∆𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒, as a function 𝑝2, is given by: 54 

∆𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒(𝑝2)  55 

= (1 − 𝑝1)𝛿(−𝑝1) + 𝑝1𝛿(1 − 𝑝1) + 𝑝1 (𝑝2𝛿 (
1

𝑝2
− 1) + (1 − 𝑝2)𝛿(−1))  56 

= 𝑓(1 − 𝑝1) − (1 − 𝑝1)𝑘𝑓(𝑝1) + 𝑝1 (𝑝2𝑓 (
1

𝑝2
− 1) − (1 − 𝑝2)𝑘𝑓(1))                         (A3) 57 

Note that the term 𝑓(1 − 𝑝1) − 𝑘(1 − 𝑝1)𝑓(𝑝1) is independent of 𝑝2. This is intuitive 58 

because events involving the same branch and same expected value at the intermediate states 59 

should generate the same anticipated surprise. 60 

Consider two options: one with 𝑝2 = 𝑟, the other with 𝑝2 = 𝑠. The difference in the surprise 61 

value 𝐷𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒 = ∆𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒(𝑟) − ∆𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒(𝑠) is given by: 62 
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𝐷𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒 = 𝑝1 (𝑟𝑓 (
1

𝑟
− 1) − 𝑠𝑓 (

1

𝑠
− 1) − 𝑘(𝑟 − 𝑠)𝑓(1))                          (A4) 63 

In Kahneman’s 1979 paper, it was suggested that the problem is equivalent to the case when 64 
the common blue branch is removed. When the common branch is removed, the problem 65 

reverts to the one that we discussed in Section 1. The surprise ∆𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒(𝑝2) is given by eq. 66 

(A1) in Appendix 1. The difference in the surprise value for the same two options 67 

𝐷𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒 = ∆𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒(𝑟) − ∆𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒(𝑠) is given by:  68 

𝐷𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒 = 𝑟𝑓 (
1

𝑟
− 1) − 𝑠𝑓 (

1

𝑠
− 1) − 𝑘(𝑟 − 𝑠)𝑓(1)                               (A5) 69 

The option preference is determined by the sign of 𝐷. Here, since 𝐷𝑡𝑤𝑜 𝑠𝑡𝑎𝑔𝑒 only differs 70 

from 𝐷𝑜𝑛𝑒 𝑠𝑡𝑎𝑔𝑒 by a multiplicative factor 𝑝1, they always have the same sign. Thus, the 71 

model predicts the same preference no matters the choice of 𝑟 and 𝑠, meaning that the two-72 

stage problem and the single-stage problem (obtained by removing the common branch) are 73 

practically equivalent in the anticipated surprise model.  74 
 75 

Appendix 3: Analysis of Blackjack gambling 76 

The rule of Blackjack 77 

Here we are only describing the rules of the blackjack that are relevant to this work. Also 78 
please note that there are no official rules for blackjack as casinos are free to introduce their 79 

own house rules. However, the one we describe here is one of the best known, widely used in 80 
casinos and work in gambling analysis (Shackleford, 2019a). 81 

Blackjack uses standard 52-card decks. In a casino setting where many games are played, 82 
multiple decks of cards are used and played cards are introduced back into the deck often. 83 

This is to minimize the change of the winning odds as a result of changes in the composition 84 
of the deck as cards are exhausted. The goal of the player is to obtain a hand of cards with a 85 

higher value than that of the dealer. The value of the hand depends on a point system. Points 86 
are calculated by summing up the numbers on all cards in the hand. Face cards (i.e. Js, Qs and 87 

Ks) stands for 10 points. For the Aces, they can stand for either 1 point or 11 points, chosen 88 
in order to maximize the value of the hand. The value of a hand in descending order is as 89 
follows: an Ace and a single card with 10 points (also known as blackjack (abbrev. BJ)), 21 90 

points (but not BJ), 20 points, 19 points, 18 points, 17 points, 4-16 points, more than 21 91 
points (known as busted hand) for dealer, busted hand for player. 92 

In the beginning of a round, the player is given two cards and the dealer is given one card 93 

faced up and one card faced down (the player cannot read the card faced down). The player 94 

plays before the dealer, except when the faced-up card of the dealer is an Ace, in which case 95 
we will cover later. He can choose to take an extra card or not to. If he chooses to take an 96 
extra card, a card will be dealt to him, and the same option will be presented to him again 97 
until his hand become busted. If he chooses not to, the turn will be passed to the dealer. The 98 
dealer will keep taking extra cards until his hand has more than or equal to 17 points. After 99 

the dealer finished playing, the round ends, and whoever has a hand with a higher value wins. 100 
When the player wins, he receives twice the amount of his original bet, thus giving him a net 101 
win of the size of his bet. An exception is when he wins with a hand of blackjack, in which 102 
case he will in addition get an extra amount of 0.5 times of his bet. When the player loses, he 103 
receives nothing, thus giving him a net loss of the size of his bet. In the event where the hand 104 
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of the player and the dealer has equal value, normally the player will get back his bet and thus 105 

winning or losing nothing. However, to simplify our analysis, in section 3.1.1 and 3.1.2.2, we 106 
assume that the player will instead throw a coin to decide if he wins or loses, giving him 50% 107 
chance of winning and 50% chance of losing an amount equal to the size of his bet. 108 

If the face-up card of the dealer is an Ace, the player will be given an option to place a side 109 
bet of the size half his original bet, known as ‘the insurance’, to bet on whether the hand of 110 
the dealer is Blackjack. Before the player starts playing, the dealer will peek at the face-down 111 
card. If the dealer has blackjack, the player will get a net win of the amount 2 times of his 112 
side bet, which is equivalent to the size of his original bet. At this point, the original bet can 113 

also be resolved. If the dealer does not have blackjack, the player will lose his side bets and 114 
play resumes in order to resolve the original bet. The placement of the insurance side bet does 115 
not affect how the original bet is resolved. 116 
 117 

Analysis for Section 3.11 (16 vs 10 situation) 118 

Here we are showing that Δ𝑠𝑡𝑎𝑛𝑑 ≥ Δℎ𝑖𝑡. First, we note that the size of 𝑥 has no role in 119 

affecting the rank of ∆𝑏𝑒𝑡 and ∆𝑛𝑜𝑡 𝑏𝑒𝑡 since we can make a transformation to remove 𝑥 120 

during the comparison between these two quantities. To simplify our analysis, we set  𝑥 = 1 121 

such that 122 

Δ𝑠𝑡𝑎𝑛𝑑 and Δℎ𝑖𝑡 is given by: 123 

∆𝑠𝑡𝑎𝑛𝑑= 𝑝0𝑓(1 − 𝑝0) − (1 − 𝑝0)𝑘𝑓(𝑝0)                           (A6a) 124 

∆ℎ𝑖𝑡= − (1 −
𝑝0

𝑝2
) 𝑘𝑓(𝑝0) +

𝑝0

𝑝2
[𝑓(𝑝2 − 𝑝0) + 𝑝2𝑓(1 − 𝑝2) − (1 − 𝑝2)𝑘𝑓(𝑝2)]          (A6b) 125 

𝐷 = ∆𝑠𝑡𝑎𝑛𝑑 − ∆ℎ𝑖𝑡= 𝑝0 (
1

𝑝2
− 1) 𝑘(𝑓(𝑝2) − 𝑓(𝑝0)) + 𝑝0(𝑓(1 − 𝑝0) − 𝑓(1 − 𝑝2)) −126 

𝑝0

𝑝2
𝑓(𝑝2 − 𝑝0)                                                  (A7) 127 

Since 𝑓 is convex, f(𝑝2 − 𝑝0) ≤  𝑓(𝑝2) − 𝑓(𝑝0), eq. (A7) can then be rewritten as: 128 

𝐷 ≥
𝑝0

𝑝2
(𝑘 − 1)(𝑓(𝑝2) − 𝑓(𝑝0)) + 𝑝0[(𝑓(1 − 𝑝0) + 𝑘𝑓(𝑝0)) − (𝑓(1 − 𝑝2) + 𝑘𝑓(𝑝2))]   129 

                             (A8) 130 

For 𝑘 = 1, the 1st term in eq. (A8) vanishes. For the 2nd term, define 𝐹(𝑧) = 𝑓(1 − 𝑧) +131 

𝑓(𝑧),  𝑧 ∈ [0,1].  132 

Consider the conditions 0 ≤ 𝑝 ≤ 𝑞 ≤
1

2
, using the properties of a convex function again, we 133 

have 134 

𝑓(1 − 𝑝) − 𝑓(1 − 𝑞) ≥ (𝑞 − 𝑝)𝑓′(1 − 𝑞)  135 

𝑓(𝑞) − 𝑓(𝑝) ≤ (𝑞 − 𝑝)𝑓′(𝑞) ≤ (𝑞 − 𝑝)𝑓′(1 − 𝑞) ≤ 𝑓(1 − 𝑝) − 𝑓(1 − 𝑞)                 (A9) 136 

Eq. (A9) means 𝐹(𝑞) > 𝐹(𝑝)  for 0 ≤ 𝑝 ≤ 𝑞 ≤
1

2
. For the domain 

1

2
< 𝑧 ≤ 1, we can make 137 

use of the fact that by definition, 𝐹(𝑧) = 𝐹(1 − 𝑧).  138 

In a player’s 16 vs dealer’s 10 situation, 𝑝0 = 0.23, 𝑝1 =
5

13
, 𝑝2 =

𝑝0

𝑝1
= 0.6 (Shackleford, 139 

2019b). By above, 𝑓(1 − 𝑝0) + 𝑓(𝑝0) = 𝐹(0.23) > 𝐹(0.4) = 𝐹(0.6) = 𝑓(1 − 𝑝2) + 𝑓(𝑝2), 140 

and thus 𝐷 ≥ 0.    141 

For 𝑘 > 1, we note that ∆𝛿 is an increasing function with 𝑘 since 142 
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𝑑𝐷

𝑑𝑘
= 𝑝0 (

1

𝑝2
− 1) (𝑓(𝑝2) − 𝑓(𝑝0)) > 0                             (A10) 143 

Therefore 𝐷 ≥ 0 also holds for 𝑘 > 1. 144 

 145 

Analysis for Section 3.1.2.2 (taking side bets when the player has a non-146 

blackjack good hand) 147 

Here we are showing that ∆𝑏𝑒𝑡≥ ∆𝑛𝑜 𝑏𝑒𝑡. We are assuming that both the options of taking and 148 

not taking side bets has the same expected value, this amounts to 𝑝1 =
1

3
 (in reality 𝑝1 is 149 

slightly different at 𝑝1 =
4

13
). Denoting the initial expected value of the hand, i.e before the 150 

dealer peeks for BJ by 𝐸0. 𝐸0 can be expressed as 151 

𝐸0 = (1 − 𝑝1) [
𝑥

2
𝑝2 −

3𝑥

2
(1 − 𝑝2)] =

2𝑥

3
(2𝑝2 −

3

2
 ) = 𝑥(

4

3
𝑝2 − 1)                  (A11a) 152 

Like in the previous section, the size of 𝑥 has no role in affecting the rank of ∆𝑏𝑒𝑡 and 153 

∆𝑛𝑜𝑡 𝑏𝑒𝑡 since we can make a transformation to remove 𝑥 during the comparison between 154 

these two quantities. To simplify our analysis, we set  𝑥 = 1 such that 155 

𝐸0 =
4

3
𝑝2 − 1                                       (A11b) 156 

Let 𝐸1 be the expected value after the dealer peeks for BJ if the player takes the side bet.  157 

𝐸1 =
𝐸0

(1−𝑝1)
=

3

2
𝐸0                                   (A12) 158 

Let 𝐸2 be the expected value after the dealer peeks for BJ if the player does not take the side 159 

bet. 160 

𝐸2 = 𝐸1 +
1

2
=

3

2
𝐸0 +

1

2
                                   (A13) 161 

It is trivial that 𝐸2 ≥ 𝐸0. However, whether it is 𝐸1 ≥ 𝐸0 or  𝐸1 ≤ 𝐸0 depends on the sign of 162 

𝐸0. Therefore, we divide the problem in the separate cases: 𝐸0 < 0 and 𝐸0 ≥ 0. 163 

 164 

Case 1: 𝐸0 < 0 165 

When 𝐸0 < 0, 𝐸1 < 𝐸0. ∆𝑏𝑒𝑡 and ∆𝑛𝑜 𝑏𝑒𝑡 can be expressed as 166 

∆𝑏𝑒𝑡= 𝑝1𝑔𝑓(−𝐸0) + (1 − 𝑝1) [−𝑘𝑓 (
−𝐸0

2
) + 𝑝2𝑓 (

1

2
−

3𝐸0

2
) − (1 − 𝑝2)𝑘𝑓 (

3

2
+

3𝐸0

2
)]  (A14a) 167 

∆𝑛𝑜 𝑏𝑒𝑡= −𝑝1𝑘𝑓(1 + 𝐸0) + (1 − 𝑝1) [𝑓 (
1

2
+

𝐸0

2
) + 𝑝2𝑓 (

1

2
−

3𝐸0

2
) − (1 − 𝑝2)𝑘1𝑓 (

3

2
+

3𝐸0

2
)]                 168 

                                 (A14b) 169 

Substituting in 𝑝1 =
1

3
, we have 170 

𝐷 = ∆𝑏𝑒𝑡 − ∆𝑛𝑜 𝑏𝑒𝑡=
1

3
[(𝑓(−𝐸0) + 𝑘𝑓(1 + 𝐸0)) − 2 (𝑘𝑓 (

−𝐸0

2
) + 𝑓 (

1

2
(1 + 𝐸0)))]     (A15) 171 

For 𝑘 = 1, using the properties of a convex function, we have 172 

𝑓(−𝐸0) ≥ 2𝑓 (
−𝐸0

2
)  and 𝑓(1 + 𝐸0) ≥ 2𝑓 (

1

2
(1 + 𝐸0)). 173 

It follows that   𝐷 ≥ 0. 174 

For 𝑘 > 1, we again study the derivative of ∆𝛿 with respective to 𝑘 175 
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𝑑𝐷

𝑑𝑘
=

1

3
[𝑓(1 + 𝐸0) − 2𝑓 (

−𝐸0

2
)]                                  (A16) 176 

If 𝐸0 ≥
−1

2
, we have 𝑓(1 + 𝐸0) ≥ 2𝑓 (

1

2
(1 + 𝐸0)) ≥ 2𝑓 (

−𝐸0

2
) such that 𝐷 increases with 𝑘 177 

and remains positive at 𝑘 > 1. 178 

From eq. (A11b), 𝐸0 ≥
−1

2
 when 𝑝2 ≥

3

8
. Since a large 𝑝2 means that there is a large 179 

probability of winning with the hand, which, in order words, means the hand is a good hand. 180 
The results suggest that players prefer to take side bets when they have good hands. 181 
 182 

Case 2: 𝐸0 ≥ 0 183 

Since in the previous section, we established that 𝐸0 ≥
−1

2
 is always considered good hands, 184 

we have to show that when 𝐸0 > 0, ∆𝛿 ≥ 0 unconditionally. Noting that when 𝐸0 ≥ 0, 𝐸1 ≥185 

𝐸0, and that from eq. (A11b) 𝐸0 has an upper bound of 
1

3
, ∆𝑏𝑒𝑡 and ∆𝑛𝑜 𝑏𝑒𝑡 is given by 186 

∆𝑏𝑒𝑡= −𝑝1𝑘𝑓(𝐸0) + (1 − 𝑝1) [𝑓 (
𝐸0

2
) + 𝑝2𝑓 (

1

2
−

3𝐸0

2
) − (1 − 𝑝2)𝑘𝑓 (

3

2
+

3𝐸0

2
)]        (A17a) 187 

∆𝑛𝑜 𝑏𝑒𝑡= −𝑝1𝑘𝑓(1 + 𝐸0) + (1 − 𝑝1) [𝑓 (
1

2
+

𝐸0

2
) + 𝑝2𝑓 (

1

2
−

3𝐸0

2
) − (1 − 𝑝2)𝑘𝑓 (

3

2
+

3𝐸0

2
)] 188 

                                (A17b) 189 

Substituting in 𝑝1 =
1

3
, we have 190 

𝐷 = ∆𝑏𝑒𝑡 − ∆𝑛𝑜 𝑏𝑒𝑡=
1

3
[𝑘(𝑓(1 + 𝐸0) − 𝑓(𝐸0)) − 2 (𝑓 (

1

2
+

𝐸0

2
) − 𝑓 (

𝐸0

2
))]               (A18) 191 

For 𝑘 = 1, again using the properties of a convex function, we have 192 

𝑓(1 + 𝐸0) − 𝑓 (
1

2
+

𝐸0

2
) > (

1

2
+

𝐸0

2
) 𝑓′ (

1

2
+

𝐸0

2
)  193 

𝑓 (
1

2
+

𝐸0

2
) − 𝑓 (

𝐸0

2
) <

1

2
𝑓′ (

1

2
+

𝐸0

2
)  194 

𝑓(𝐸0) − 𝑓 (
𝐸0

2
) < (

𝐸0

2
) 𝑓′(𝐸0) <

𝐸0

2
𝑓′ (1 +

𝐸0

2
)  195 

This gives 196 

𝑓(1 + 𝐸0) − 𝑓 (
1

2
+

𝐸0

2
) > 𝑓 (

1

2
+

𝐸0

2
) − 𝑓 (

𝐸0

2
) + 𝑓(𝐸0) − 𝑓 (

𝐸0

2
) 197 

𝑓(1 + 𝐸0) − 𝑓(𝐸0) > 2 (𝑓 (
1

2
+

𝐸0

2
) − 2𝑓 (

𝐸0

2
)) 198 

It follows that   𝐷 ≥ 0.  199 

From (A18), it is obvious that 𝐷 increases with 𝑘 such that 𝐷 ≥ 0 still holds when 𝑘 > 1. 200 

 201 

Appendix 4: Analysis of the Ellsberg paradox 202 

Here we are exploring the condition in which the unambiguous urn would be preferred over 203 

the ambiguous urn. We assume that a symmetric prior probability that satisfies 𝑝(𝑚) =204 

𝑝(1 − 𝑚) for 𝑚 ∈ {0,
1

2𝑛
,

2

2𝑛
, … , 1}. The surprise value for picking the unambiguous urn (∆1) 205 

and the ambiguous urn (∆2) is given by eqs. (6a) and (6b) in the main text. For convenience, 206 
we are repeating them here: 207 
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∆1=
1

2
𝛿 (

1

2
) +

1

2
𝛿 (−

1

2
) =

1

2
𝑓 (

1

2
) −

𝑘

2
𝑓 (

1

2
)  208 

     = ∑ 𝑝(𝑚) [
1−𝑘

2
𝑓 (

1

2
)]𝑚   209 

     = (1 − 𝑘) ∑ 𝑝(𝑚)𝑓 (
1

2
)𝑚<1/2 + 𝑝 (

1

2
)

1−𝑘

2
𝑓 (

1

2
)                            (A19a) 210 

∆2= ∑ 𝑝(𝑚) [𝛿 (𝑚 −
1

2
) + 𝑚𝛿(1 − 𝑚) + (1 − 𝑚)𝛿(−𝑚)]𝑚   211 

     = ∑ 𝑝(𝑚) [−𝑘𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) − 𝑘(1 − 𝑚)𝑓(𝑚)]𝑚<1/2 + 𝑝 (

1

2
)

1−𝑘

2
𝑓 (

1

2
) +212 

∑ 𝑝(𝑚) [𝑓 (𝑚 −
1

2
) + 𝑚𝑓(1 − 𝑚) − 𝑘(1 − 𝑚)𝑓(𝑚)]𝑚>1/2   213 

= ∑ 𝑝(𝑚) [−𝑘𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) − 𝑘(1 − 𝑚)𝑓(𝑚)]𝑚<1/2 + 𝑝 (

1

2
)

1−𝑘

2
𝑓 (

1

2
) 214 

+ ∑ 𝑝(1 − 𝑚) [𝑓 (
1

2
− 𝑚) + (1 − 𝑚)𝑓(𝑚) − 𝑘𝑚𝑓(1 − 𝑚)]𝑚<1/2   215 

= (1 − 𝑘) ∑ 𝑝(𝑚) [𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) − (1 − 𝑚)𝑓(𝑚)]𝑚<1/2 + (

1

2
)

1−𝑘

2
𝑓 (

1

2
) (A19b)  216 

Note that we used ∑ 𝐹(1 − 𝑚)𝑚>1/2 = ∑ 𝐹(𝑚)𝑚<1/2  for general function 𝐹. 217 

𝐷 = Δ2 − Δ1  218 

= (1 − 𝑘) ∑ 𝑝(𝑚) [𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) − (1 − 𝑚)𝑓(𝑚) − 𝑓 (

1

2
)]𝑚<1/2             (A20)              219 

                       220 
Condition 1: f is not strongly convex 221 

Since 𝑘 ≥ 1, a sufficient condition for 𝐷 > 0 is 222 

𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) + (1 − 𝑚)𝑓(𝑚) > 𝑓 (

1

2
) ∀0 ≤ 𝑚 ≤

1

2
                        (A21) 223 

Define 𝐹(𝑚) = 𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) + (1 − 𝑚)𝑓(𝑚). Note that 224 

𝐹(0) = 𝐹 (
1

2
) = 𝑓 (

1

2
)  225 

𝐹′(𝑚) = −𝑓′ (
1

2
− 𝑚) − 𝑚𝑓′(1 − 𝑚) + 𝑓(1 − 𝑚) + (1 − 𝑚)𝑓′(𝑚) − 𝑓(𝑚)  226 

𝐹′ (
1

2
) = −𝑓′(0) < 0  227 

Based on these results, since 𝑓 (and hence 𝐹) is a continuous function, (A21) would be true if 228 

𝐹′′(𝑚) < 0 ∀0 ≤ 𝑚 ≤
1

2
. 229 

𝐹′′(𝑚) = (1 − 𝑚)𝑓′′(𝑚) + 𝑚𝑓′′(1 − 𝑚) + 𝑓′′ (
1

2
− 𝑚) − 2𝑓′(1 − 𝑚) − 2𝑓′(𝑚)        (A22) 230 

It is not true that 𝐹′′(𝑚) < 0 at 0 ≤ 𝑚 ≤
1

2
 for any convex function 𝑓. Here we would 231 

explore possible conditions where 𝐹′′(𝑥) < 0 is true. We note that 232 

𝐹′′(𝑚)  233 

= (1 − 𝑚)𝑓′′(𝑚) + 𝑚𝑓′′(1 − 𝑚) + 𝑓′′ (
1

2
− 𝑚) − 2𝑓′(1 − 𝑚) − 2𝑓′(𝑚)  234 

= (1 − 𝑚)[𝑓′′(𝑚) − 2𝑓′(𝑚)] + 𝑚[𝑓′′(1 − 𝑚) − 2𝑓′(1 − 𝑚)] − [2𝑚𝑓′(𝑚) +235 

(2 − 2𝑚)𝑓′(1 − 𝑚) − 𝑓′′ (
1

2
− 𝑚)]                                 (A23) 236 

Note that if 𝑓′′(𝑚) ≤
3

2
𝑓′(𝑚), when 0 ≤ 𝑚 <

1

4
, 237 

2𝑚𝑓′(𝑚) + (2 − 2𝑚)𝑓′(1 − 𝑚) >
3

2
𝑓′(1 − 𝑚) ≥

3

2
𝑓′ (

1

2
− 𝑚) ≥ 𝑓′′ (

1

2
− 𝑚), 238 
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and when  
1

4
≤ 𝑚 ≤

1

2
, 239 

2𝑚𝑓′(𝑚) + (2 − 2𝑚)𝑓′(1 − 𝑚) ≥ 2𝑓′(𝑚) ≥ 2𝑓′ (
1

2
− 𝑚) > 𝑓′′ (

1

2
− 𝑚).  240 

Therefore, one can infer from eq. (A23) that  241 

𝐹′′(𝑚) < 0 if 𝑓′′(𝑚) ≤
3

2
𝑓′(𝑚) ∀0 ≤ 𝑚 ≤

1

2
.                                      (A24) 242 

Please note that eq. (A24) is a sufficient condition but not a necessary condition for 𝐷 > 0. 243 

As shown in Figure 5, there are functions 𝑓 which do not fulfil eq. (A24) but still allows 𝐷 >244 

0. 245 

Eq. (A24) suggests that if is not very convex then, 𝐷 > 0 is guaranteed. On the other hand, 246 

𝐷 > 0 can also be achieved if 𝑓 is strongly convex, as we will show below.  247 
 248 

Condition 2: f is strongly convex 249 

We investigate what happens if 𝑓 is strongly convex. Starting from eq. (A20), 250 

𝐷 = (𝑘 − 1) ∑ 𝑝(𝑚) [𝑓 (
1

2
− 𝑚) + 𝑚𝑓(1 − 𝑚) + (1 − 𝑚)𝑓(𝑚) − 𝑓 (

1

2
)]𝑚<1/2   251 

    > (𝑘 − 1) ∑ 𝑝(𝑚) [𝑚𝑓(1 − 𝑚) − 𝑓 (
1

2
)]𝑚<1/2                     (A25) 252 

because 𝑚𝑓(1 − 𝑚) would dominate the other neglected terms for strongly convex 𝑓. 253 

Next, we make use of the fact that 𝑓 is convex. There are multiple ways of doing it, which 254 

will lead to different constraints on 𝑓 for ambiguity aversion. Here, we show an example.  255 

Applying the Jensen’s inequality, we have E(1)[𝑓(1 − 𝑚)] ≥ 𝑓(1 − E(1)[𝑚]), 256 

where E(𝑐)[⋅] ≡
∑   ⋅  𝑚𝑐 𝑝(𝑚)𝑚<1/2

∑ 𝑚𝑐
𝑚<1/2  𝑝(𝑚)

. This leads to  257 

𝐷 > (𝑘 − 1)(∑ 𝑝(𝑚)𝑚<1/2 ) [E(0)[𝑚]𝑓(1 − E(1)[𝑚]) − 𝑓 (
1

2
)].                          (A26) 258 

Note that 0 < E(𝑐)[𝑚] <
1

2
 since 0 < 𝑚 < 1/2 for both 𝑐 = 0 and 1. Hence, 𝐷 > 0 is 259 

guaranteed if  𝑓 is sufficiently convex. More specifically, 260 

E(0)[𝑚]𝑓(1 − E(1)[𝑚]) > 𝑓 (
1

2
)                                (A27) 261 

For example, for 𝑓(𝑚) = 𝑚𝑟 and 𝑝(𝑚) =
1

2𝑛+1
 for all 𝑚, one can easily show that 𝐷 > 0 if 262 

𝑟 >
log

4𝑛

𝑛−1

log(
4𝑛+1

3𝑛
)
,                                 (A28) 263 

which implies a strongly convex function 𝑓 with 𝑟 > 4.82 in the limit of large 𝑛. We would 264 

like to emphasize again that eqs. (A27) and (A28) are not necessary condition for  𝐷 > 0. In 265 

fact, as we have shown in our numerical study (Figure 5), 𝐷 > 0 can be achieved with a 266 
much less strongly convex function than eqs. (A27) and (A28) suggest. 267 
 268 

Appendix 5: Analysis on CPT and RT on examples in Section 3  269 

Blackjack side-bet taking for good hands (Section 3.1.2.2) 270 

The options and their outcomes, arranged in rank order, in reorganized in Table A3. 271 
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Reward for Option 1  

(Side bets) 
Reward for Option 2  

(No side bets) 
Probability 

−3
2⁄  −1 2

3⁄ − 𝑝 

0 0 1
3⁄  

1
2⁄  1 𝑝 

Table A3: The possible outcomes and their probability for taking and not taking side bets. 𝑝 272 

is the probability of winning the hand, where 𝑝 =
2

3
𝑝2 in the main text. 273 

 274 

RT 275 

For RT, anticipated regret 𝑅 is given by 𝑅 = ∑ 𝑝𝑖𝑖 𝑄(𝑢(𝑦𝑖) − 𝑢(𝑥𝑖)), where 𝑥𝑖 is the 276 

outcome for the chosen option, 𝑦𝑖 is the outcome if the other option is chosen, 𝑝𝑖 is the 277 

probability of the outcomes, 𝑢 is a concave, odd function, 𝑄 is a convex, odd function 278 

(Bleichrodt & Wakker, 2015). The option that minimizes 𝑅 is chosen. Because of the 279 

symmetry in 𝑄, only terms where 𝑥𝑖 > 𝑦𝑖 need to be considered. 280 

The regret for taking the side bets is given by  281 

𝑅𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 =
2

3
𝑝2𝑄 (𝑢(1) − 𝑢(

1

2
)) +

2

3
(1 − 𝑝2)𝑄 (𝑢 (

3

2
) − 𝑢(1))                      (A29) 282 

Again, we have set 𝑥 = 1 as in Appendix 3. 283 

Since 𝑢 is concave, 𝑢(1) >
1

2
(𝑢 (

1

2
) + 𝑢 (

3

2
)), and hence 𝑢(1) − 𝑢 (

1

2
) > 𝑢 (

3

2
) − 𝑢(1) such 284 

that 𝑅𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 is increasing with 𝑝2. This means that RT predicts that players have less 285 

tendency to take side bets when they have good hands than when they have bad hands, which 286 

is at odds with experimental observations.  287 
 288 

CPT 289 

The prospect 𝑉 for taking and not taking side bets is given by 290 

𝑉𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 = 𝑤 (
2

3
− 𝑝) 𝑣 (−

3

2
) + (𝑤(1 − 𝑝) − 𝑤 (

2

3
− 𝑝)) 𝑣(0) + (𝑤(1) − 𝑤(1 − 𝑝))𝑣 (

1

2
)291 

                             (A30a) 292 

𝑉𝑛𝑜 𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 = 𝑤(1 − 𝑝)𝑣(−1) + +(𝑤(1) − 𝑤(1 − 𝑝))𝑣(1),                    (A30b) 293 

where 𝑣(𝑥) = 𝑥𝑟 with 𝑟 < 1, 𝑣(−𝑥) = −𝑘𝑣(𝑥) with 𝑘 > 0, for all 𝑥 ≥ 0, and 𝑤(𝑝) =294 
𝑝𝛾

(𝑝𝛾+(1−𝑝)𝛾)
1
𝛾

  with  𝛾 < 1.  Please note that we have made the simplifying assumption that the 295 

the concavity of 𝑣 and the value of 𝛾 is the same for the gain and loss domain. This 296 

simplification would not lead to qualitative difference in the analysis (results not shown). For 297 
details, please refer to Tversky and Kahneman (1992). 298 

The difference in the prospect between the options 𝐷𝐶𝑃𝑇 is given by 299 

𝐷𝐶𝑃𝑇 = 𝑉𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 − 𝑉𝑛𝑜 𝑠𝑖𝑑𝑒 𝑏𝑒𝑡𝑠 = 𝑘 (𝑤(1 − 𝑝)𝑣(1) − 𝑤 (
2

3
− 𝑝) 𝑣 (−

3

2
)) −300 

(𝑤(1) − 𝑤(1 − 𝑝)) (𝑣(1) − 𝑣 (
1

2
))                                 (A31) 301 
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We have plotted 𝐷𝐶𝑃𝑇 against 𝑝 for a variety of parameters 𝛾, 𝑘 and 𝑟, as shown in Figure S2. 302 

 303 
Figure S2: Differences in prospect between taking and not taking side bets (𝐷𝐶𝑃𝑇) at different 304 

𝑝 for different choices of parameters. Positive 𝐷𝐶𝑃𝑇 implies preference for taking side bets 305 

while large 𝑝 implies good hands. Top: 𝑟 is fixed at 0.6 while the lines in the plots 306 

correspond to different values of 𝛾. Bottom: Top: 𝛾 is fixed at 0.6 while the lines in the plots 307 

correspond to different values of 𝑟 . Left: 𝑘 = 1. Right: 𝑘 = 2.5. Note that no combination of 308 

parameters is consistent with the experimental observation that taking side bets is preferred 309 

when the player has a good hand.  310 
 311 

It can be observed that both the concavity of the value function 𝑟 and probability weighting 𝛾 312 

raised 𝐷 at small 𝑝. The latter also suppressed 𝐷 at large 𝑝. Overall, this is again at odds with 313 

experimental results where 𝐷 should be increasing with 𝑝 and should not be positive at all 𝑝. 314 

As a comparison, the differences in anticipated surprise predicted by our model 𝐷 (See eq. 315 

(A15)) using realistic parameters we suggested at Section 3.3 in the main text are shown in 316 

Figure S3. Consistent with our analysis at Appendix 3 and the experimental observations, 𝐷 317 

is increasing with 𝑝 and is positive at large 𝑝. 318 

 319 
Figure S3: Differences in anticipated surprise based on the model in this work between taking 320 

and not taking side bets (𝐷) at different 𝑝. Positive 𝐷 implies preference for taking side bets. 321 
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Our model prediction is consistent with the experimental observation that taking side bets is 322 

preferred when the player has a good hand. We set 𝑓(𝑥) = 𝑥𝑟, where 𝑟 = 1.5, and 𝑘 = 2.5. 323 
 324 

Allais paradox (Section 3.3) 325 

For convenience, we state the problems in the original version of Allais paradox (i.e. Table 2) 326 

here again in Table A4. 327 

(a) Problem 1 328 

 Option 1 Option 2 * 

 Reward Probability Reward Probability 

Outcome 1 0 0.89 0 0.9 

Outcome 2 1 0.11 5 0.1 

 329 

(b) Problem 2 330 

 Option 1 * Option 2 

 Reward Probability Reward Probability 

Outcome 1 1 1 0 0.01 

Outcome 2   1 0.89 

Outcome 3   5 0.1 

 Table A4: The two decision-making problems in the Allais paradox. The asterisk depicts the 331 

option preferred by most people. 332 

 333 

RT 334 

For Problem 1, the regret for the options is given by:  335 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 1 = 0.089𝑄(𝑢(5)) + 0.011𝑄(𝑢(5) − 𝑢(1))                                      (A32a) 336 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 2 = 0.099𝑄(𝑢(1))                         (A32b) 337 

Option 2 is chosen implies that 338 

0.089𝑄(𝑢(5)) + 0.011𝑄(𝑢(5) − 𝑢(1)) > 0.099𝑄(𝑢(1))                           (A33) 339 

For Problem 2, the regret for the options is given by:  340 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 1 = 0.1𝑄(𝑢(5) − 𝑢(1))                         (A34a) 341 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 2 = 0.01𝑄(𝑢(1))                       (A34b) 342 

Option 1 is chosen implies that 𝑄(𝑢(1)) > 10𝑄(𝑢(5) − 𝑢(1))                         (A35) 343 

If 𝑢(5) < 2𝑢(1), 𝑢(5) − 𝑢(1) < 𝑢(1). eq. (A35) can be fulfilled by choosing a sufficiently 344 

convex function 𝑄. To fulfil eq. (A33), a sufficient condition is 
𝑄(𝑢(5))

𝑄(𝑢(1))
>

0.099

0.089
, which also 345 

requires 𝑄 to be sufficiently convex.  346 

These results show that RT is not theoretically inconsistent with Allais Paradox. 347 

 348 

CPT 349 

For Problem 1, the prospect for the options is given by:  350 

𝑉𝑂𝑝𝑡𝑖𝑜𝑛 1 = 𝑤(0.9)𝑣(0) + (𝑤(1) − 𝑤(0.9))𝑣(5)                               (A36a) 351 
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𝑉𝑂𝑝𝑡𝑖𝑜𝑛 2 = 𝑤(0.89)𝑣(0) + (𝑤(1) − 𝑤(0.89))𝑣(1)                        (A36b) 352 

Option 2 is chosen implies that 𝑣(5) >
1−𝑤(0.89)

1−𝑤(0.9)
𝑣(1)                    (A37) 353 

For Problem 2, the regret for the options is given by:  354 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 1 = 𝑤(0.01)𝑣(0) + (𝑤(0.9) − 𝑤(0.01))𝑣(1) + (1 − 𝑤(0.9))𝑣(5)           (A38a) 355 

𝑅𝑂𝑝𝑡𝑖𝑜𝑛 2 = 𝑣(1)                                   (A38b) 356 

Option 1 is chosen implies that 𝑣(5) <
1−𝑤(0.9)+𝑤(0.01)

1−𝑤(0.9)
𝑣(1)                                 (A39) 357 

One can easily see that eqs. (A37) and (A39) can be simultaneously fulfilled by imposing the 358 

condition 
1−𝑤(0.89)

1−𝑤(0.9)
<

𝑣(5)

𝑣(1)
<

1−𝑤(0.9)+𝑤(0.01)

1−𝑤(0.9)
, which, despite posing strict restriction on the 359 

parameters in 𝑣 and 𝑤, is not theoretically inconsistent. 360 

 361 

Appendix 6: The effect of grouping on the surprise value for the 362 

Allais paradox and Birnbaum problem 363 

 364 
Figure S4: The difference in surprise values between the branching scheme when event 365 
grouping is present and when it is absence for Option 2 in the Allais paradox Problem 2 (left) 366 
and Option 2 in Problem 1 adopted from Birnbaum (2008) (right), which are discussed in the 367 

main text. The dark red line is the boundary where the options are equally preferred, i.e.  368 

∆𝑔𝑟𝑜𝑢𝑝= ∆𝑛𝑜 𝑔𝑟𝑜𝑢𝑝.  Consistent with our analysis, event grouping reduces the appeal for 369 

Option 2 in the Allais paradox for all 𝑘, 𝑟 > 1. On the other hand, event grouping increases 370 

the appeal for Option 2 in the Birnbaum problem with a slightly more stringent condition that 371 

𝑟 is not too close to 1 and 𝑘 is not too large. As with the rest of our numerical studies on these 372 

problems, we set 𝑓(𝑥) = 𝑥𝑟.  373 
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