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Supplementary Information

Coupled Mode Theory modeling of the electronic circuit
The nonlinear electronic circuit of Fig. 1A of the main text can be described by the temporal coupled mode theory (TCMT), see Eq. (1) of the main text. Apart from the simplicity and the physical intuition that a TCMT modeling can offer, it also allows us to extrapolate our findings to a broader class of systems described by such TCMT. We start the derivation of Eq. (1) by expressing the energy stored in the LC resonator as  where the complex modal amplitude of a single LC resonator  is
.            (S1)

Above  is the node voltage and  the resonant frequency of the resonator in the absence of dissipation (amplification). Using is representation, we rewrite the circuit equation of the LC resonator, i.e., , as a set of two (uncoupled) first order differential equations i.e.,  and its complex conjugate. The latter relation emphasizes the time dependence of the modal amplitude  and . 
Next, we incorporate in our circuit, an energy dissipation (enhancement) associated with a nonlinear damping (antidamping) channel. We consider nonlinear components that are characterized by the I-V curve  where  () represents loss (gain) and . The corresponding Kirchoff’s equation for the individual RLC resonator collapse to the following expression
         (S2)
where  is the relaxation rate of the individual (linear) LRC oscillator, and . Equation (S2) can be written in terms of  and its conjugate  as
     (S3)
By invoking a rotating wave approximation and eliminating the fast-oscillating terms, the above equation can be further simplified as
      (S4)
where . 
We proceed by developing a TCMT associated to the two coupled RLC tanks. From Kirchoff’s laws we obtain the equations for the voltage  in resonator 
 ,     (S5)
where is the relaxation rate of each resonator (below we will assume the high-Q limit, i.e.,  ,  is the (voltage controlled) coupling capacitance, with  being the coupling strength coefficient. Using the complex-mode representation for each resonator , we rewrite the circuit equations Eq. (S5) as

where we have invoked, as in the case of single RLC resonator, the rotating wave approximation, together with the weak coupling limit  and high-Q  approximations. We further simplify Eq. (S6) by defining the rescaled complex field  and time ,
  (S7)
where .

Coupling of the circuit to transmission lines
The effect of a weak coupling of the RLC resonators to a transmission line (TL) via a coupling capacitance , , can be also modeled using CMT. At the node connecting the TL with the coupling capacitance, the voltage and current flowing toward the th () RLC resonator can be written as a superposition of forward and backward propagating voltage waves,  and  
         ,       (S8)
where  is the TL’s characteristic impedance. In turn, the voltages can be represented by complex wave amplitudes , where , being  a slowly varying amplitudes. For a single RLC resonator which is weakly coupled to a TL, we have 
                (S9)
where  represents the voltage at the th RLC resonator with characteristic frequency  and decay rate . Under the assumptions of impedance matching  and weak coupling , we rewrite Eqs. (S8) using the complex mode amplitude of the resonator  and the input/output wave amplitude  
         ,      (S10)
where we also invoked the rotating wave approximation, and we introduced the TL-RLC coupling coefficient . Using the transformations  and , and combining Eqs. (S7) and (S10) we arrive to Eq. (1) of the main text which describes the whole system of coupled RLC resonators and TLs. Let us finally point out that when the input wave , the output power emitted from the -th node takes a simple form
,      (S11)

Equations of motion in polar form
It is convenient for our analysis, to rewrite Eq. (1) of the main text in polar representation. To this end, we express the complex amplitudes as  where the magnitudes  and the phases  of the fields in resonator  are real numbers. Substitution of these expressions back to Eq. (1) leads to the following set of coupled differential equations
,    (S12)
where  is the relative phase. If , the last two equations can be combined in a compact form 
,     (S13)
Finally, in this polar representation the emitted power spectrum Eq. (S10) takes the form 
.Figure S1: Nonlinear Super-modes and effective gain/loss coefficient: (A) The structure of the NS in the (,  parameter space. Blue (green) surface indicates the value of the field amplitude in the first  (second ) RLC resonator. Temporal evolution of the effective gain (loss) coefficients  ( for linear gain/loss parameter values   (B) in the AD regime where the system is protected by a parity-time symmetry; (C) in the OD regime where the system is explicitly violates the parity-time symmetry. (D) Overview of the asymptotic gain/loss coefficients versus the coupling variation from the NLEPD. The coupling to the TL is taken  while .

Nonlinear supermodes
The nonlinear supermodes correspond to the fixed points of Eqs. (S12,S13). We find the fixed points by requiring constant magnitudes and relative phase, i.e., . The latter condition leads to three possible scenarios: (1) , (2) , and (3) a variant of the first case where . We refer to this last case as the trivial scenario and it is not relevant for hypersensitive sensing schemes. Therefore, we will not analyze it further. A panorama of the nodal amplitudes  is shown in Fig. S1A versus the relative gain  and the relative capacitive coupling . Below, we analyze in detail each one of the first two cases.

AD Supermodes 
We consider first the case of identical field amplitude in both resonators, i.e., . This corresponds to the AD domain, characterized by an exact parity-time symmetry. From the first set of Eqs. (S12), we find that the field amplitude and the relative phase are given by the expressions

which, in turn, establishes bounds for the parameters where such a solution exists. From the second of these equations, we conclude that the two supermodes differ in their relative phase i.e.  while the coupling between resonators is bounded by . This condition determines the boundary between the AD and the OD domains (regions II and I, respectively in Fig. 1B). On the other hand, the physical requirement that which guarantees the existence of a non-trivial steady state, leads to the constraint that the gain must be strong enough to overcome the total loss of the system, i.e. . This condition determines the boundary between the AD domain and region III (see Fig. 1 B). 
The nonlinear eigenfrequencies  associated with the NS of Eq. (S14) can be found by imposing in either of the second set of Eqs. (S12), the fixed-point condition  together with the expression for derived from the second equation in Eq. (S14). We have for the corresponding frequencies
     (S15)
which indicate the existence of a NLEPD at  corresponding to the transition between AD and OD domain, where not only the eigenfrequencies but also the eigenvectors coalesce. 

OD Supermodes 
Next, we discuss the fixed points of Eqs. (S12,S13) when . From the first set of Eqs. (S12), we conclude that only the relative phase  ensures a solution with . In this case the NS have an asymmetric field amplitude, i.e.,  and the corresponding field intensities at each resonator are 
     (S16)
where,  represents the relative field amplitude and is a solution of the following quartic equation 
     (S17)
Out of the four roots of Eq. (S17), one has to select the ones that satisfy (a)  such that , and (c)  such that  (see Eq. (S16)). It turns out from our extensive numerical analysis that the requirement for the stability of the fixed point in the OD domain, results in   for the relative field amplitude of the nonlinear supermode Eq. (S16).  This output is consistent with the intuition that the intensity at the lossy resonator is smaller than the intensity at the gain resonator at the OD domain where parity-time symmetry is explicitly violated.
The corresponding nonlinear eigenfrequency  can be found by substituting in the last Eq. (S12) the value of the relative phase  In this case, we get 
.        (S18)

Symmetry phases of the dimer system of Eq. (1)
It is finally instructive to evaluate the effective gain and loss coefficients  as a function of time in the AD and OD regimes. In Fig. S1B we show their temporal behavior for a typical set of parameters   and  for which the system of Eq. (1) is in the AD domain (). We see that in the asymptotic time limit,  indicating that the electronic dimer is in the exact parity-time symmetric phase. Similarly, in Fig. S1C we show the temporal behavior of  for the same values of parameters   as previously and  for which the system of Eq. (1) is in the OD domain. In this case, the asymptotic values of the effective gain and loss parameters, differ from one-another, i.e., , indicating that the system is in an explicitly broken parity-time symmetric phase. A panorama of the asymptotic values  versus the coupling constant  for a fixed relative gain  is shown in Fig. S1D.

Jacobian matrix and stability analysis in the parameter space
The system of Eqs. (S12,S13) can be written in the form , where  . The NSs of the previous section  are obtained by the fixed-point condition . Linearizing the equations of motion around  we get  where  is the Jacobian matrix evaluated at . Subsequently the linearized equations of motion read as,
;   .    (S19) 
The first Lyapunov criterion allow us to characterize the stability of each nonlinear supermode by analyzing the eigenvalues of the Jacobian matrices evaluated at the NSs . The fixed-point solution  is stable if all the eigenvalues  of the Jacobian (evaluated at the supermode) have negative real part, indicating that the solution is an attractor. If, on the other hand, one of the eigenvalues of the Jacobian has positive real part, the solution  is unstable. In both cases the associated fixed points are classified as hyperbolic equilibria. These equilibria points are further classified as nodes or foci depending on if the corresponding Jacobian eigenvalues are purely real or have also an imaginary component. In case that one of the eigenvalues of the Jacobian has a zero real part, then the fixed point is characterized as non-hyperbolic. Non-hyperbolic equilibria are not robust to small perturbations (i.e., the system is not structurally stable) and their stability is determined via direct dynamical simulations with the initial dynamical equations.
 Figure S2: Parameter space characterization and stability of fixed points. (A) A characterization of the parameter space  of the nonlinear dimer described by the TCMT Eq. (S12,S13) in terms of the nature and number of its (stable) fixed points. Domain I is identified with the OD phase and supports one nontrivial stable fixed point; Domain II is identified with the AD phase and supports two non-trivial stable fixed points; Domain III supports only trivial stable fixed points (i.e., . The white dashed lines indicate the borders of various domains (see main text). The red dashed line indicates NLEPDs associated with the coalescence of unstable fixed points and occur in the domain III. The red solid line indicates NLEPD associated with the coalescence of stable fixed points and occur at the transition between OD and AD. The inset indicates the parameter domain for which we have analyze the stability (and number) of steady-state solutions of the actual electronic circuit using an NGSPICE simulator. The blue highlighted area indicates the OD domain while the yellow highlighted area indicates the AD domain. The red line between the two domains matches with the one found from the analysis of the TCMT. (B) Dynamical simulations with Eqs. (S12,S13) with  indicate that various initial conditions (black circles) in the phase space of the system, converge asymptotically to the corresponding fixed point (violet circle).

A panorama of the parameter space and its partition to various domains, according to the nature (stable nontrivial versus stable trivial) and number (one, two or none) of stable fixed points, is shown in Fig. S2A. This map has been created by analyzing the stability of the TCMT Eq. (1) of the main text (Eqs. (S12,S13) of the Supplementary Information) together with the evaluation of the eigenmodes of the Jacobian matrix Eq. (S19). In the inset of Fig. S2A, we show the results of the numerical analysis using NGSPICE. We have simulated the evolution of several initial conditions for various  values in the domain between AD and OD (dashed square) and analyzed the emitted power spectrum associated with the voltage of the gain resonator. The number of extracted frequencies peak(s) and the values of the amplitudes  have been used to identify the parameter domain. 
Let us discuss in more detail the stability of the NLEPD at the transition between AD and OD domains, see Fig. S2A. This fixed point turns out to be non-hyperbolic (i.e. one eigenvalue of the Jacobian matrix has zero real part). For an analysis of its stability, we cannot rely on the first Lyapunov criterion. Instead, we have performed direct dynamical simulations for a large ensemble of initial conditions in the phase space of the system and analyze their long-time dynamics. We have found that in all cases, the trajectories are attracted to a final state that is the NLEPD, see Fig. S2B.
For completeness of the discussion, we would also like to comment on the unstable non-trivial solutions that exists both in the AD domain and OD domain (see dashed lines in Fig. 2A). These are fixed points of Eq. (S12) corresponding to  and  and exists both in the AD and in the OD domains. The analysis of these fixed points follows the lines of the “OD Supermode” section and correspond to roots of Eq. (S17) with . The corresponding frequency of these solutions is given by the either of the second set of Eq. (S12) and are 
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