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Abstract

In our joint work, by introducing Quasi Block-Pulse (QBP) functions, we
provide integration and stochastic integration operational matrices based
on scaling function of Daubechies wavelet to solve linear and nonlin-
ear stochastic differential equations. Due to interesting properties of the
Daubechies wavelet such as orthogonality, compactly support and vanish-
ing moments, these operational matrices have good properties. The con-
vergence of the proposed method is presented and in order to verify the
accuracy of the proposed method some numerical examples are provided.
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1 Introduction

Many scientists and researchers in various fields such as finance and biology
[3], control [9], social science [15], boundary value problems [12, 14, 44], statis-
tic analysis [19], image processing [30], and signal analysis [35] need to have
enough knowledge about stochastic calculus in order to model and solve their
problems. Many real problems in applied mathematics, physics and engineer-
ing lead to stochastic models. So, being able to solve stochastic equations is a
necessity.

In order to model stochastic processes, it is unavoidable to deal with
stochastic differential or integral equations. It is not always possible to obtain
the exact solution of these equations easily. So, in these cases we rely on
the suitable numerical methods such as explicit and implicit approxima-
tion schemes [2, 20-22, 29, 39], Runge-Kutta method [31-33, 40, 42], Monte
Carlo method [8], weak Simpson method [1], and wavelets [18, 36]. In recent
years, some researchers used the operational matrices of wavelets to solve
stochastic equations [11, 23-25, 34, 37, 38]. The Daubechies wavelet has van-
ishing moments of order N € N which becomes smoother when moment’s
degree increases. Ingrid Daubechies made it in 1988 and used it in order to
approximate functions.

In this paper, we are going to provide operational matrix and stochastic
operational matrix for scaling function of the Daubechies wavelet and use them
to solve stochastic differential equations in the form of

dXt = a(t,Xt)dt + b(t,Xt)th7 Xo = 2o, te [O,T],

or equivalently stochastic It6-Voltera integral equations in the following form
[2, 10, 16, 17, 29]:

t t
Xt=X0+/ a(s,XS)ds—i—/ b(s, Xo)dW,, 0<t<T, (1)
0 0

such that W; is the standard Brownian motion and the random wvariable X =
X (w) is a real-valued function defined on outcome space Q [2, 7, 10, 16, 17, 29].
The first and the second integrals in Eq. (1) are Riemann and It stochastic
integrals, respectively. Numerical solution for Eq. (1) is a stochastic process
XM = (Xt("),t € [0,T]) which demonstrates an approximation for the exact
solution X = (X¢,t € [0,7T]). In order to have such a numerical solution, we
need a discretization of the time interval

O=to<ti <---<tp_1<t,=T,

where grid points are not equidistant necessarily. This paper is planned as fol-
lows: Section 2 provides some required information about stochastic calculus
and wavelet theory that we need in the following. Then in Section 3 quasi
Block-Pulse functions are introduced and some of their important properties
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are declared. Next, in Section 4, integration and stochastic integration opera-
tional matrices of the scaling function for the Daubechies wavelet are provided.
Section 5 explains the numerical method by using the introduced matrices in
the previous section to solve differential or integral stochastic equations. In
Section 6 the convergence of the numerical method is argued. Finally, several
examples are presented in Section 7. In conclusion, a discussion is provided in
Section 8.

2 Preliminaries

2.1 Stochastic calculus

Definition 1 [16] A stochastic process W = (W, ¢ € [0,+00)) is called standard
Brownian motion or a Wiener process if following conditions are satisfied:

1. Wy =0.

2. W; has stationary and independent increments.

3. For all t > 0, W; has N(0,¢) which N means the normal distribution.
4. W; has continuous sample paths.

Definition 2 [16] The It6 stochastic integral for a simple process C on [0,T] is
defined in the following form:

T n
/ CsdWys := Z Cti—l (Wti - Wti—l)'
0 i=1

The It6 stochastic integral has the isometry property:

t 2 t
]E(/ Cdes) :/ EC,%ds, te€[0,T]. (2)
0 0

Assume C' is adapted to Brownian motion on [0,77], in the other words,
C; is dependent on Wy, s < t. Also assume fOT ECSzds is finite, there exists a

sequence (C(")) of simple processes such that

T
/ E[Cy — C,™M]%ds — 0.
0

Theorem 1 Let IE(XOQ) < oo and Xg is independent of the standard Brownian
motion. If for all t € [0,T] and x,y € R, the functions a(t,z) and b(t,z) are con-
tinuous and Lipschitz condition with respect to the second variable is hold for them,
then Eq. (1) has a unique strong solution on [0,T].

Proof The proof is available in [26]. O
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2.2 Wavelet theory

Definition 3 [13, 27, 28] A multiresolution analysis of L2(R) is a sequence of
subspaces {VJ}] ez of L?(R) that the following properties are hold:

l....cVycVycWc - CL*R).

2. f(t) e Vo & f(27t) € V.

3. f(27t) eV, & f(20t+1) € V.

4.0, V; ={0},(U; Vi) = L*(R).

5. There exists a function ¢(t) € Vo with nonzero integral which {¢(t —n)} is
an orthonormal base for V. The function ¢ is called scaling function.

Definition 4 [43] The function f(t) has vanishing moments of order N if
/tmf(t)dt:O, 0<m<N-—1,
R

but
/th(t)dt £0.
R

Ingrid Daubechies made a basis from smooth wavelet with vanishing
moments in its support [5]. Also, if Daubechies wavelet has vanishing moments
of order N € N, the support of scaling function is [0,2N — 1]. So, dilation
relation for the scaling function ¢(t) can be have the following form

D—1
6(t) = V2 S heo (2t — k), (3)
k=0

where D = 2N and {hy }rez are named filter coefficients. Their values can be
obtained by using some useful relations which are related to properties of the
Daubechies wavelet. Of course, Daubechies calculated and set them in tables
for various values of N. They are available in some books [6, 27].

From definition of the multiresolution analysis, it is clear that

{¢j(t) :=220(27t — k)|j, k € Z},

is an orthonormal base for V;. So we can write an orthogonal projection of

function f(t) belongs L?(R) in subspace V; by using scaling function [28, 41]:
+o00

Pift)= > cindiklt), (4)

k=—o00

where
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Assume f € V; and t € [a, b] such that a,b € Z, due to compactly support
of the scaling function of the Daubechies wavelet, (4) can be written in the

following form
27p—1

Pift)=" > ciudin(t).
k=2ia+1—L
From the forth property of multiresolution analysis, it can be found

lim [|f —P;f| = 0.
j—o0

Theorem 2 If we use the Daubechies wavelet with vanishing moments of order N
to approzimate the smooth function f € cNoin space V;, then

3C >0, |If—Piflr <c27N.

Proof The proof can be found in [4].

2.2.1 Scaling function in integer and dyadic points

Dyadic points are defined in the following form [43]
k .
t= E, 75 k €.
For j > 0 we have the dyadic points in [0, D — 1] as follows
n .
- — ) —
t=g5 n=012--,2(D-1).

As we can see, when j = 0 the dyadic points are the same integer points.

Since the scaling function of the Daubechies wavelet does not have an
explicit form, first we can obtain the values of the scaling function in integer
points and then in dyadic points. Substituting integer points of support interval
in relation (3) results in a homogenous system

(A-1)® =0,
such that
ho 0 0 --- 0 0 0
hy hi hg -+ 0 0 0
hg hs hg -+ 0 0 0

Apxp=v2| 1 rn
“ hp—3 hp—4 hp—5
- hp_1 hp_2 hp_3

0 0 hp_

o O O
o O O
o O O
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and

Ppy1 = ’
¢(D —3)
¢(D —2)
(D —1)
and [ is the identity matrix by the same order of matrix A.

In order to have a unique solution, we need a normalization condition which

is [27]

D-1
Z oz —k)=1.
k=0

Now, by solving the linear equations system, we can obtain values of scaling
function in integer points. Then, we can determine values of scaling function
in dyadic points via a recursive process named cascade algorithm which is as
follows

2i-1

¢(;j)\/5]:¥:hk¢( " —k), n=1,3,5--,2(D—1) - 1

3 Quasi Block-Pulse Functions

Definition 5 For m € N we define an m element partition of quasi Block-Pulse

functions on [0,7"):
) . 1, ¢ <t <1,
bi(t) = {0, otherwise, 5)
where ¢ =1,...,m, and
0=t <ta < <tm <tmy1 =T,

these grid points are not equidistant necessarily.

The functions in (5) have disjointness and orthogonality properties, in the
other words, for 7,5 =1,...,m,

b0y (£) = {f{'(t)’ 7

and

i o
/ bi(t)b, (t)dt = § S L=
0 07 Z#]a
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where Alt = ti+1 — ti.
A real and bounded function f(t) € Lz([O, T )) can be expanded by quasi
Block-Pulse functions

ft) = Z fibi(2),

where
1 T

fi=aq | FObbd

For any function f € Lz([O, T)), we have

T oo
JRERCE A IOIR
0 i=1
Let vector of the quasi Block-Pulse functions in the following form

B,.(t) = [b1(t),ba(t), ..., b ()],

then
b1 (%) 0
T b2 (t)
B (t)(Bu(®) = :
0 b (t)
and .
(Bm(t)) B..(t)=1, Vte[0,T).
Also for a given vector V = [v1,va,...,0,]T, we can write

T U1 0 b1 (t)
B, (%) (Bm(t)> v=| - L | = diag(V)B(1).
0 Um | [bm(t)

In order to approximate functions, we use truncated series of quasi Block-
Pulse functions with m terms:

m

F#) =Y fibi(t) = F'Byu(t) = B (t)" F,

=1

where F = [fl, fg. .. .,fm]T.
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3.1 Integration Operational Matrix for the quasi
Block-Pulse Functions

Integrating on [0, t] from functions in (5) results in

+ 0, t <t
/ bi(t)dt = fo“ bi(t)dt + fti b;(t)dt, ti <t <tigl,
0 JE byt + [ b ()dt + fjm bi(t)dt, tigq <t,

according the definition of the quasi Block-Pulse functions we have

¢ 0, t <t
/ bi(t)dt =qt—1;, t;i<t<til,
0 Ait,  tiq <t

At
Since t — t; in the middle point of the [t;,¢;11) is 71, we approximate the

latter integral on [t;,t,11) with TZ, therefore

bi(t)
t bi—1(t)
/ bi(t)dt ~ [0,...,0, 5%, Aty ..., Agt] | bi(t)
0 biy1(t)
L bm (1) |
Hence .
/Bm(s)dsszBm(t), (6)
0
where

[A1L At Ayt ... Aqt
Bob Aot Aot
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3.2 Stochastic Integration Operational Matrix for the
quasi Block-Pulse Functions
By stochastic integrating on [0, ¢] from functions in (5) we have
‘ t <t
/ bi(t)dW, = fo (t)dW, +ft (t)dWy, ti <t <tipr,
0 Jol bi()AW, + [ ()W + [ bi(H)dWs,  tin <t
definition of the quasi Block-Pulse functions leads to
. 0, t <t
/ bL(t)th = W(t) — W(tz), t, <t< tit1,
0 W(tiz1) — W(ti), tiy1 <t
. . . . . At
Since W (t) — W(t;) in the middle point of [t;,t;41) is W(ti + 7) —W(t),
At
we approximate the latter integral on [t;,t;41) with W( i 21 ) - W(t;),
t; +t;
which equals to W(%) Therefore
t
| B, ~ BB, 7)
where
[ (t1+t2
W(H52) =Wt W) = W) W)= W) .. Wit) =W
to + t:
W( = 3) W (ta) W(ts) — W(ts) ... W (ts) — W
Rs =
' tm + tm+.1
B G

4 Operational Matrix of the Scaling function of
the Daubechies Wavelet

Consider vector of the scaling functions for the Duabechies wavelet

S (t) = [Djer (1), B 1 (), by (D] -

)_
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Let grid points in the following form

= {uli=1mf. ®)

we introduce matrix of the scaling functions of the Daubechies wavelet in the
following form

Qm - [¢m(t1)7¢m(t2)a .. 1¢m(tm)]7

such that ®,, is a sparse matrix due to compactly support of the scaling
function of the Daubechies wavelet. For grid points we have

bm (t) = ';’mBm(t)v (9)

and hence

B, (t) = (@m) " om(D). (10)

4.1 Integration Operational Matrix for the Scaling
function of the Duabechies Wavelet

Consider the integration operational matrix for the scaling functions of the
Daubechies wavelet in the following form

t
[ ém(sds = Poon (o) (1)
0
In the grid points, from (9) we have

/Ot ¢m(5)d5=/()t ®,,B,,(s)ds = @, /Ot B, (s)ds.

From (6) we can write

t
/ Om(s)ds = @, P, B, (),
0

and from (10) we have

/Ot Om(8)ds =~ @, P, (@m) _1¢m (t).

So we can conclude

-1
Pp=®,P, ((I)m) .



Springer Nature 2021 BTEX template

11

4.2 Stochastic Integration Operational Matrix for the
Scaling Function of the Daubechies Wavelet

Assume stochastic integration operational matrix for the scaling functions of
the Daubechies wavelet has the following form

t
| én(av. ~ M.on ). (12)
0

In the grid points, from (9) we can write

t t t

/ G (s)dWs = / ®,,B,,(s)dW, = @m/ B,,.(s)dWs.

0 0 0

From (7) we can get

t
/ Om(s)dW, = &, R B, (1),
0

and (10) results in

t —1
/ ¢7rz(3)dW9 ~®,R, (q)'rrz) ¢m(t)~
0
So we have i
Ms = QmRs (‘I)m>
5 Numerical Method
If we let T =1, from Eq. (1) we have
t t
X =Xo —|—/ a(s, Xs)ds +/ b(s, Xs)dWs, 0<t<1. (13)
0 0

We let the dyadic points in [0,1) as the grid points in (8).

5.1 The Linear case

Theorem 3 Assume Xy is a vector with m elements, then

T
dm(t) (¢m(t)> Xm = Q,dm(t),
such that

Q,, = diag((i’m)TXm).
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Proof From (9) we have

o) (om(0)) Xon = BB (6)(Bun()) Qs (14)

where -
Q,, = (®m) Xom.

Let Q,, = [q1, 42, - - ,qm}T, therefore we have

[b1(t) a

T ba(1) a2
Bin(t)(Bn(®) Qu=| . |[[0a(®)b2(0),. . bm(®)] | ]
Lom () qm

(1) 0100 . @ba0)]
ba (£)b1 (1) (b2(t))2 b (Obm() | | @

pMMWMmey”@MQQ am
) 0 ... 0 7Tlm
B 0 ba(t)... O qQ2
L0 0 b)) Lam
g1 0 ... O b1 (t)

0 g... O bg(t)

0 0 ... gn] Lbm(t)

So, we can write
T ~
Bun() (Bin(t)) Qu = QpuBun (1),

which Q,,, = diag (Qm> Now according to (14) we have

(1) (B (0)) X = B QB ()

Due to definition of quasi Block-Pulse functions and since Qm is a diagonal matrix,
in grid points we can write

T ~
om(t) (6m (1)) X = Qp@mBum (1),
and (9) leads to
T ~
¢m(t) (d’m(t)) Xm = Qm¢7n(t)-
It completes the proof. |

In the linear case we consider a(s, X) and b(s, X;) in the form of

a(s, Xs) = f1(s)Xs, b(s, Xs) = f2(s5) X5, (15)
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such that the functions f; and f, are real-valued functions. Consider approxi-

mation of functions f; and f> by using the scaling function of the Daubechies
wavelet in the following form

fl(s) = D?Qsm(s)? f2(s) = Dg¢m(s)v (16)

where D7 and D5 are column vectors with m elements. In continue assume

X, = (6n(5)) Xon =X T6n(5), a7)

which X,,, is the unknowns column vector. By substituting (16) and (17) in
Eq. (13) we get

t T t T
X ¢m(t) = Xo+D1" [ ¢m(s)(dm(s)) Ximnds+Do" | ¢m(s)(dm X dW.
0l = X D" [ 6,,(9)(0(2)) Xt DT [ 610009 (0(9)
From Theorem 3 we have
~ t ~ t
XmT(bm(t) = Xo +D1TQm/ ¢m(5)dS+D2TQm/ ¢m(5)dWsa
0 0

where

Q, = diag((<1>m)TXm> .

Now from (9), (11) and (12), in grid points we have
XL ®,, B (1) = [Xo, X0, - - -, Xo|Bm (1) +D17Q,, Pp®,, B, (1)+D27 Q, M, ®,,B,, (t).
Finally, we can have a linear system of equations

X, T ®,, = [Xo, Xo,...,Xo] + D:17Q,,Pp®,, + D7 Q,, M®,,. (18)

As it is seen (18) is a system of linear algebraic equations included m equations
and m unknowns. By solving this system X,, is determined and then by sub-
stituting in (17) the solution of Eq. (13) with coefficient functions in (15) is
obtained.

5.2 The nonlinear case

Theorem 4 Assume that V is a row vector with m elements in the form of V =
[v1,v2,...,vm], then
B (6)VBm(t) = diag(V)Bm(t).
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Proof We have

[b1(t)vr bi(t)vz ... bi(t)um | [ba(t
ba(t)vr ba(t)vz ... ba(t)om | | ba(t
Bmn(t)VBm(t) = Bm(t)[v1,v2, ..., vm]|Bm(t) = . . . . .
Lbm (B)v1 b (t)v2 ... bm(t)vm] [bm(t)
[ v1b1 (t)
vaba ()
Lvmbm (1)
[v1 0 b1(t)
Vo bo (t)
L0 vm] Lbm(¢)
and proof is completed. O

In the nonlinear case we consider the functions a(s, X;) and b(s, X;) which
have the following form

a(s, Xs) = f1(8) X%, b(s, Xs) = fg(s)Xsﬁ, (19)

such that a, 8 > 2 and belong N. The functions f; and f; are real-valued
functions. Again we consider approximation of functions f; and fo by using
the scaling function of Daubechies wavelet in the form of (16). Again let

Xo =X om(s), (20)
from (9) we can have the following result
X, =X,,7®,,B,.(s). (21)
It is clear that X,,” ®,, is a row vector with m elements. Let
X @y = [d1,da, - .., di),

therefore
XS = [dl, dg, N ,dm]Bm(S)
Now due to definition and properties of the quasi Block-Pulse functions, we
can write
Xsa = [dl(l,dga,...,dma] B,,L(S)7 (22)
and
X =[d?,dy”, ... dp] Bu(s). (23)
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By substituting (9), (21), (22) and (23) in Eq. (13), in grid points we get
X @B (t) =[Xo, Xo, ..., X0 By (t)

t
4 D1T<I>m/ B (s) [d1%, da® ..., dpn®] By (s)ds
0
t
+ D2T¢m/ Bm(s) [d1ﬁ7 d2B7 cee 7dmﬂ} Bm(s)dWs-
0

Now, Theorem 4 leads to
X" ®,,B,,(t) =[Xo, X0, -, Xo|Bum(t)

t
+D1T<I>mV1/ B, (s)ds
0
t
DTS,V / B, (s)dW,.
0

where

\ diag( [di®,ds”, . .., dpn®] )
(

V, = diag( [di?,do?, ..., dp”] )

Finally (6) and (7) results in

X77LT¢mBm(t) :[Xo, X07 ey XO]BTYL(t)
+D,7®,,V,P,,B,,(t)
+ D7 ®,, VoR,B,, (1).

Hence it is concluded that
X" ®,, = [Xo, Xo,..., Xo] + D" ®,, VP, + D" ®,, V1R, (24)
It is easy to see that (24) is a system of nonlinear algebraic equations with

m equations and m unknowns. By finding X,,, and then substituting it in (20)
the solution of Eq. (13) with coefficient functions defined in (19) is obtained.

6 Convergence of Method

Here, first we declare some theorems that we need them to prove convergence
of the method introduced in the previous section, then we prove our theorem.

Theorem 5 Assume f(t) is L° on a finite interval I, it means f(t) is bounded on
I if there is a number M > 0 such that |f(t)| < M for allt € I, then f(t) is L* on I.
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Proof A complete proof can be found in [43]. O

Theorem 6 Any function that is L™ and L' on any interval I, is L? on 1.

Proof The proof is available in [43]. O

Lemma 1 (Gronwall’s lemma) Let f and g be nonnegative, continuous functions
defined on 0 <t < T, and let §,¢ > 0 are constants. If

t
O <54e [ fo)als)ds, 0=,
0
then .
ft) < dexp (e/ g(s)ds), 0<t<T.
0

Theorem 7 Let X; and X; be the ezact and numerical solution by the present
method explained in Section 5 by using the scaling function of the Daubechies wavelet
with N vanishing moments in space V; for Eq. (13). Assume that the conditions of
Theorem 1 are satisfied, then X; converges to Xg.

Proof We consider functions z1(t) = a(t, X¢) and z2(t) = b(¢, X¢) and their approx-

imations by using scaling functions of Daubechies wavelet, #1(t) = a(t, X;) and
Zo(t) = b(t, Xt), respectively. Also, we define 21 (t) and 22(t) as follows
21(t) = a(t, X¢),

=a
25(t) = b(t, Xy).
Now we let error function as

e(t) = E|X; — X

We can write

t t
e(t) = IE‘ /0 (21 (s) — 21(3))038 —I—/O (22(3) - 22(5))dW5

< 2E<(/ot (1(s) = 51(3))‘15)2 * (/ot

But we can rewrite

2

(2a(s) — 22(5))dWs)2>.

t

E(/Ot (21(s) —21(3))ds)2 < ]E(/O (21(s) — 51(5))2ds>
t
< /O E(21(s) — 21(s)) ds,

and by using of (2) we can have
t

IE(/Ot (z2(s) — 22(5))dW3)2 = (/0 E(22(s) — 22(5))2ds).

Therefore we can continue

e(t) < 2(/:1[‘3(21(5) — Z1(s)) *ds +/0

t

E(z2(s) — z2 (s))st)
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+ 4(/(:1&(,22(5) — 29(s))%ds + ]E[/Ot (22(s) — zg(s))QdSD.

In addition, Theorem 2 about approximation of functions by using the scaling
function of Daubechies wavelet leads to

t .
et) < 4(/0 E(21(s) — 21(5))ds +IE(012*JN)2)
+4</OtE(22(5) _ 732(5))2d8+E(022_jN)2)
t ] |
< 4(/0 E(z1(s) — 21(s)) ds +/0 E(22(s) — 22(8))2ds) + 8020 2N

where C = max{Cl,Cg}. We can conclude from Theorems 5 and 6 that X; is
L%([0,1]). Finally, the Lipschitz condition results in

t .
e(t) < 8Lrip” (/ E|X, — Xs|2ds> +8C% 4N,
0
and hence .
e(t) < 80207 2N | 8LLip2</ e(s)ds).
0

In conclusion Lemma 1 results in

2,—2jN 2

e(t) < 802272V exp (SLMP )

The latter relation proves convergence as j — oo. O

7 Numerical Examples

In order to show application of the present method in practice, we provide
five examples. In all examples we use the scaling function of the Daubechies
wavelet of order 2. We present some errors such as: absolute error (e) and the
Root-Mean-Square error (RMSE). Let X and z; as the exact and approximate
solution, respectively. Then

ej<ti):|X(ti>—.Tj(ti>|, t; € [0,1), 1=1,2,....,m,

m 2 .
eursp e )
m
All codes are written in MATLAB R2018b, on a pc system with an Intel®)
Pentium(R) CPU G4400 @ 3.30GHz x 2, 7.7GB(RAM), 64-bit under Ubuntu
20.04.1 LTS.
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7.1 Linear case

Ezample 1 We consider the linear It6 stochastic differential equation
t t
Xt:Xo—i-c/ Xsds+a/ XsdWs, 0<s,t<1, (25)
0 0

where ¢ = 0.01, ¢ = 0.01, and the initial condition is Xo = % In the stochastic
integral Brownian motion and the process X are together. It is said Eq. (25) has
multiplicative noise. The exact solution for Eq. (25) is [22]:

Xt = Xgexp ((c —0.50%)t + O’Wt). (26)

Xt in (26) is known as the geometric Brownian motion. The RMS error for several
sample paths is shown in Table 1 for some different j. As we can see RMS error
decreases when j increases which means convergence. Table 2 demonstrates numerical
results obtained by the present method compared to the exact solution for the first
path and j = 7. Also, graph of the absolute error for the first path and j = 7 is
shown in Figure 1.

Table 1 The RMS error for N = 2, Example 1.

Path =3 =5 =7

w1 1.189724e-03  5.598874e-04  3.420675e-04
w2 1.233056e-03  7.253622e-04  3.083418e-04
w3 1.529944e-03  6.141261e-04  3.330084e-04
w4 1.818255e-03  6.425052e-04  3.254339e-04
ws 1.176162e-03  6.467252e-04  3.210786e-04

Table 2 Numerical solution based on the present method and the exact solution for wq,
N =2 and j =7, Example 1.

Time Present Method Exact Absolute Error

0.00 0.499822 0.500000 1.783313e-04
0.25 0.504242 0.504309 6.728393e-05
0.50 0.503772 0.503986 2.144939e-04
0.75 0.503696 0.503909 2.125174e-04
1.00 0.503122 0.503047 7.499398e-05

Ezample 2 Consider the following linear It6 stochastic differential equation
t t
Xt = Xo +/ In(1+ s)Xsds +/ sXsdWs, 0<s,t<1,
0 0

with Xo = % The exact solution is [34]:

3 t
Xt = iexp ((1+t)1n(1+t) —t- 2 +/ de5>.
75 6 0
The RMS error for some sample paths is shown in Table 3 for some values of j. We
can find the RMS error decreases as j increases. Table 4 indicates numerical results
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Fig. 1 Absolute error for w;, N =2 and j = 7, Example 1.

by the present method and the exact solution for the fifth path and j = 8. Figure
2 shows the numerical solution based on the present method compared to the exact
solution for the fifth path and j = 8.

Table 3 The RMS error for N = 2, Example 2.

Path j=4 j=6 j=8

w1 1.840026e-03  1.891139e-03  9.125506e-04
w2 4.147880e-03  3.154048e-03  1.276819e-03
w3 4.274300e-03  8.463968e-04  6.089297e-04
w4 7.260763e-03  2.499652e-03  7.411351e-04
ws 9.040620e-04  2.942558e-03  1.037556e-03

Table 4 Numerical solution based on the peresent method and the exact solution for ws,
N =2 and j = 8, Example 2.

Time  Present Method Exact Absolute Error

0.00 0.013333 0.013333 1.166817e-10
0.25 0.011574 0.011501 7.302481e-05
0.50 0.011996 0.011866 1.298661e-04
0.75 0.018150 0.016157 1.993857e-03

1.00 0.010601 0.008044 2.556790e-03
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Fig. 2 Numerical solution based on the present method and the exact solution for ws,
N =2 and j = 8, Example 2.

FEzample 8 Let us consider another linear It6 stochastic differential equation

t t
Xt = Xo +/ cos(s)Xsds +/ sin(s)XsdWs, 0<s,t<1,
0 0

with the initial condition Xy = %. The exact solution is [34]:

2
1 t sin(2t) [t .
Xt = T30 &P (_Z + sin(¢) + %/0 sm(s)dWs).

Table 5 indicates the RMS error for different j for several sample paths. Numerical
results by using the present method and the exact solution for the forth path and
j = 7 is presented in Table 6. Figure 3 shows the numerical solution based on the
present method compared to the exact solution for the same path and j.

Table 5 The RMS error for N = 2, Example 3.

Path j=5 j=6 j=7

w1 3.340622e-03  1.666418e-03  8.682893e-04
w2 9.789401e-04  2.461135e-03  1.261553e-03
w3 1.832066e-03  1.809826e-03  9.267302e-04
w4 2.774917e-03  9.783834e-04  7.145506e-04
ws 3.059496e-03  7.803249e-04  9.578801e-04
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Table 6 Numerical solution based on the present method and the exact solution for wy,
N =2 and j = 7, Example 3.

Time Present Method Exact Absolute Error

0.00 0.008350 0.008333 1.639841e-05
0.25 0.009634 0.009487 1.467543e-04
0.50 0.008743 0.008574 1.696685e-04
0.75 0.011009 0.010215 7.931460e-04
1.00 0.007040 0.005704 1.336274e-03

x107°

Present method
Exact

t
Fig. 83 Numerical solution based on the present method and the exact solution for wy,
N =2 and j = 7, Example 3.
7.2 Nonlinear case
Ezample 4 We want to solve the nonlinear It6 stochastic differential equation
1 _
dX; = §a2mxt2"1 Ydt +aX ™ dWy, 0<t<1, nq# L.

%, a = 0.1, n; = 2 and the exact solution is [16]:

1
Xt = (AX()lin1 — a(n1 — l)Wt) 1—mny,

Here the initial condition is Xg =

Table 7 shows the RMS error for some j for five sample paths. Numerical results
based on the present method and the exact solution for the first path and j = 7 is
demonstrated in Table 8. Figure 4 indicates the absolute error for the first path and
j="1.
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Table 7 The RMSE error for N = 2, Example 4.

Path j=3 =5 j=7

w1 8.317664e-03  2.710919e-03  1.465871e-03
w2 6.592069e-03  2.806349e-03  2.053098e-03
w3 6.103472e-03  3.229574e-03  1.889319e-03
w4 7.648277e-03  3.363171e-03  1.928895e-03
ws 8.969578e-03  3.206449e-03  1.514159e-03

Table 8 Numerical solution based on the present method and the exact solution for wq,
N =2 and j = 7, Example 4.

Time Present Method Exact Absolute Error

0.00 0.500704 0.500000  7.041799e-04
0.25 0.499755 0.496571  3.183721e-03
0.50 0.494611 0.495278  6.675488e-04
0.75 0.491089 0.491157  6.726415¢-05
1.00 0.494719 0.493867  8.514789e-04
-3
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Fig. 4 Absolute error for wi, N =2 and j = 7, Example 4.

Ezample 5 We solve another nonlinear It6 stochastic differential equation with the
initial condition
1 _2 _1
dX; = Sala— DX " adt 4+ aX TadWy, 0<t<1.

The initial condition is Xo = 3, a = —% and the exact solution is [16]:

1 a
Xt = (Xoa +Wt) .



The RMS error for some values of j for five sample paths is shown in Table 9.
Numerical results obtained by the present method and the exact solution for the
third path and j = 7 is presented in Table 10. Figure 5 shows the numerical solution
based on the present method compared to the exact solution for the third path and

Springer Nature 2021 BTEX template

j = 7. The absolute error for the same data is shown in Figure 6.

Table 9 The RMS error for N = 2, Example 5.

Path

j=5

j=6

=7

2.324759e-02
3.610773e-02
5.352925e-02
3.375873e-02
9.625489¢-03

1.872409e-02
1.020272e-02
9.096077e-03
1.324295e-02
1.077801e-02

7.824655e-03
8.480478e-03
5.213692e-03
5.581646e-03
7.724419e-03

Table 10 Numerical solutions based on the present method and the exact solution for

w3, N =2 and j = 7, Example 5.

Time  Present Method Exact Absolute Error
0.00 0.494968 0.500000 5.032328e-03
0.25 0.489550 0.486787 2.763175e-03
0.50 0.460865 0.458502 2.363386e-03
0.75 0.460560 0.459845 7.152582e-04
1.00 0.425205 0.418582 6.623136e-03
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Fig. 5 Numerical solution based on the present method and the exact
N =2 and j = 7, Example 5.
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Fig. 6 Absolute error for wz, N =2 and j = 7, Example 5.
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8 Conclusion

In this work, by using the quasi Block-Pulse functions, we introduce integration
and stochastic integration operational matrices based on the scaling function
of the Daubechies wavelet to solve some linear and nonlinear stochastic dif-
ferential problems. According to this method, the problems solve easily and
faster.

These operational matrices have good properties due to properties of the
Daubechies wavelet such as orthogonality, compactly support and vanish-
ing moments. Accuracy of the proposed method proved by some numerical
examples.
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