Supplemental Material*
Nonlinear interactions between vibration modes with vastly different

eigenfrequencies

Oriel Shoshani and Steven W. Shaw
November 9, 2022

Contents

S.1 A generalized model for VDE modal interactions 1
S.2 Modal equations of the pendulums system 2
S.3 The parameters of the driven van der Pol-Duffing oscillator 2
S.4 The Adler equation 4

S.1 A generalized model for VDE modal interactions

To generalize the model of the main text, we consider the Hamiltonian H = H)s + Hyps + Hing, where Hyy =
S p%i/Q +w%iq%i/2+6iq4Li/4—qLiFLi cos(wFLi t) is the Hamiltonian of n low-frequency (LF) modes and each
of these modes can have a Duffing nonlinearity (when f; # 0), Hut = Y. p3r, /2+Ww3;, 41, /2—qm, Fr, cos(wry, 1)
is the Hamiltonian of m high-frequency (HF) modes, and Hine = )_; ; o Qijjrqr,qm,qm,, is the interaction
Hamiltonian and its coefficients «;;» are symmetric with respect to j and j’, i.e., a;j7 = a;j;. With the
inclusion of linear dissipation and thermal noise terms (which are connected via the fluctuation-dissipation
theorem [1]), we obtain the following dynamical system

G, + 2T, qr, + wi qu, + Big}, + Z Qijjrqu;qu, = Fr, cos(wr, 1) + &L, (1), (S1)
7,3’
QH, =+ QFH7C]H7 + Wl%lqui + 2qu Z Qj4iqL; +2 Z Qi qL; QHj/ = FHi COS(wFHit) + qu (t)v (82)
J J,J' #i

where the I'r,, and 'y, are the modal decay rates, and £y, and {y, are zero-mean delta-correlated independent
noise terms, so that (¢z,(t)) = (€, (t)) = 0, (€L, (H)ér, (t+ 7)) = 20556(7)De,,, and (Em, (H)em, (t+ 7)) =
20456 (T)DgHi. The above idealization of the noises also applies to general non-Gaussian noises, as long as their
correlation times are considerably shorter than the relaxation time of the modes [2].

In the spirit of the analysis from the main text, we make the ansatz

qr,(t) = qu, + A, (£)e“ 5" + e, qr,(t) = iwp,, Ar, (£)e“ ™ + cc,
qm, (t) = Ag, () " + cc, qp, (t) = iwr,, Am, () ™" + cc, (S3)

where qr, = —(3_; ;s Oz,-jj/ququQ/w%i are the DC deflections of the LF modes that arise from the time-
independent component of ¢y, qu,,, and Ay, (Ap,) are the complex-amplitudes of the LF (HF) modes. Treating
the ¢, as quasi-static variables in Eq. (S2) and applying the rotating wave approximation (RWA), we obtain



the following complex-amplitude equations
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where Awy, = Wk, — wr, and Awg, = WFy, — WH; — Z]. ozji,-(ij/(QwFHi) are the frequency detunings of the
LF and HF modes.

Similar to Eq. (5) of the main text, Eq (S5) contains certain slowly varying excitations after the RWA,
with frequencies wp, . In particular, for constant Ar,’s, the Ay, oscillate with frequencies wp, . Moreover,
from Eq. (S5), we see that a pair of HF modes are coupled when they are separated in frequency by one of
the LF mode’s frequencies, i.e., |wg, — wh! | R W, Refs. [3, 4] show experimental observations of this type of
resonant coupling in cavity optomechanical systems. Consequently, Eq. (S5) represents a set of linearly coupled
equations in Ay,. We can formally solve Eq. (S5) in terms of the yet unknown complex amplitudes of the LF
modes (Ar,). Then, in the adiabatic tracking regime of Ay, (under the assumption that I'y, > I'y,), we can
obtain a set coupled Stuart—-Landau oscillators for the complex amplitude of the LF modes. While we leave the
details of such an analysis for future study, it is worth noting that even in the case of a single HF mode (and
multiple LF modes), its backaction leads to linear and nonlinear coupling between the LF modes. This type of
LF modal coupling, which is mediated by the HF modes, has been experimentally observed in Refs. [5, 6] in
cavity optomechanics. Therefore, Egs. (S4)-(S5), which account for the important effects of nonlinearity of the
LF modes and noise [7, 8], can be viewed as a direct extension of the simplified model of the main text, which
is clearly relevant to a wider class of systems.

S.2 Modal equations of the pendulums system

The equation of motion of the left and right pendulums that are shown in Fig. S1 are given by

ml0y + k(0L)01 — kbr = k(dr, + ¢L,), (S6)
mﬂzéR + K(HR)OR - kch = k(¢R1 + ¢R2)7 (87)
where k(0. r) = ke + k + mglsinfy r/0r r, which in the leading order nonlinear approximation reduces to
K(0r.r) ~ ke + k +mgl(1 — 07 /6). By setting ¢r, = ¢r, = upc + uo cos(wr,t), ¢r, = —Pr, = u1 cos(wr, t),

and using the modal transformation 6, = (qo +dpc +q1)/v2, and Or = (g0 +pc — q1)/V/2, we find from Egs.
(S6)-(S7) that for dpc < qo, the lowest order (quadratic) nonlinear modal equations have the following form

do + wogo + o (g + q1) = Fp cos(wp,t), (S8)
41+ wig + 2aq0q1 = F cos(wr,t), (S9)
where V3 3
9 g k o g  ki+2k 9opc 2kug 2kuq
W=yt Tt e @ w0 0T e T e

and dpc = %UDC for dpc < 1.

S.3 The parameters of the driven van der Pol-Duffing oscillator

dwp, [a2F121"1 Aw — 8Tgwi, H}lzfl

I'? + (Aw; + nwFo)z}

A?FPAw (TT 4 Aw? — wh, ) + 16wowr,wi, Mo T2+ (Awy + nwg, )2’
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3T (3T% — 5AW? + 8w, ) [QZ‘Fwal(rf + Aw? — w ) + 16wowrwd TTA i T2 + (Awy + nwF0)2]
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Fig. S1: Definition sketch of the coupled pendulums system. The two pendulums can oscillate transversely with respect
to the shafts. The center shaft, which couples the motion of the pendulums, has a torsional stiffness of k., whereas the
two side shafts are identical and have a torsional stiffness of k& < k.. The ends of the two side shafts are connected to
drivers that impose angular motions ¢r r, ,- The angular motions from the drivers satisfy the relations ¢, = ¢r, and
¢r, = —¢r,, which generate the torques k¢r, /v/2 and k¢r,/v/2 in the symmetric and antisymmetric modes.
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S.4 The Adler equation

From Eq. (7) of the main text, we find that the polar notation Ay = —iage'lvo+212(0)] /2 yields the following pair
of equations

w0 = (R0} — %{z}@ R (S10)
ag = g 4 aop 2WFO COos U,

o = o} — {0 _Sf0 g (S11)
vo=he M 4 2w, ao S

where 6 = pg + arg({), and e fy = Fp, which is used to explicitly denote the smallness of Fy (¢ < 1). For € = 0,
the amplitude of the LF mode reaches the steady-state value agss = 2/R{c}/R{¢}. Thus, in the presence of
weak injection, we make the ansatz ag(t) = agss + €n(t), and obtain the following evolution equation to the
perturbation 7 = —2R{c}n — [fo/(2wr,)] cos§. We see that the perturbation 7 is strongly damped; hence, for
t> 1/R{c}, we can set 17 = 0 to obtain

Ri{o}  efo
R{¢} Awp,R{c}

ap =2 cos 6. (512)

Substitution of Eq. (S12) into Eq. (S11) yields

o= 3ot Ry S el
SDO_\?{O'} %{ }5}?{4} dwp, %{g}%{ﬁ}

which is the well-known Adler equation.

sin g + O(g?), (S13)
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