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Abstract: In the current research, a method for estimation of the durability of a structure based on an integrated calcu-9 

lation of static and fatigue strength according to the criterion of allowable strain is presented. The proposed technique is 10 

demonstrated for the upper stringer panel of the wing design. In the course of calculations, several combinations of 11 

design service goals, levels of allowable strains, and levels of cyclic stresses were considered. As a result, the relative 12 

values of stiffness degradation and the required safety ratios of static strength were obtained. 13 

Keywords: Durability, FEM, stringer panel, fatigue life, design 14 

1. Introduction 15 

The design of modern highly loaded structures with strict requirements for limiting weight is associated with over-16 

coming of a large number of technical difficulties and requires to use latest achievements in science and technology. 17 

Thus, the use of polymer composite materials (PCM) is one of the factors determining the weight perfection of modern 18 

aircraft structures, which leads to the manufacture of aircrafts with a large proportion of the use of PCM. As for any 19 

critical structure, it is necessary to confirm strength of aircraft components made of PCM. 20 

The criterion of allowable strain is one of the most common strength criteria used in design and calculation of the 21 

static strength of structures made of composite materials (CM) [1,2]. The strains that occur in the CM structure under 22 

the design load should not exceed the allowable values. The allowable strains level of a laminate can take into account 23 

the impact of the operational and fabrication-induced damage presence, as well as influence of humidity and tempera-24 

ture detrimental effect on material strength. In some cases, limiting strains can be obtained by having the values of failure 25 

stresses and elastic characteristics of the layer. Note that to assess the strength of a laminate consisting of mutually 26 

perpendicular orientations of layers, for example, 0/90 and +45/-45, it is possible to use the maximum strains along the 27 

fiber as allowable [3-5]. The use of this form of the allowable strain criterion leads to the most efficient use of the material 28 

in terms of the structural weight reduction, since the failure longitudinal strains (along the fiber) are larger than the 29 

transverse ones for a layer of typical carbon fiber based on an epoxy matrix [6]. 30 

It is necessary to provide a given durability for critical structures that require long-term operation i.e., to satisfy the 31 

requirements of fatigue strength. 32 

For traditional aviation materials, such as metal alloys, the fatigue strength of a structure is estimated by using the 33 𝑆 − 𝑁 fatigue curves, where the given value of cyclically applied stresses 𝑆 corresponds to the certain value of cycles to 34 

failure 𝑁. The 𝑆 − 𝑁 dependence can be used as an envelope of the residual strength of the element structure [7,8]. In 35 

the case of metals, intermediate values of residual life are not used, the accumulated damage is taken equal to the ratio 36 𝑛𝑁, where 𝑛 is the number of applied cycles and 𝑁 is the number of cycles to failure at a given cyclic load. The accumulation 37 

of fatigue damage to structural elements made of polymer composite materials (PCM) manifests itself not only in the 38 

form of strength, but also in the form of stiffness, what is showed in number of experiments [9, 10]. This is where the 39 

differences in the definitions in the methods for calculating the fatigue life of PCM structures: in some calculations, ac-40 

cording to residual strength [11,12], in others, according to residual stiffness [12,13]. 41 

In modern industrial practice, for example, in aircraft structures, the design uses the “no growth approach” principle, 42 

following which it is required to confirm that the damage present in the structure does not grow during the operational 43 

life of the aircraft or the period between detailed periodic inspections depending on the severity of damage according to 44 

the accepted classification [14]. In tests, this is confirmed by the fact that after working out a certain number of cycles, 45 

with repeated static loading, the resulting strains do not exceed the allowable values, and the structure endures the 46 

operational and then the design load. 47 
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The behavior of the material under cyclic operational loads will depend on the chosen level of allowable strains under 48 

the design load. In particular, with conservatively accepted allowable strains for PCM structural elements, stresses and 49 

strains arising during operation are not sufficient for the manifestation of fatigue phenomena in the material, such as 50 

damage accumulation [15, 16]. It is possible to achieve a more efficient use of a composite material in a load-bearing 51 

structure by adapting the so-called the principle of controlled damage growth (slow growth approach). A step towards 52 

the implementation of this principle may be the calculation of the required safety ratios, taking into account the growth 53 

of damage under the influence of repeated loads in operation, that is, the accumulation of fatigue damage in the CM. 54 

The necessary basis for such a calculation will be the dependence of the damage measure on the number of cycles and 55 

the load level, as well as the rule for summing up the accumulated damage from cycles with different load parameters, 56 

that is, complex loading that occurs during the operation of the aircraft. 57 

Bearing in mind the property of CM to lose stiffness during long-term, repetitive loading, it seems reasonable to 58 

measure the accumulated damage in the form of residual stiffness relative to the initial one [17, 18]. In the scientific 59 

literature, such approaches are called phenomenological due to the fact that the damage measure only indirectly reflects 60 

its physical content: fiber rupture, various forms of matrix cracking inside the layer, delamination, loss of fiber stability 61 

and other types of destruction at the material level. Due to the coupling of the emerging fracture modes during fatigue 62 

loading, it is rather difficult to track them in isolation during the experiment, and hence to formulate the equations for 63 

the rates and durations of damage growth [17]. At the same time, the experimental data for phenomenological theories 64 

are standard tests on samples for cyclic loading with registration of forces, displacements and strains, from which the 65 

values of mechanical characteristics corresponding to various cycles are subsequently obtained. At the same time, it was 66 

found [9] that the values of mechanical characteristics obtained during intermediate (between load cycles) quasi-static 67 

tests in the non-damaging range of strains are better suited for use in the stiffness degradation model. 68 

A special requirement for the methodology of durability calculation according to the stiffness degradation model is 69 

to take into account the redistribution of forces during damage accumulation. This directly follows from the fact that the 70 

growth of damage in the model is reflected in the progressive change in the mechanical characteristics at each point, and 71 

therefore the values of the stresses acting at the point cannot be constant due to the need to satisfy the equilibrium 72 

equations in the mechanical system [19]. If the system is rather complicated, as is the case of real multicomponent struc-73 

tures, then it is efficient to perform stress redistribution using the finite element method [20, 21]. Thus, to clarify the 74 

stress-strain state at certain stages of cyclic loading, a recalculation of the reference static case is required. The highest 75 

accuracy of calculations can be achieved if the physical meaning of the fracture degradation parameters used in static 76 

and fatigue calculations is consistent, but at the same time, in order to speed up computational procedures, it is necessary 77 

to find a balance between the required accuracy, damage mechanics representation and the number of intermediate 78 

recalculations of stress-strain state [21-23]. 79 

This study proposes a method for estimation of the durability of a structure based on a integrated numerical calcula-80 

tion of static and fatigue strength according to the allowable strains criterion. The main assumptions and calculation 81 

dependences of the method are given. The approach is illustrated by the example of calculating the structure of a stringer 82 

panel loaded with cyclic compression for several combinations of design service objectives, levels of allowable strains 83 

and cyclic stresses. 84 

2. Methods 85 

To implement the “slow growth approach” and calculate the required safety ratios with taking into account the de-86 

velopment of damage under the influence of repeated loads, the following methodology is proposed, which, for example, 87 

is applied to the design of a stringer panel (Fig. 1). 88 
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 89 

Fig. 1 The proposed method for determining the required safety ratio to satisfy static and fatigue strength 90 

At the first stage, the design of the structure is carried out according to the restrictions on static strength and the 91 

safety ratio is determined. Design is conducted according to known relations [24] in the following sequence: 92 

• The thickness of the layers of the laminate is set in the first approximation; 93 

• The width of the skin between the stringer walls is found from the condition 94 𝑁𝑧𝑁𝑧𝑐𝑟 + (𝑁𝑧𝑥𝑁𝑧𝑥cr)2 ≤ 1, 95 

𝑁𝑧cr = 2.67 𝜋2√𝐷11𝐷22𝑙2 (1.73 + 𝐷33√𝐷11𝐷22), 96 

𝑁𝑧𝑥cr = 𝑘𝜋2𝑙2 √𝐷33𝐷22√4 + 3√𝐷11𝐷22𝐷33 + 𝐷33√𝐷11𝐷22, 97 

where 𝑁𝑧 – applied compressive forces, 98 𝑁𝑧𝑥 – applied shear forces, 99 𝑁𝑧cr – critical compressive forces, 100 𝑁𝑧𝑥cr – critical shear forces, 101 𝐷11, 𝐷22, 𝐷33 – flexural stiffness of the skin, 102 𝑙 – skin width between stringers. 103 

• Next, the flexural stiffnesses of the reinforced panel are determined: 104 

𝐷11 = 𝑑1 + 𝑑2 + 𝑑3 + 𝑑4𝑙 , 𝑑1 = 𝐵11(1) [𝐻 (𝐻2 − 𝛿0)2 + 𝐻312], 105 

𝑑2 =  𝐵11(2)[𝑑(𝐻 − 𝛿0)2], 𝑑3 =  𝐵11(3)𝛽𝛿02, 𝑑4 = 𝐵11(4)(𝑏 − 𝛽)𝛿02
 106 

𝐷22 = 𝐵22(2)𝑑𝐻 + 𝐷22обш(𝑙 − 𝑑)𝑙 , 107 

where 𝐻 – stringer height, 108 



4   𝑑 -  stringer cap width, 109 𝛿0 – distance from the skin to the center of stiffness of the stringer section, 110 𝛽 – width between stringer webs. 111 

• Then the critical compressive load of the global buckling is found 112 

𝑁𝑧cr = 
𝜋2√𝐷11𝐷22𝑏2 [√𝐷11𝐷22 (𝑚𝑏𝑎 )2 + 2𝐷33√𝐷11𝐷22 + √𝐷22𝐷11 ( 𝑎𝑚𝑏)2], 113 

where 𝑎 – panel length, 114 𝑏 – panel width, 115 𝑚 is determine from condition 116 

𝑚(𝑚 − 1) < 𝑎2𝑏2 √𝐷22𝐷11 < 𝑚(𝑚 + 1). 117 

• Lamina strains are determined 118 

𝜀𝑧0 = 𝑁𝑧𝐵11, 119 

where 𝐵11 – panel membrane stiffness. 120 

• Safety ratio is determined 121 

𝜂𝑠𝑡0 = [𝜀𝑧]𝜀𝑧0 , 122 

where [𝜀𝑧] –allowable strains, 123 𝜀𝑧0 – applied strains. 124 

The superscript 0 in the designations of the safety ratio and strain means the corresponding value before the appli-125 

cation of a given number of load cycles. 126 

With a large safety ratio or a safety ratio < 1, the number of layers of the package and / or the dimensions of the 127 

elements of the stringer panel are changed and the calculation is carried out again. 128 

After determining the parameters of the panel and lay-up, a calculation is carried out using the FEM to confirm the 129 

resulting safety ratio and calculate the reference case for the fatigue analysis. 130 

Next, the durability calculation is carried out. In this work it was carried out using the Simcenter 3D software package 131 

from Siemens, which has a specialized submodule for calculating PCM for durability Van Paepegem Analysis [25]. This 132 

method belongs to the group of methods based on the property of a composite material to lose stiffness during cyclic 133 

loading. 134 

The basic analysis equation for the case of uniaxial loading can be represented as: 135 𝑑𝐷𝑑𝑁 = 𝑐1 ∙ Σ ∙ 𝑒𝑥𝑝 (−𝑐2 𝐷√Σ) + 𝑐3 ∙ 𝐷 ∙ Σ2 ∙ [1 + 𝑒𝑥𝑝(𝑐5(Σ − 𝑐4))], 136 

if 𝜎 ≥ 0, 137 
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𝑑𝐷𝑑𝑁 = [𝑐1 ∙ Σ ∙ 𝑒𝑥𝑝 (−𝑐2 𝐷√Σ)]3 + 𝑐3 ∙ 𝐷 ∙ Σ2 ∙ [1 + 𝑒𝑥𝑝 (𝑐53 (Σ − 𝑐4))], 138 

if 𝜎 < 0. 139 

where 𝐷 = 1 − 𝐸 𝐸0⁄  – stiffness degradation parameter (𝐷 = [0 … 1]), 140 

𝐸 – current material elastic modulus,  141 𝐸0 – elastic modulus of intact material.  142 

When 𝐷 = 0 – there is no damage,  𝐷 = 1 means that the material has completely lost its stiffness, which is referred 143 

to as destruction. The definition of the stiffness degradation parameter is implemented as follows: first, this parameter 144 

is calculated in the reference static analysis as the initial damage, after which it is evaluated during the accumulation of 145 

fatigue and recalculation of the static analysis, which takes into account the current decrease in the stiffness of the ma-146 

terial that occurred during fatigue loading and emerged new stress-strain state (SSS), within which a redistribution of 147 

stress is obtained due to the loss of stiffness. 148 

Σ(𝜎, 𝐷) = 𝜎̃𝑋 = 𝜎1 − 𝐷𝑋 = 𝐸0𝜀𝑋 {𝑋 = 𝑋𝑇 , 𝑖𝑓 𝜎 ≥ 0𝑋 = 𝑋𝑐 , 𝑖𝑓 𝜎 < 0, 149 

where 𝑁 – current load cycle,    150 Σ – material failure index, 151 𝜎 – applied stress, 152 𝑋𝑇 , 𝑋𝑐  – tensile and compressive strength of the material, respectively, 153 𝑐1, 𝑐2 – material constants characterizing the initial stiffness loss (stage 1, Fig. 2) 154 c3, c4, c5 – material constants characterizing the progressive stiffness loss (stages 2 and 3 Fig. 2). 155 

 156 

Fig. 2 Stages of progressive composite material stiffness loss 157 𝑁𝑓 – number of load cycles to failure. 158 
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The main analysis equation in the original work of the author of the method [13] was successfully used in calculating 159 

the durability of a woven prepreg with [0]n and [±45]n lay-up. For the case of an orthotropic layer of a unidirectional 160 

material, the main calculation equation was adopted in [20]: 161 

if 𝜎11 ≥ 0: 162 𝑑𝐷11𝑑𝑁 = 𝑐1,11 ∙ Σ11 ∙ 𝑒𝑥𝑝 (−𝑐2,11 𝐷11√Σ11) + 𝑐3,11 ∙ 𝐷11 ∙ Σ112 ∙ [1 + 𝑒𝑥𝑝 (𝑐5,11(Σ11 − 𝑐4,11))] 163 

if 𝜎11 < 0 164 𝑑𝐷11𝑑𝑁 = [𝑐1,11 ∙ Σ11 ∙ 𝑒𝑥𝑝 (−𝑐2,11 𝐷11√Σ11)]3 + 𝑐3,11 ∙ 𝐷11 ∙ Σ112 ∙ [1 + 𝑒𝑥𝑝 (𝑐5,113 (Σ11 − 𝑐4,11))] 165 

if 𝜎22 ≥ 0: 166 𝑑𝐷22𝑑𝑁 = 𝑐1,22 ∙ (1 + 𝐷122 ) ∙ Σ22 ∙ 𝑒𝑥𝑝 (−𝑐2,22 𝐷22(1 + 𝐷122 )√Σ22) + 𝑐3,22 ∙ 𝐷22 ∙ Σ222 ∙ [1 + 𝑒𝑥𝑝 (𝑐5,22(Σ22 − 𝑐4,22))] 167 

if 𝜎22 < 0: 168 𝑑𝐷22𝑑𝑁 = [𝑐1,22 ∙ (1 + 𝐷122 ) ∙ Σ22 ∙ 𝑒𝑥𝑝 (−𝑐2,22 𝐷22(1 + 𝐷122 )√Σ22)]3 + 𝑐3,22 ∙ 𝐷22 ∙ Σ222 ∙ [1 + 𝑒𝑥𝑝 (𝑐5,223 (Σ22 − 𝑐4,22))] 169 

𝑑𝐷12𝑑𝑁 = 𝑐1,12 ∙ (1 + 𝐷122 ) ∙ Σ12 ∙ 𝑒𝑥𝑝 (−𝑐2,12 𝐷12(1 + 𝐷122 )√Σ12) + 𝑐3,12 ∙ 𝐷12 ∙ Σ122 ∙ [1 + 𝑒𝑥𝑝 (𝑐5,12(Σ12 − 𝑐4,12))] 170 

In equation [20]: 171 𝐷11, 𝐷22, 𝐷12 – degradation parameters of longitudinal, transverse and shear stiffness, respectively; 172 𝑐𝑖,𝑗𝑘  – material constants for longitudinal direction (𝑐1,11), transverse direction (𝑐1,22) and in the plane of the layer 173 

(𝑐1,12), 𝑖 = 1 … 5, 𝑗𝑘 = 11, 22, 12; 174 Σ𝑗𝑘  – failure indices in the respective directions: 175 

Σ11 =  𝜎111 − 𝐷𝑋 {𝑋 = 𝑋𝑇 , 𝑖𝑓 𝜎11 ≥ 0𝑋 = 𝑋𝑐 , 𝑖𝑓  𝜎11 < 0, 176 

Σ22 =  𝜎221 − 𝐷𝑌 {𝑌 = 𝑌𝑇 , 𝑖𝑓 𝜎22 ≥ 0𝑌 = 𝑌𝑐 , 𝑖𝑓  𝜎22 < 0, 177 

Σ12 =  𝜏121 − 𝐷𝑆12 , 178 

where 𝜎11, 𝜎22, 𝜏12 – applied longitudinal, transverse and shear stress in the plane of the layer, respectively; 179 𝑋𝑇 , 𝑋𝐶  – longitudinal tensile and compressive strength of the material, respectively; 180 𝑌𝑇 , 𝑌𝐶  – transverse tensile and compressive strength of the material, respectively; 181 𝑆12 – shear strength of the material in the plane of the layer. 182 
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After carrying out the calculation for durability, the value of the safety ratio is calculated at the design load after the 183 

cycles of applied loads have expired: 184 

𝜂𝑛 = [𝜀𝑧]𝜀𝑧𝑛  185 

where 𝜀𝑧𝑛 − strain value after application of prescribed number of load cycles. 186 

If 𝜂𝑛 > 1, then the panel satisfies the static and fatigue strength constraints. In this case  𝜂𝑛 ≫ 1, it is possible to carry 187 

out optimization in order to obtain the smallest weight of the structure. If 𝜂𝑛 < 1, then it is necessary to redesign the 188 

panel taking into account the new limitation on static strength or reduce the load acting on the panel. In the general case, 189 

to calculate the required safety ratio for statics 𝜂0, it is possible to carry out an iterative procedure for changing 𝜂0 de-190 

pending on the value of 𝜂𝑛, which is determined numerically in each successive calculation loop. A simpler one-step 191 

procedure, appropriate in individual cases, is described in the example below. 192 

The reduction of safety factor after the end of fatigue cycles can be expressed as: 193 

𝜂0 − 𝜂𝑛 = [𝜀𝑧]𝜀𝑧0 − [𝜀𝑧]𝜀𝑧𝑛 = 𝜂0 (𝜀𝑧𝑛 − 𝜀𝑧0𝜀𝑧𝑛 ) = 𝜂0𝜒, 194 

thus, the relative loss of stiffness can be expressed by the coefficient 𝜒. 195 

3. A calculation example  196 

3.1 Design cases 197 

In order to test the methodology and the “slow growth approach”, several combinations of design service goals (DSO), 198 

levels of allowable strains and the level of cyclically acting load were considered for the case of a stringer panel loaded 199 

with zero compression cycles: 200 

Var. №1. DSO 500,000 cycles, applied strain 25% of the allowable, allowable strain[𝜀𝑧] = 0.4% (limit approxi-201 

mately corresponds to the ultimate strain in the presence of BVID (Barely Visible Impact Damage); 202 

Var. №2. DSO 500000 cycles, applied strain 60% of the allowable, allowable strain[𝜀𝑧] = 0.4%; 203 

Var. №3. DSO 2000000 cycles, applied strain 25% of the allowable, allowable strain[𝜀𝑧] = 0.4%; 204 

Var. №4. DSO 2000000 cycles, applied strain 60% of the allowable, allowable strain [𝜀𝑧] = 0.4%; 205 

Var. №5. DSO 500000 cycles, applied strain 25% of the allowable, allowable strain[𝜀𝑧] ≈ 0.8% (the limit corre-206 

sponds to the maximum strain of the panel when the criterion of static strength is met); 207 

Var. №6. DSO 500000 cycles, applied strain 60 of the allowable, allowable strain [𝜀𝑧] ≈ 0.8%; 208 

Var. №7. DSO 2000000 cycles, applied strain 25% of the allowable, allowable strain[𝜀𝑧] ≈ 0.8%; 209 

Var. №8. DSO 2000000 cycles, applied strain 60% of the allowable, allowable strain [𝜀𝑧] ≈ 0.8%. 210 

3.2 Material properties 211 

The design and further static and fatigue calculations of the stringer panel were carried out with the properties of 212 

carbon fiber reinforced plastic (CFRP) presented in Table 1. 213 

Table 1 CFRP properties 214 

Property  Value 

Elastic modulus under longitudinal tension, 𝑬𝟏𝒕, GPa 137 

Elastic modulus under longitudinal compression, 𝑬𝟏𝒄, GPa 122 

Elastic modulus under transverse tension, 𝑬𝟐𝒕, GPa 8.28 

Elastic modulus under transverse compression, 𝑬𝟐𝒄, GPa 8.4 

Poisson's ratio, 𝝂𝟏𝟐 0.335 

Shear modulus, 𝑮𝟏𝟐 , GPa 4.15 
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Ultimate longitudinal tension strength, 𝑭𝟏𝒕, MPa 2147 

Ultimate longitudinal compression strength, 𝑭𝟏𝒄, MPa 979 

Ultimate transverse tensile strength, 𝑭𝟐𝒕, MPa 50.3 

Ultimate transverse compression strength, 𝑭𝟐𝒄, MPa 237 

Shear strength, 𝑭𝟏𝟐, MPa 81.9 

Monolayer thickness, 𝒕, mm 0.13 

At the same time, in elements with multidirectional lay-up the influence of neighboring layers on the values of the 215 

transverse and shear strength (in-situ strength) of the layer was taken into account according to the formulas [5]: 216 

𝐹2𝑡𝑖𝑠 = 1.12√2𝑡𝑡𝑡𝑒 𝐹2𝑡 217 

𝐹6𝑖𝑠 = √2𝑡𝑡𝑡𝑒 𝐹6 218 

where  𝐹2𝑡𝑖𝑠 – local transverse tensile strength; 219 𝐹6𝑖𝑠 – local shear strength; 220 𝑡𝑡 = 4𝑎0 – transition thickness, 221 

 𝑎0 = 0.2 − representative defect size for CFRP; 222 𝑡𝑒 = min (𝑡𝑡 , 𝑡𝑘), 223 𝑡𝑘 – monolayer thickness. 224 

The material constants that determine the form of the monolayer stiffness degradation curve according to the Van 225 

Paepegem model were chosen according to the values recommended for CFRP due to the lack of special experimental 226 

data for the CFRP chosen in this study. 227 

3.3 Description of the FE model 228 

A general view of the geometry of the stringer panel is shown in the Fig. 1. The geometric parameters of the stringer 229 

model are presented in the Table 2. 230 

 231 

Fig. 3 Stringer panel geometry 232 
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Table 2 Geometric parameters of the stringer panel 233 

Parameter Value 

Length, 𝒂, мм 180 

Width, 𝒃, мм 180 

Stringer’s height, 𝑯, мм 25 

Cap’s width, 𝒅, мм 20 

Stringer’s pitch, 𝒍, мм 60 

The panel was designed in such a way that the material strength criterion was satisfied before the overall and local 234 

buckling of the panel, in accordance with the methodology presented in section 2 using the maximum strain limit. 235 

The general view of the stringer panel FEM is shown in Figure 1. This model contains 3781 Mindlin Shell [T29] elements 236 

and 3906 nodes. The element size is 5 mm. 237 

 238 

Fig. 4 Stringer panel FEM 239 

Mindlin Shell elements [T29] were used in the simulation because Mindlin plate theory takes into account transverse 240 

shear strain. This is important for the laminated panel because it has low transverse shear stiffness due to the interlami-241 

nar interface. Thus, displacements and strains are defined as [26,27]: 242 𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧𝜃𝑦, 𝜀𝑥 = 𝜕𝑢0𝜕𝑥 − 𝑧 𝜕𝜃𝑦𝜕𝑥 , 243 

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧𝜃𝑥 , 𝜀𝑦 = 𝜕𝑣0𝜕𝑦 − 𝑧 𝜕𝜃𝑥𝜕𝑦  244 

𝛾𝑥𝑦 = 12 (𝜕𝑢0𝜕𝑦 + 𝜕𝑣0𝜕𝑥 ) − 𝑧2 (𝜕𝜃𝑦𝜕𝑦 + 𝜕𝜃𝑥𝜕𝑥 ) , 𝛾𝑦𝑧 = 12 (𝜕𝑤0𝜕𝑦 − 𝜃𝑥) , 𝛾𝑧𝑥 = 12 (𝜕𝑤0𝜕𝑥 + 𝜃𝑦) 245 

x, y – axis in layer plane; 246 z – axis perpendicular to the plane of the layer; 247 u0, v0 - in-plane displacements of the mid-surface; 248 w0 - displacement of the mid-surface along z axis 249 θx, θy – angles of rotation around the axes x and y; 250 u, v, w – displacement along the axes x, y, z; 251 



10   εx, εy, γxy, γyz, γzx – strains.  252 

Displacement inside FE [28]:  253 

{𝒇} = {𝑢(𝑥, 𝑦, 𝑧)𝑣(𝑥, 𝑦, 𝑧)𝑤(𝑥, 𝑦) } = [𝑵]{𝜹}𝑒 = [𝑁𝑖 , 𝑁𝑗 , 𝑁𝑚, …] { 𝛿𝑖𝛿𝑗𝛿𝑚… } 254 

[𝑁𝑖] – shape functions; 255 {𝛿𝑖}𝑒 – node displacements; 256 𝑖, 𝑗, 𝑚, … - node number. 257 

For each element of the panel, the laminate stacking sequence is specified, presented in the Table 3. 258 

Table 3 The laminate stacking of stringer panel elements 259 

Stringer panel element Laminate stacking 

Skin [45,0,0, −45,0, 90̅̅̅̅ ]𝑠 

Stringer web [45,0,0, −45,0, 90̅̅̅̅ ]𝑠2 

Stringer cap [45,0,0, −45,0, 90̅̅̅̅ ]𝑠2 

4 Results 260 

During the static analysis, the values of the criterion of maximum stresses and strainjs of the panel in the longitudinal 261 

direction were obtained for two design cases (Fig. 5). For the design case with limited allowable strains [𝜀𝑧] = 0.4% 262 

design load 𝑃d, acting on the panel was assumed to be 300 kN. 263 

 

a) 

 

b) 

 

c) 

 

d) 
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Fig. 5 Static analyses results. a) Maximum stress criterion for design case 𝑃𝑑 = 600 𝑘𝑁; b) Panel longitudinal strain for design case 𝑃𝑑 =264 600 𝑘𝑁; c) Maximum stress criterion for design case 𝑃𝑑 = 300 𝑘𝑁; d) Panel longitdinal strain for design case 𝑃𝑑 = 300 𝑘𝑁; 265 

Thus, the designed panel has a safety ratio of 𝜂𝑠𝑡 when the maximum strains are limited under the design load 𝑃d =266 600 kN and when the allowable strains are [𝜀𝑧] = 0.4% under the design load 𝑃d = 300 kN.  267 

After carrying out fatigue calculations, the coefficient values 𝜒 were obtained (Table 4).  268 

Table 4 Relative stiffness degradation 269 

Design case 𝝌 ∙ 𝟏𝟎𝟎, % 

 500000 cycles 2000000 cycles 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 1.07 4.97 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 0.46 1.30 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 0.54 1.57 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 0.27 0.68 

As can be seen from the Table 4, with a restriction on allowable strains [𝜀𝑧] = 0.4%, there is practically no degrada-270 

tion of the panel stiffness in the longitudinal direction both for 500000 cycles and for 2000000 cycles, which is another 271 

confirmation of the fact that in a CM structure designed according to allowable strains of the BVID level, the principle of 272 

non-development of damage is performed automatically. When using the restriction on maximum strains, a slight drop 273 

in stiffness is also observed for 500000 cycles at 𝑃o = 0.25𝑃d and 𝑃o = 0.6𝑃d, and also for 2000000 at 𝑃o = 0.25𝑃d. Thus, 274 

a laminate designed according to the conditions of static and fatigue strength for allowable strains close to neat material 275 

failure strains, in a fairly wide range of durability and acting cyclic loads, shows resistance to damage development, but, 276 

at the same time, has half the thickness than the previously considered package with the accepted allowable strain [𝜀𝑧] =277 0.4%,. A distinct drop in stiffness is observed for the panel calculated using the maximum strain limit and high operating 278 

load level 𝑃o = 0.6𝑃d (5% drop in stiffness). 279 

Figures 6-8 show the distribution of longitudinal strains of the panel for the design case using the maximum strain 280 

limit at 𝑃o = 0.6𝑃р for a different number of cycles. 281 

 282 

Fig. 6 Panel longitudinal strains after 500000 cycles 283 
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 284 

Fig. 7 Panel longitudinal strains after 2000000 cycles 285 

 286 

Fig. 8 Panel longitudinal strains after 3800000 cycles 287 

Figure 1 shows a graph of stiffness degradation versus the number of cycles. It can be seen from the graph that in the 288 

range of application of load cycles  𝑛 = 106 − 2.5 ∗ 106 the degradation rate increases, and immediately then, after 𝑛 =289 2.5 ∗ 106 it starts to slow down. 290 
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 291 

Рис. 1 Graph of stiffness degradation vs. number of cycles 292 

Further, in accordance with the methodology, the total safety ratios for statics and durability were obtained for each 293 

design case (Table 5). 294 

Table 5 Static strength margin after fatigue cycles, 𝜂𝑛 295 

 296 

Design case 𝜼𝒏, 500000 cycles 𝜼𝒏, 2000000 cycles 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 0,99 0,95 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 1,00 0,99 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 0,99 0,98 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 1,00 0,99 

As can be seen from Table 5, for the design case with a restriction on maximum strains at 𝑃o = 0.6𝑃d, it is required to 297 

redesign the panel, while it is necessary to achieve the required safety ratios presented in Table 6. With small drops in 298 

stiffness ≤ 5%, this approach is quite legitimate and contains the following logic. The increase in strains ∆𝜀 revealed at 299 

the end of the durability calculation is a measure of the accumulated damage of the material. The required static strength 300 

safety ratio, taking into account the accumulated damage, can be calculated by determining the new required level of 301 

applied strains 𝜀𝑟𝑒𝑞𝑛𝑒𝑤  relative to the initial 𝜀𝑟𝑒𝑞𝑜𝑙𝑑, namely: 𝜀𝑟𝑒𝑞𝑛𝑒𝑤 =  𝜀𝑟𝑒𝑞𝑜𝑙𝑑 −  ∆𝜀. The new required safety ratio 𝜂0𝑛𝑒𝑤  will auto-302 

matically be greater than the old 𝜂0𝑜𝑙𝑑 : 𝜂0𝑛𝑒𝑤(= [𝜀]𝜀𝑟𝑒𝑞𝑛𝑒𝑤) > 𝜂0𝑜𝑙𝑑(= [𝜀]𝜀𝑟𝑒𝑞𝑜𝑙𝑑).  A lamina redesigned for a new safety ratio will 303 

guarantee to have a lower accumulated damage than ∆𝜀. 304 

Table 6 Required static strength safety ratio 𝜂0𝑛𝑒𝑤  for several design cases 305 

Design case 𝜼𝟎𝒏𝒆𝒘, 
500000 cycles 

𝜼𝟎𝒏𝒆𝒘, 
2000000 cycles 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 1,01 1,05 

Restrictions on maximum strains, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 1,00 1,01 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟔𝑷𝒅 1,01 1,02 

Restrictions on allowable strains [𝜺𝒛] = 𝟎. 𝟒%, 𝑷𝒐 = 𝟎. 𝟐𝟓𝑷𝒅 1,00 1,01 

5 Discussion and conclusion 306 
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This study proposes a method for estimation of the durability of a structure based on a complex numerical calculation 307 

of static and fatigue strength according to the criterion of allowable strains. The main assumptions and calculation de-308 

pendences of the method are given. The approach is illustrated by the example of analysis of the structure of a stringer 309 

panel loaded by cyclic compression for several combinations of DSO, levels of allowable strains and cyclic stresses. The 310 

above procedure for increasing the required safety ratio will be relevant if there is a requirement for a CM structure to 311 

withstand the full design load throughout the entire DSO, taking into account the reliability factor. It should be noted 312 

that taking into account the degradation of the strength of the material and the different requirements for static strength 313 

for the structure will require modification of the proposed procedure for determining the required safety ratio. 314 
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