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S1. NON-INTERACTING HAMILTONIAN FOR A GRAPHENE-INSULATOR HETEROSTRUCTURE

The Hamiltonian for a graphene-insulator heterostructure can be always divided into three parts: graphene part
Hg, the insulating substrate part Hg and the coupling between them Hg_g. The graphene part can be suitably
described by a tight-binding model since we focus on the low-energy physics. As we have explained in the main
text, with slight carrier doping band edge, the insulator substrate is supposed to form a long-wavelength charge order
on the interface near graphene sheet thanks to Coulomb interactions between electrons occupying the band edge of
the insulating substrate (transferred from graphene layer). The insulator substrate part is then modeled by a 2D
Hamiltonian for electrons hopping on a 2D superlattice which forms a Wigner-crystal-like or long-wavelength charge
ordered insulator state at some proper filling. The geometry of the superlattice is determined by the long-wavelength



order at the interface. Explicitly, the graphene part Hg and the insulator substrate part Hg can be generally written
as
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where &) (k) and JS,“(E) are fermionic annihilation (creation) operators for electrons in graphene and the insulator

substrate, respectively. In the lower index of these operators, « is the sublattice index for the bipartite lattice of
graphene and o is the spin degree of freedom of electrons. To emphasize the fact that graphene and the insulator
substrate have different lattices and thus different Brillouin zone, we denote k and k as the wavevectors in the Brillouin
zone of graphene and that of the long-wavelength superlattice in the substrate, respectively. In our calculations, the
lattice for Hg is set to rectangular or triangular. The lattice symmetry turns out to make no qualitative differences.

Since electrons have negligible probability to hop between graphene and the insulator substrate due to rather large
distance d between two sheets in the z-direction (d ~ 7 A from DFT calculations in CrOCl-graphene heterostructure),
we suppose that electrons from two sheets are coupled only via long-ranged Coulomb interactions. Unlike Hg and
Hg, such long-ranged Coulomb interactions are more easily written in real space. In terms of field operators ﬁ(r),
the inter-sheet coupling reads

fig-s = [ drir 'Zw )5, () (I =17+ d2]) b () (1) (53)

where V(|r — v’ + d2|) is the 3D long-ranged Coulomb potential e?/4rege,r and electrons in graphene and the
insulating substrate are described by the field operators with lower index ¢ and d, respectively. Here ¢q is the vacuum
permittivity and €, is the dimensionless relative dielectric constant of the insulating substrate. In the spirit of tight-
binding formalism, we write the field operators in terms of Wannier functions

= Z¢z<r—ai —ra)xbel o (S4)
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where ¢, and 5 are Wannier functions localized on the graphene and the insulator substrate Bravais lattice sites,
which are described by a; and R;, respectively. Here a refers to the sublattice index in graphene and 7 is the vector
denoting the position of the ath sublattice inside the unit-cell. The spin degrees of freedom is included by the index
o and also explicitly by spinor x,. It is worthwhile to note that here the Bravais lattice sites and the corresponding
Wannier functions for the substrate refer to those of the spontaneously generated charge ordered superlattice, not
the atomic lattices of the substrate. A more fundamental treatment based on the atomic lattice sites of the substrate
lattice will be discussed in Sec.
After the transformations above, the Hamiltonian Hg_g in the Wannier basis reads
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If Wannier functions are so localized such that
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with 6(2)(r) is the 2D Dirac é-function distribution, we can simplify the previous expression to
Uwf’; irorjr = Uiaj0iir0a,ar 0j 5 (S12)
with d,,, is the Kronecker delta and
Uiaj = V(la; + To — R; + dZ]). (S13)

Then, we write Hg_g in reciprocal space using the following Fourier transformation
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where N and Ny are the number of lattice sites for electron in graphene and the insulator substrate, respectively.
The Hamiltonian He_g in the basis of éyq (k) and d, (k) reads
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Now we first define R = a; — R;, and let k' —k = g = ¢+ G, where G is a reciprocal vector of the long-wavelength
ordered superlattice and q is the wavevector within the sui erlattice Brillouin zone. Then we take use of the identity

Z]‘ ei(E’_E+q)‘Rj = Zj ei(E/_E-‘ra-i-G)'Rj = Nd(SE’—E 3 Eq. (S16]) can be simplified as
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The coupling ‘7(6+ G) reads
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where €, is the area of the unit-cell of the surface superlattice of the substrate. In the third line of the above derivation,
we smear the sum over R = a; — R; by replacing it with an integral over the surface S = NyQ4 = N.Q. with . the
area of graphene’s unit-cell since we are interested in the physics in the length scale of the superlattice {R,}, which
is supposed to much larger than that of graphene. Finally, the last line is the 2D partial Fourier transformation of
the 3D Coulomb potential.

Since we focus on the low-energy physics around the Dirac cones of graphene, we can attribute valley index u to
electrons in graphene and neglect intervalley coupling thanks to the exponential decay of V(q) so that
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In the meantime, the Hamiltonian for graphene only Hg [see Eq. ] can be divided into two valley sectors
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where o# = (o, 0,) with o, , are the Pauli matrices and the valley index p = +1.
In the Hartree approximation by contracting ¢ and d fermion operators separately, we have
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Since the long-wavelength charge order state is insulating presumingly with two spin degenerate electrons occupying
each supercell, we have

> _(dh (k) (k) = 2Na. (522)
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Writing k = k + G with G in the superlattice reciprocal lattice, the final form of the coupling between graphene and
insulating substrate used in our calculations reads
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In the meantime, we integrate out the Hamiltonian for insulating substrate Hg [see Eq. (S2))] so that it becomes
a constant charge density, which is omitted in our calculations. To wrap up, we get the effective non-interacting
Hamiltonian in continuum in the valley p

HY (r) = hopk - o + Ug(r) (S25)

where the Fourier component of Uy(r) is precisely Uy(G) [see Eq. (S24)] with G in the reciprocal lattice of the
underlying insulating substrate’s surface superlattice.

As revealed by Eq. , increasing the interlayer distance d would diminish the interlayer Coulomb interaction
between the charges of the Wigner crystal at the surface of the substrate and the Dirac electrons in the graphene layer
[see Eq. (2) in the main text]. To estimate the e-e interaction effects in graphene with different interlayer distance
d, we have calculated the effective fine structure constant of graphene: o = e? /47reoerhvlspL, where the Fermi velocity
U%L is the non-interacting Fermi velocity of the graphene being coupled to the Coulomb superlattice potential. Note
that U%L is reduced compared to the free-standing non-interacting Fermi velocity vp due to the effects of Coulomb
superlattice potential, whose strength depends on the interlayer distance d, the background dielectric constant e,,
and the superlattice constant Ly of the Wigner crystal formed at the surface of the substrate. In Fig. a), we plot
the effective fine structure constant « as a function of the interlayer distance d, and the superlattice constant Ly,
with a fixed background dielectric constant €, = 3. We note that there is small region in the upper left corner where
a < a. = 0.92, which means that graphene would remain as a semimetal in this region. We further plot « vs. d in
Fig. b)7 and find that « decreases with the increase of d, and o becomes smaller than the critical value 0.92 when
d > 20 A, and is expected to undergo a transition from a gapped to a gapless Dirac state.

In our numerical implementations, the lattice of insulating substrate is set to be rectangular or triangular, from
which we obtain qualitatively the same correlated states in the graphene layer. The range of {G;} is limited to
[nzl, |ny| < 4 with G = nzge + nyGy. ga,y are the two reciprocal lattice vectors for the rectangular lattice of
insulating substrate. The sum over @ in Eq. stops at the limit [ng| + |ny| < 2.

S2. TOPOLOGICAL PROPERTIES OF THE NON-INTERACTING HAMILTONIAN

We further study the topological properties of our model Hamiltonian derived in the previous section. Different
from magic-angle TBG [1H5], the low-energy subbands for graphene coupled to a rectangular superlattice potential
Uq4(r) with small anisotropy (r ~ 1) turns out to be topologically trivial. To be specific, in Fig. 2d of main text, we
have shown the Berry curvature distribution of the highest valence band of valley K in the mini BZ of the superlattice
with L, = 50A and r = L,/L, = 1.2. We see that the Berry curvature is mostly concentrated at the band crossing



(a) 2o (b) avs. dfor Lg= 50 Afore= 3.0
I 1.25 1
1.8 1.20 4

1.15

1.10 1
1

1.0

300 400 500 600 I T y ; v - .
5 10 15 20 25 30

Ls (A) d (A)

FIG. S1: (a) Calculated effective fine-structure constant a of graphene in the parameter space of the background
Wigner-crystal superlattice Ly, and the interlayer distance between graphene and the substrate d, with the background
dielectric constant fixed as €, = 3. (b) Line plot of a vs. d, with L, = 50 A, and €, = 3. The red lines mark the
critical value of a, = 0.92 above which the Dirac point of graphene would be gapped by e-e interactions.

points, i.e., the four high symmetry points I'y, Ss, Xs, and Y. The contributions from the I'y and the Ss points
are exactly compensated by those from the X, and Y; points, resulting in a band with zero Chern number. This is
anticipated because the superlattice potential is non-chiral in the sense that it is coupled equally to the two sublattice
of graphene. This remains true even including e-e interactions.

Hence, it is unexpected that changing the anisotropy r and the lattice size L, of the superlattice potential Uy can
make the subbands topological. For example, keeping L, = 50 A but with » = 3.0, the valley Chern number of the
low-energy subbands become nonzero. For valley K, the highest valence band and lowest conduction band now have
a Chern number C' = =1, respectively. As shown in Fig. a), besides the four high symmetry points, it appears
another two “hot spots” (annotated by green circles) along the line connecting I'y and X . This new contribution
breaks the balance between positive and negative contribution of Berry curvature to Chern number, leading to non-
zero valley Chern number. Such contribution stems from a new crossing point between the low-energy valence and
conduction bands along the k,-direction through changing merely the anisotropy parameter r, as shown in Fig. c)
with red dot in green circle. From the animated Fig. we see that while increasing r, the Fermi velocity is gradually
reduced, and at some point, becomes vanishingly small along one direction due to Klein tunneling effects. Then,
further tuning r germinates a band crossing originated from the Dirac point then gradually moving away from it.
Alternatively, we find that changing L can also control the valley Chern number of the subbands, since L is encoded
in the superlattice potential (see Eq. ) For example, with » = 3 and L, = 600 A, as shown in Fig. b),
while the highest valence band remains topological with non-zero valley Chern number 1 for valley K with the two
aforementioned crossing points (green circles) merely moving to X, the lowest conduction band turns out to be
topologically trivial. This is due to two new band crossing points (orange circles) close to the Y-S, line between
the lowest and the second lowest conduction bands, as annotated by red dots in an orange circle in Fig. d). Such
topologically nontrivial bands are particularly surprising for our system, since the Dirac fermions are coupled to a
“trivial” superlattice potential coupled identically on two sublattices, different from the case of magic-angle TBG.
Thus, the nontrivial topology must arise by virtue of the intrinsic Berry phases of the Dirac cones.

We further show the non-interacting energy spectra and distributions of Berry curvature in the first Brillouin zone
for various superlattice constants (Ls) and anisotropy parameters (r), i.e., Ly = 50, 200, 600 A with r = 1.2 and
3. The plots are given in Fig. for Ly = 50, 200, 600 A, respectively. Since the system preserves time-
reversal symmetry and the superlattice potential U, is diagonal in the sublattice subspace, the non-interacting energy
spectrum in valley K’ is exactly the same as that in valley K so that we only plot the spectrum for valley K here.
As shown below, the distribution of Berry curvature of the highest valence and the lowest conduction band in valley
K is exactly opposite to that in valley K’ as another consequence of time-reversal symmetry of the system.

We also provide separately six videos in other Supplementary Information, which show the non-interacting energy
spectra and distributions of Berry curvature in the first Brillouin zone for L, = 50, 200, 600 A with r = 1-10,
respectively. We note that the anisotropic charge ordered superlattices may be realized in two ways. First, one can
design a spatially modulated electrostatic potential, which has been realized in monolayer graphene by inserting a
patterned dielectric superlattice between the gate and the sample [6]. Then, the anisotropy of the superlattice can
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FIG. S2: (a) and (b) shows the distribution of Berry curvature in the r = 3 superlattice’s BZ of the lowest valence
and conduction band in valley K for Ly = 50 and 600 A, respectively. Their corresponding valley Chern number are

also given on the top of each panel. (c¢) and (d) are the non-interacting band structure of the r = 3 superlattice with
Ly =50 and 600 A.

be artificially tuned by the dielectric patterning in the substrate. Second, for some given carrier density, the Fermi
surface of the conduction (or valence) band of the substrate may be (partially) nested, which may lead to a charge
density wave (CDW) state with the nesting wavevector. For example, for CrOCI, the Fermi surfaces under different
Fermi energies (above the conduction band minimum) are given in Fig. c). Clearly, under some proper fillings,
the Fermi surfaces are nested or partially nested, which may give rise to CDW states with anisotropic superlattices.
We note that topologically nontrivial flat bands have also proposed to exist in Bernal bilayer graphene coupled with
a background superlattice potential [7].

S3. RENORMALIZATION GROUP DERIVATIONS

The derivation shown in this section is inspired from Ref.[8l The e-e Coulomb interaction operator in our derivations
is written as

e = 3 / Prd?e'V.(r — r')p(r)p(r') (526)

where V,(r) = €2 /4mege,r and p(r) is the density operator of electrons at r. The Hamiltonian Eq. is defined
at some high energy cut-off £F,.. We focus in the valley u = +1 by the virtue of which the derivation for the valley
1 = —1 is immediate and the results are identical. Remember that the parameters vp and ﬁd(G) should be thought
of as being fixed by a measurement at E, without e-e interactions. This also amounts to p(r) = ¢ (r)(r) with the
non-interacting field operator ¢ (r)

b)) = D Gonk(r)ion(k) (S27)
on,k;
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where ¢,k (r) is the wavefunction of an eigenstate of the non-interacting Hamiltonian Hy [see Eq. (S25))] with energy

€n k. and its associated annihilation operator is éyp (k).

Electron-electron interaction in a lower energy window

Now we change the cut-off E, to a smaller one E’, and see how these parameters are modified by ‘A/}nt. Vint can be
treated perturbatively when E’ is much larger than any other energy scale in the system. To do so, we split the field
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FIG. S3: Animation (click the figure in, for example, Adobe Acrobat PDF reader to activate) for the non-interacting
band structures of graphene on a superlattice with Ls=50 A and the anisotropy parameter r varying from 1 to 5.

operator 1 (r) = {<(r) + ¢ (r) where
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Then, we integrate out the fast modes ¢/ (r) in the expansion of p(r)j(r'). Note that 1> (r) and ¢>T(r) must appear
equal times in each terms of the expansion otherwise it would vanish by taking the non-interacting mean value (... )o.
Explicitly, these terms are retained up to a constant:

p(r)p(r’) = p=(r)p=(r')
+ﬁ()z/3T
+9<T(r) (@
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FIG. S4: Non-interacting spectrum and distribution of Berry curvature in the first Brillouin zone for L, = 50 A with
(a) r = 1.2 and (b) r = 3. Please refer to Sec.

The first term gives the Coulomb e-e interaction between electrons of the slow modes 1&<(r) below the new cut-
off E!. The second and third term could be omitted if the system has particle-hole (p-h) symmetry as in twisted
bilayer graphene [8]. In our system described by Eq. , the first nearest-neighbor coupling in ﬁd(G) preserves p-h
symmetry. The p-h symmetry is broken if further-neighbor coupling is included, which is exponentially smaller [see
Eq. ] So, it is legitimate in our RG derivation to neglect such weak p-h asymmetry in order to omit the second
and the third term in the expansion.

Then, we evaluate the rest of the terms in the expansion, which represents precisely the correction to Hy from the
fast modes 1ﬁ>(r) via Coulomb e-e interactions. Let us write

=0T | Y Genk @l (r) | 50 + D5 (x) S O ®bonk() | 9T
BB, e S

=00 | Y ek (@)gha () | P50 + <) Yo k@b () | D5 (x)
e, B,

where the minus sign in the second line comes from the exchange the two fermionic operators and the constant arising
from the exchange is omitted. Then, the e-e interaction Vi in the lower energy window delimited by E’ is

Vi = 7 / Pri’eV (e -2 (1)p () + / Prdr'V(r — )< (1) F(r, 1)< () ($33)
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FIG. S5: Non-interacting spectrum and distribution of Berry curvature in the first Brillouin zone for L, = 200 A with
(a) r = 1.2 and (b) r = 3. Please refer to Sec.

with

Flrry= > sign(enr)bonk(t)d) e (r). (S34)
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Evaluation of the correction to the non-interacting Hamiltonian from the fast modes

In the following, we set i = 1 for the simplicity in mathematical expressions. Note that F(r,r’) has the structure
of the residue of the Green’s function G(z) = (z — Hy)~! taking only the valley u = +1 part in Hy = Hg + Hg_s

[see Egs. (S20) and (S23))], namely
Fle) = § = wlG) (539
c

2mi
where the contour C encloses the z-plane real line segment [—E., —FE’] in the clockwise, and segment [E., E ] in the
counterclockwise, sense. As long as E/ dominates over all other energy scales such as Ug(Gop) and vpGy with Gg
denoting the primitive reciprocal vector of the underlying superlattice, the dominant contribution to the contour

integral can be evaluated perturbatively using G(z) ~ Go(z) + Go(2)Ha_sGo(2) + O ([73 (Go)/E"?, U%G%/Ef) with
Go(z) = (z — Hg) L.
It is easier to calculate the Green’s function in the plane wave basis |k)

dzdek‘l ; ront dz A
N — i(k-r—k'-r'") ’
Fr,r) /Tw)‘* ¢ ig MG (36)
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FIG. S6: Non-interacting spectrum and distribution of Berry curvature in the first Brillouin zone for L, = 600 A with
(a) r = 1.2 and (b) r = 3. Please refer to Sec.

with
r) = / (;lﬂl;z e Tk (S37)
e’y = 6@ (r — 1) (S38)
(k|K'Y = (27)26@) (k — k') (S39)

where §(2) () is the 2D Dirac distribution. In the plane wave basis, the evaluation of Green’s functions is straightfor-
ward

(k|Go(2)|k") = (2m)?6®) (k — k’)1 > 1=Afe (S40)
ol# -\ 2 — - Mgk
A 3 A / p I~ (1A% )(1_)"|§Ig\ ")
(k|Go(2)Ha—sCo(2)|K) = (2m)26P) (k — K + G); g U4(G) A’;i G horh Vol 1 @ (S41)

Then, the contour integral can be easily done:

# 3l = [ L emek (542

27TZ é<UFk§E (271')
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HA A zk (r—r')—iGr 4
§ G sCotmy = [ 1 2 0() (543)

B 2 E-(k+G) io.(kxQG)-2
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Renormalization group flow equations
Now we only have to insert the previous results into the second term in Eq. (S33]) to derive the RG equations for

vp and Uyg(G). Let us compute first the integral for (r|Go(z)[r'). After writing the 2D Coulomb potential in Fourier
space Vop(q) = €2 /2¢pe,q, we have

%/dzrdzr’VC(r — r’)jgQ/AJ<T(I‘)%<I‘|Go(z)|rl>%&<(r/)
[ e N I WA
e / (271_)21/} (q) </E,’:<vpk<Ec (271_)2 4€0€r|q—k| A 0') 1/’ (q)
(A)

a< N
with ¢ (q) is the Fourier transform of ¢)<(r). Since vpq < E!, we can Taylor expand (A) in terms of ¢/k. The
leading order reads

e? E
A)y=——1 = 0. 4
) = Tomege, 108 <E’> 17 (545)
Therefore, the RG equation reads
d 2
or c (S46)

dlog E,, - 16mege,

Actually, we find the famous result of the Fermi velocity renormalization in graphene due to the e-e interactions.
In the same way, we calculate the integral for (r|Go(z)Hg—sGo(2)|r):

3 [ PV =) 07055 G <)
B d?q =<t B ﬂ~ PN N <
B / (%)21!) (g-G) </Eg<ka<Ec (27r)2V2D(q k G)S ZG:Ud(G)I(ka G)) Y (q).

(B)

Since vpq, vpG < E!, we can Taylor expand (B) in terms of ¢/k and G/k (considered as if they have the same order
of magnitude). The leading order reads

2 3.3 .33
e 5[ 1 1 vpq® vpG
(B) = 16€0€TG <Eé - Ec) +0 ( EF ER ) (547)

which can be neglected under the first-order RG procedure, namely

dU4(G)
dlogE.

(S48)

In summary, we have shown that the Fermi velocity in graphene v is renormalized by the e-e Coulomb interaction
in the standard way while the superlattice potential Uy(r) keep its value unchanged. In our numerical study of e-e
interactions, we use the renormalized Fermi velocity v}y in the Hartree-Fock calculations, where we have to take a
cut-off n¢yt to the number of bands, to include the contributions from the higher energy bands outside the cut-off.
Technically, we use

f o (14— 1og (L (S49)
Ur = UF 16mege, v o8 Ncutdo

where L, and ag are the lattice constant of the superlattice of Uy(r) and the carbon-carbon bond length in graphene,
respectively. Here, the ratio Ls/ncutao plays the role of E./E".
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S4. HARTREE-FOCK APPROXIMATIONS TO ELECTRON-ELECTRON INTERACTIONS

The derivation shown in this section is inspired from Ref. 9. We consider the Coulomb interactions in graphene

Vo =5 [ Er S o =¥ ) (850)

where 1[)0(1‘) is real-space electron annihilation operator at r with spin ¢. This interaction can be written as

of 8 N .
Z Z Z zo’oc Cyr ,o'a! z?‘l’?/aﬂgcj/ﬁlﬂ/cjyaﬁﬂ (851)

' 75 aa’ BB oo’

where
VO(,BO‘,O(’B/O', o d2 d2 /V - * _ R _ _ R _ * _ R/ _ _ R/ o
ig,i'5’ = rd r' Vin(Ir — 1'|) ¢ (r i — Ta) $p(r j = T8) 0 (T i — Tar)Op (T ;= T8)

X XT;XLXU/Xtr (852)

Here i, o, and o refer to Bravis lattice vectors, layer/sublattice index, and spin index. ¢ is Wannier function and x is
the two-component spinor wave function. We further assume that the ”density-density” like interaction is dominant

7 ’
in the system, i.e., Vaﬂa aBlol o yaamalald!

i ~ Vi = Visa,i'o’a’, then the Coulomb interaction is simplified to

E § § 1/0'&10'(1 zaazaa’cz aa’czaa

i’ aa’ oo’

E § 10&200‘ 'Laza’cz aa’czaa

10475& o’ oo’

+ > Uoll 108l | 08itatia (S53)

[2e}

Here we can see that the Coulomb interaction can be divided into intersite Coulomb interaction and on-site Coulomb
interaction. Given that the electron density is low (10! cm™2), i.e., a few electrons per supercell, the chance that
two electrons meet at the same atomic site is very low. The Coulomb correlations between two electron are mostly
contributed by the inter-site Coulomb interactions. Therefore, the on-site Hubbard interaction has been neglected in
our calculations.

In order to model the screening effects to the e-e Coulomb interactions from the dielectric environment, we introduce
the double gate screening form of Vi,, whose Fourier transform is expressed as

e? tanh(qds)
2Q0€r€0q

Vint(Q) (S54)

where ) is the area of the TMO superlattice’s primitive cell, €, is a background dielectric constant and the thickness
between two gates is dy = 400 A.

Since we are interested in the low-energy bands, the intersite Coulomb interactions can be divided into the intra-
valley term and the inter-valley term. The intra-valley term Vintra can be expressed as

Vintm - N Z Z Z V;nt Uua k + q) Corp o (k - q)cg "o’ (k/)éoua(k) ’ (855)

aa’ pp' oo’ kk'q

with Ny is the total number of the superlattice’s sites. The inter-valley term Vinter js expressed as

Vlnter _ 2N Z Z Z Vint |K K/|) Jua(k+q) i (k’ — q)éa/ua/(k/)éa—ua(k) . (856)

aa’ p,oo’ kk'q

Vintra jncludes the Coulomb scattering processes of two electrons created and annihilated in the same valley, and
vinter includes the processes that two electrons are created in p and —p and get annihilated in —p and g valleys.
Here the atomic wavevector k is expanded around the valley K* in the big Brillouin zone of graphene, which can be



13

decomposed as k = k+ G, where k is the superlattice wavevector in the superlattice Brillouin zone, and G denotes
a superlattice reciprocal lattice vector.
The electron annihilation operator can be transformed from the original basis to the band basis:

éo,u(x(k) = Z CauaG,n(k) 6op,n(k) ) (857)
where CauaG,n(E) is the expansion coefficient in the n-th Bloch eigenstate at k of valley u:
\p,n; k) = ZCWG” )los w0, G k) (S58)

We note that the non-interacting Bloch functions are spin degenerate due to the separate spin rotational symmetry
(SU(2) ® SU(2) symmetry) of each valley. Using the transformation given in Eq. (S57), the intra- and inter-valley
Coulomb interaction can be written in the band basis

[rintra :2N YY) Z Vi (Q + ) Q177 (kK. G, Q)

kk'q uu/ R

x b+ @)el (6 — @) (K)o m (k) (S59)

and

inter __ / w00 P~
P S5 (8 - KD (.20
kk'q Uﬁ oy
X éZp, n(k + a/)éj.r’fu,n’ (El - a/)éalﬂam' (E/)égfﬂﬁm(k) (360)
where the form factors sz” o and Qﬁm me Are written respectively as
QZ;HnUml(k kl q Q Z CJ,uaGJrQ n(k + &)Ccr pa'G'—Q,n’ ( / - @CU’H/O/G’JTI’(E/)CUH&G,W(E) (861)
aa’/ GG’
and

Qe (kE.,q.Q) = > Chiaciank+DCh pawc—qu (K — @) Couarcrm (K)Co—pacm(k) . (S62)
aa’ GG’

We make Hartree-Fock approximation to Eq. (S59)) and Eq. (S60]) such that the two-particle Hamiltonian is decom-
posed into a superposition of the Hartree and Fock single-particle Hamiltonians, where the Hartree term is expressed
as

Vli{ntra : Z Z Z Z 1nt Qg;‘nungm/ (k, %’, Oa Q)

kk' w: T (S63)

nm

X (<é:r7p,n(E)éUlh"l (E»éj;//t’,n/ (El>é<7'li/7m' (El) + <éj-7’/t/,n’ (%,)éa/ulﬂn/ (El»éiu,n(%)éﬂmm(k))

and

1nter _ ZZ Z sznt |K K/DQngUnm (k,EI70, Q)
Nt (S64)

x (@W(E)a(,_u,m(é)>aj,,_m,(z/)aa,w,(z/)+<CT, Mn,(E/)a(,,mm,(El))éfwm(E)éa_wn(k)) .
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The Fock term is expressed as:

V]{_‘ntra _ 2N Z Z Z Z V;nt ki + Q) ngwunom (k:, %’7 E/ _ E, Q)
kk! uu oy

x (<éLu,n<E’>m,mf<E’>>élf,ﬂ,n,<%>6w,m<E> 4} () e (R)) (R Ve (R) )

and

Vipter = _ 2N 2% Zum K - K/, (kKK —k.Q)

ronm
! O'O' ’ ’
kk nm

x (<éim,n<k'>éa«u,mf<E’>>éif,u,n, (B)e s (B) + (&5 (B (R (B s ()

We note that the typical intravalley interaction energy ~ 240 meV for L, = 50 A and ¢, = 3; while the intervalley
interaction ~ 30 meV, which is one order of magnitudes smaller than the intravalley interaction, thus we neglect the
intervalley term [see Eq. } in most of our calculations. We also check a posteriori that the intervalley Hartree
and Fock energies are at least two orders of magnitude smaller than their intravalley counterpart. However, the
intervalley interaction is crucial to lift the degeneracy between many-body ground state. We show in the section
of the Hartree-Fock results that it promotes topologically trivial Hartree-Fock ground states rather than topological
Hartree-Fock ground states.



15
S5. RESULTS OF HARTREE-FOCK CALCULATIONS

In this section, we gather the results of Hartree-Fock calculations including Hartree-Fock single-particle spectra and
distributions of Berry curvature in the first Brillouin zone for L, = 50, 200, 600 A.

First, we show the Hartree-Fock single-particle spectrum with a superlattice potential with » = 1.2 of L, = 50, 200,
600 A in Fig. Here, we use ne,s = 5 and study three types of doping: CNP (v = 0), slight hole doping (v = —0.003)
and slight electron doping (v = +0.003). As you can see from Table [I| and the Hartree-Fock single-particle spectra,
the results of a slightly electron-doped system is similar to those for a slightly hole-doped one. Note that we include
only intravalley Coulomb interactions in these calculations. As shown in the following, the role of intervalley Coulomb
interactions is merely to lift the ground state degeneracy and favor the topologically trivial ground state.

TABLE I: Parameters extracted from the Hartree-Fock single-particle spectra: gap opened at the CNP (v = 0) and
the ratio between interaction-renormalized Fermi velocity v} and the non-interacting one vp for different L, = 50,
200, 600 A with fixed r = 1.2.

L.(A) | 50 [200] 600
Gap at v = 0.0 (meV) |17 [1.7(0.15
v /vp at v = —0.003 [2.1|1.8| 1.7
v /vp at v = +0.003 [2.1|1.8| 1.7

Then, we show in Fig. the distributions of Berry curvature in the first Brillouin zone of » = 1.2 for Ly = 50,
200, 600 A. Here, ney = 5.

We further calculate the interacting electronic structure of graphene at different filling factors (denoted by v) away
from the CNP, as presented in Fig. [S9] We find that the ground state is generally gapless at nonzero fillings, and the
Fermi velocity enhances as the chemical potential approaches the charge neutrality point (|v| — 0). In particular, the
Fermi velocity increases from vy = 1.9vF at v = —0.04, to v = 2.2vr at v = —0.003.

Now we show the effect of intervalley Coulomb interactions by comparing the total energy of topologically trivial
ground state with topological one for different L, = 50, 200, 600 A with fixed » = 1.2. We calculate the difference
(always negative) between them and see how it changes when we include the intervalley Coulomb interactions. Here,
we use Neut = 3.

As you can see from Table [[} the energy difference between the total energy of the topological ground state
and topologically trivial one is enhanced by two orders of magnitude for L, = 50 and 200 A. However, the energy
difference for Ly = 600 Adoes not benefit anything from intervalley interactions. This suggests that it is plausible
to find in practice the topological ground state if one achieves a rather low carrier density (~ 10*° cm~2) such as
L, = 600 A. Alternatively, the valley polarized ground state with nonzero Chern number may also be stabilized by
the spin-orbit couplings and/or magnetic exchange couplings induced by the interfacial proximity interactions, e.g.,
in heterostructures consisted of ferromagnetic insulators and graphene, which we leave for future study.

TABLE II: Difference between the total energy of the topological ground state and topologically trivial one, with or
without intervalley interactions, for L, = 50, 200, 600 A with fixed r = 1.2.

L.(A) | 50 | 200 [ 600
AFE with only intravalley (pueV) -0.024(-0.005|-0.05
AFE with intra- and inter-valley (peV)| -1.7 | -0.1 |-0.03

We also have performed Hartree-Fock calculations on a triangular lattice including three valence and three conduc-
tion bands (neys = 3) for Ly = 50, 200, 600 A using 18 x 18 k-mesh in the BZ. As shown in Table the results on a
triangular lattice are qualitatively the same as those on a rectangular lattice. This ensures that our conclusions are
lattice-independent.
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FIG. S7: Hartree-Fock single-particle spectra for three different dopings with r = 1.2 for (a) Ly = 50 A, (b) L, = 200
Aand (c) L, = 600 A.

S6. GENERAL COUPLED BILAYER SYSTEM IN GRAPHENE-INSULATOR HETEROSTRUCTURES

Previous parts have already proved that the presence of a superlattice potential underneath monolayer graphene
sheet helps the latter to open a gap at the CNP, and concomitantly enhance the Fermi velocity around the Dirac
point. Now we would like to reconsider the assumptions made for the purpose of writing a simplistic Hamiltonian of

our coupled bilayer system given by Eqgs. ,, and .
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FIG. S8: Distributions of Berry curvature in the first Brillouin zone of r = 1.2 for L, = (a) 50 A, (b) 200 A, (c) 600
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FIG. S9: The ratio between the interacting Fermi velocity (v}.) and the non-interacting one of free-standing graphene
(v%) vs. the filling factor () with the superlattice constant L, = 50 A, and a background dielectric constant ¢, = 3.

TABLE III: Parameters extracted from the Hartree-Fock single-particle spectra on a triangular lattice: gap opened
at the CNP (v = 0) and the ratio between interaction-renormalized Fermi velocity v} and the non-interacting one vp
for different Ly = 50, 200, 600 A.

L.(A) | 50 [200] 600
Gap at v = 0.0 (meV)|21]1.90.24
vp/vr at v = —0.003 |2.2|1.7| 1.7

Hamiltonians

First, when the Fermi level in graphene aligns closely to the band edge (say, the conduction band minimum) of the
insulating substrate, the density of electrons in the conduction band has been assumed to be so low that electrons
spontaneously break translational symmetry and form a charge-ordered superlattice. Second, we have assumed that
the quantum degrees of freedom on the substrate are completely frozen so that the only effect (other than dielectric
screening) acting by substrate to electrons in graphene is to apply a superlattice potential via the long-range Coulomb
interactions, stemming from a non-uniform charge density of the charge-ordered state. Lastly, we have drastically
supposed that the Wannier functions and the distribution of charge density at the surface of the substrate is as
localized as a Dirac-d-function like distribution in real space [see Eq. ] These assumptions were good enough
if we focus on the physics on the graphene side. In particular, it turns out that the assumption on the extreme



18

localization of the charges and/or Wannier functions [see Eq. ] in the substrate is a good starting point. This is
because more extended charge distributions only make the Fourier components of the superlattice potential weaker
(to be discussed in the following), which would not change our conclusion qualitatively. However, if we are interested
in especially the synergistic interplay between graphene and the insulating substrate, we have to consider integrally
the graphene-insulator heterostructure as a coupled bilayer system, and treat both layers on equal footing.

In this section, we aim to study, to the best of our efforts, the coupled bilayer system as a whole, and to treat
quantum mechanically the electrons both in the graphene layer and the substrate layer. Most of the above assumptions
have to be discarded or replaced by a less harsher one. To this end, in addition to the kinetic energy Eq. and the
long-range intralayer Coulomb interactions of graphene Eq. , we also need to consider the interacting many-body
Hamiltonian for electrons on the surface of the substrate. Without loss of generality, we consider the situation that
the conduction band minimum (CBM) of the substrate is charge doped.

Specifically, the non-interacting kinetic Hamiltonian of the low-energy electrons around the CBM of the substrate
can be modeled by the following one

h? k2 5 X
HY =" (2 -+ECBM>CQU%)¢4kg, (S65)
ks,o

where Ecpy is the energy position of CBM with respect to the Fermi level of graphene, and m™* is the effective mass.
For CrOCl, m* =~ 1.3m,. CZS;T)(kS) is the annihilation (creation) operator of the low-energy electrons doped to the
surface of the substrate, with the wavevector k, (expanded around the CBM) in the atomic Brillouin zone of the
substrate and spin index o. Then we consider the long-range Coulomb interactions between electrons at the surface
of the substrate:

HiY, = 2N Q. Z Z Vine (9s) s +4as) Cz:[;' (ki —as) dyr (k%) (fo(kS) ) (566)

ksvksv(ls a0’

where N is the total number of atomic lattice sites in the substrate layer, (), is the area of the atomic primitive cell
in the substrate layer, and ks, k, qs, denote the atomic wavevectors in the Brillouin zone of the atomic lattice of the
substrate. The Coulomb potential Vin(q) is given by Eq. .

We continue to address the interlayer Coulomb interaction, i.e., Eq. . We first transform Eq. to the basis
of Wannier functions of the atomic lattices of graphene and the substrate using the following transformations of the
field operators:

= Z ¢* I' —a; — TOt)X:rTé;,'r,o'a (867)

d)d o Z ¢ r— t Xj;'dj o (868)

where t; denotes the atomic lattice sites of the substrate, which is different from the presumed superlattice sites R
in Eq . ¢(r—t;) and ¢% (r —a; — 7,) denote the atomic-scale Wannier functions for the electrons in the substrate
and in the graphene layer, respectively. As already mentioned around Eq. , a; denotes the atomic lattice sites of
graphene, and 7, is the position of sublattice a. Using Eq. , Eq. can be expressed in the atomic Wannier
function basis as follows

Hygur = > > V(lai+7a —t;+dz) el dl L djoréio0 (S69)

ij, 0,07

where V(r) is the 3D Coulomb potential. Here, we still use approximations similar to Eq. (S11)) to get this expression
except that we now work on the atomic lattice sites for substrate.
One continues to perform the Fourier transform

(ai+7a) éaa (k)

Czom:
e
ng——f et d (k) S70)
j, ﬂ@%: (ks) (
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Then the interlayer Coulomb interaction becomes

ng sub

N N ZZ Z V(|al + T — t; —|—dZ|) i(k—k') (a;+7a) i(ksfk;)tj él‘a(k) Cill(ks) cZU/(k;)ém(k’)

ija oo’ kk/ kg k.

i X X Va1t daf) K ) A ¢ (1)l (1) dor (L) ()
s ija oo’ kk/ kg k.

(S71)

Let kK —k = q4 + g5, whcre qs is a wavevector within the substrate’s Brillouin zone, and g, is the corresponding
reciprocal vector, then Z ik —katdatgs) b — N, Ok.—k/,q.+g.- Lhus the interlayer Coulomb interaction becomes

Hgraut = N >y Zv R+ da|) e’ @t R el 4y dl, (k) dyr (ks — o5 — 82) Coalk +qs +84),  (ST2)

a,0,0" kks,q5,8s R

where R = a; + 7o — t;. Then,

==

- V(R + da) o B
R

3" V(R + daf) ei@- e R

:NCQO P
R

:% / vV (|r + dzl) ¢! 8T

2 e_‘qs"l‘gs‘ d

26067“|q.9 +gs|S ( )
where S = N €. is the total area of the system. Plugging Eq. (S73)) into Eq. (S72)), one obtains
1 e2e—lastgsld . .
H r-5 = = - ¢ k dT/ kq do-/ ks — Us 7 Bs AU k s s
g sub Sa;jlkkzq 2€0€T|q5+g5|caa( ) o ( ) ( C q g)C ()z( +q +g)
el (k) do oo (K
N S a;/ kkz: 2€0€r|q ‘ Ua( ) a/( S) U'( s qs)caa( +q5)

~ SN it (k) dy (K — ) e 574
~g Z Z mcaua( ) dy, (K) dor (K" — @) Eopa(k + q) (S74)

we0,0" kk',q

where in the second line of the above equation we only keep the g, = 0 scattering channels due to the exponential
decaying form of the interlayer Coulomb interactions in reciprocal space. In the last line of the above equation, we
expand the wavevectors of electrons in the graphene layer around the Dirac point, i.e., let k — K, + k, then assign

valley index p to the annihilation (creation) operators, et (k) — ég,}a(k). We have also neglected the intervalley
Coulomb scattering for the electrons in the graphene layer arising from the interlayer Coulomb interactions, which
is an excellent approximation given that the superlattice constant Ly is much larger than graphene’s atomic lattice
constant a. In the last line of the above equation, we have also let k, — k’, q; — q, in the sense that if we are
interested in the low-energy states in both the graphene layer and the substrate layer, we do not have to distinguish
whether the wavevector is defined in graphene’s or substrate’s Brillouin zone as those wavevectors are far from reaching
the Brillouin zone boundary. Note that the mathematical derivations are for now practically the same as in Sec.
However, The idea of using atomic lattice {¢;} in substrate would make a difference. In short, a charge-ordered state
would emerge spontaneously while treating together the intralayer e-e Coulomb interactions Eq. and the kinetic
part Eq. (S65]). The spatial distribution of charges is localized, but it should also be smooth on the superlattice scale.
We will show the technical details in the next subsection.

Now let us collect all the terms of the total Hamiltonian for the Coulomb-coupled graphene-insulator heterostructure
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system, i.e., Eq. , Eq. , Eq. , Eq. , and Eq. 7

ng = Z (hUFk ’ Uﬂ)a,a’ élua (k) él"lw/(k) (8753’)
k,u, 0,0 o
h2k? A -
Hy, = Z <2m* +ECBM> dl (k) d, (k) (S75b)
k,o
mtra 1 A A
ngt - T 29 Z Z Vint(Q) a/wc (k + q) Corp o (k/ —-q) Co'p'a’ (k/) Copa (k) (S75¢)
u’u' kK \q
At = 0 S Y Vil dh Ok + @) dL (€ — @) dor(K) dy () (875d)
k k’,q 0,0’
e2e—lald N A
Hgrosub = S >y Seeelal & oK) d (&) dor (K = @) Eopa(k +q) (S75¢)
w00 kk/.q r

For clarity’s sake, we rehearse their significance one-by-one. On the graphene side, Eq. is the familiar Dirac
Hamiltonian describing the non-interacting low-energy physics of graphene, exactly the same as Eq. . Note that
one should not confound the Pauli matrices o defined in the sublattice space with spin index ¢ in the lower indices. The
e-e Coulomb interactions within graphene are still described by Eq. as in Eq. , where only the dominant
intravalley long-range Coulomb interaction is considered and the Coulomb potential Vi, is in the form of double-gate
screening as in Eq. . Here, S is the total surface area of the coupled system, and the atomic wavevectors k, k', q
are expanded around the Dirac points. On the substrate side, without loss of generality, we suppose that the chemical
potential is close to the CBM (Ecpwm), and the energy dispersion of the low-energy electrons around CBM can be
modeled by a parabolic band as for 2D free electron gas with effective mass m*. Other electrons in the deep valence
bands are supposed to be integrated into the static dielectric screening constant thanks to a large gap of the substrate.
Therefore, the non-interacting Hamiltonian Eq. for electrons in the substrate can be written in the plane wave
basis {df (k),d,(k)}, where k is the plane wave wavevector expanded around the CBM, and o denotes spin. The
e-e Coulomb interactions within substrate [Eq. (S75d)] is taken to be the long-range Coulomb interaction, with the
double-gate screened form Vi, (q) same as that expressed in Eq. . The coupling between graphene and substrate
is only via the long-ranged Coulomb potential, which is captured by Eq. . The prefactor in front of operators
is the 2D Fourier transform of the 3D Coulomb potential as in Eq. .

Comparing the new Hamiltonians in Eq. with what we have studied in Sec. S1-S5, we still use distinct letters
to note the ladder operators for electrons in graphene (¢, é) and substrate (cf, JT) This implies in a notational manner
the approximation of distinguishable electrons, which we have done before and we will continue to do so here. In
other words, the many-body wavefunction of the coupled bilayer system (denoted as |¥)) can be written a separable
fashion, namely a direct product of graphene’s and substrate’s part, i.e.,

0) = [P)e @ [P)a (S76)

In a mean-field treatment, the corresponding many-body wavefunction would thus be a direct product of two Slater
determinants, |¥). and |¥)4 for the graphene layer and the substrate layer, respectively. This is reminiscent of the
Born-Oppenheimer approximation for electrons and ions. Technically, in our system, this means that the layer remains
a good quantum number in our current study and all the expectation values like (éTd) is vanishing. This is of course not
the reality since fermions are indistinguishable. A finite value of order parameters <6TJ> ((JT@) suggests the emergence
of a new phase, an interlayer excitonic condensate consisted of Dirac holes (electrons) and quadratically dispersive
electrons (holes), in such coupled bilayer system. Despite this fascinating new physics, we leave its discussions to
our immediately following projects and we focus on the separable-wavefunction hypothesis [Eq. ] in the current
work.

The really new flavors we add into the menu are Eqs. (S75b) and (S75d). Several concerns push us to do so. First
of all, the assumption that a charge-ordered state in the substrate is formed should be examined. We have to know
to which extent that a presumed charge-ordered state underneath graphene is a viable starting point of our previous
calculations. Even more importantly, in a coupled bilayer system, the coupling between graphene and the substrate
has to be studied in a reciprocal way. Besides the effects from the substrate to graphene as we have already studied
previously, the feedback effects from graphene to the substrate should be discussed as well. It is quite natural to
ask: if a charge-ordered state in the insulating substrate helps graphene to open a gap at the CNP, how a gapped
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Dirac state in graphene would affect the charge-ordered state of the substrate. This is a crucial question to answer
in a discussion of the synergistic interplay in graphene-insulator heterostructure. Apart from the above physical
considerations, another technical problem is that even if a charge-ordered state emerges out of 2D electron gas due
to Coulomb interactions, the charge distribution profile must be smooth in real space. Or equivalently, the Fourier
component of charge distribution should be smaller with larger wavevector unlike that of a Dirac-§ like distribution.

For all the purposes mentioned above, we solve the Hamiltonian of the coupled bilayer system described by Eq.
in the following workflow:

e First, we start our calculations by considering solely the substrate Hamiltonian Eqs. (S75b]) and (S75d), and the
interaction Hamiltonian of the substrate Eq. is treated using the Hartree-Fock (HF) approximations for
a presumed rectangular supercell with different superlattice constants L, and fixed anisotropy r = L, /L, ~ 1.2
(same as the atomic lattice of CrOCl). We focus on the range of parameters where the charge-ordered state is
energetically more favored than the non-interacting Fermi liquid state.

e Second, with the help of the separable wavefunction hypothesis Eq. (S76]), we can integrate out the degrees of
freedom of the substrate as we have done before so that the charge density modulation, which is characterized
by the Fourier components of the charge density {p4(Q)} (Q denotes the reciprocal vector of the superlattice),

can be used as an input for the superlattice potential Ug(Q), i.e.

_ @ 9y (Q)
260 € Qd ‘Q|

Compared to Eq. (S24), this superlattice potential is more realistic and self-contained in our model. Eq. (S77)
would be recovered to Eq. (S24) by setting pq(Q) = 2 for any reciprocal vector Q, which is equivalent to say
that two (spin degenerate) charges per primitive supercell are localized in real space in a Dirac-d-function form.

Ua(Q) (S77)

e Third, we do the same type of HF calculations as have been done in the previous sections. If the chemical
potential is at the CNP of graphene, a gap opening will be triggered by e-e interactions within the graphene layer
as discussed previously. After that, we can also distill the charge density modulation of graphene, characterized
by {p.(Q)}, from the interacting ground state of graphene.

e From the above procedures, we would separately obtain converged HF ground states, |¥)9 for the substrate,
and |W)? for graphene, respectively. From the ground-state wavefunctions |¥)% and |¥)%, one can extract the

corresponding ground-state charge density modulations {p4(Q)} and {p.(Q)}, based on which the interlayer
Coulomb energy (the expectation value of Eq. (S75¢€])) can be calculated.

However, the ground states are obtained by minimizing (mostly) the intralayer parts of the full Hamiltonian,
the interlayer Coulomb interaction Eq. is not optimized yet. We note that the intralayer kinetic energy
and intralayer Coulomb interaction energy for both graphene and the substrate are unchanged under constant
lateral shifts of the charge centers, thus the ground state |¥)Y @ |¥)Y obtained so far is massively degenerate
up to global and relative shifts of the bilayer charge centers. Such degeneracy would be partially lifted by the
interlayer Coulomb energy (Hg—sup). Obviously, (Hgr—gup) is invariant under the global shift of the charge
centers of the bilayer system, but it varies with respect to a relative charge-center shift. Therefore, by the virtue
of perturbation theory, optimizing the interlayer Coulomb energy amounts to find the optimal relative shift
vector between the charge centers of the two layers within the degenerate ground-state manifold obtained in
the previous procedures. Such perturbative treatment of Hy,_gup is justified given that the interlayer Coulomb
energy ~20meV for typical parameters L, = 50 A and €, = 4, while the intralayer Coulomb energy ~ 60 meV, as
shown in Fig. More details for calculating the interlayer Coulomb energy will be discussed in the following.

e Finally, we gather all the contributions from Eq. to find out the total energy of the coupled bilayer system
staying in a gapped Dirac state (at the CNP) for graphene and a long-wavelength charge-ordered state for the
substrate. By comparing it with that of a non-interacting Dirac state for graphene and a 2D electron-gas state for
the substrate, we can then find out if the gapped graphene interplays with the long-wavelength charge-ordered
substrate in a cooperative or competitive manner. It turns out that the bilayer system tends to cooperate with
each other such that both the gapped Dirac state (at the CNP) of graphene and the long-wavelength charge
ordered state in the substrate are substantially stabilized by the interlayer Coulomb coupling. The results will
be presented in what follows.
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FIG. S10: Order of magnitudes of subband width (green) and intra- (red) and inter-layer (blue) Coulomb potential
strength for different Ls. The dielectric constant is selected to be 4.

Hartree-Fock calculations on the coupled bilayer system

We first start working on the sum of the Hamiltonians Eq. and Eq. . To be consistent with our
previous calculations, we assume that if electronic-crystal state is formed, electrons will be arranged in a rectangular
lattice with anisotropy parameter r = 1.2. This amounts to fold the plane wave wavevector k in the mini Brillouin
zone of the presumed lattice so that k = k+ G, where k is within the first mini Brillouin zone and G is a reciprocal
lattice vector of the rectangular lattice. This leads to

do.c(k) = dy(k) (S78)
so that the kinetic part becomes
o= S BE+G? o N il @ dy o (S79)
sub — kG 2m* CBM s,G o,G .

Similarly, we also write momentum transfer q in terms of q + Q so that Eq. (S75d) becomes

Hine = S 2. 2 Vm@+Qd crok+@dh gk — @) do.c (k) drc(k) . (S80)
kK, GUC;T’ Q

where we always use a dielectric constant €, = 4 in this section.

Then, we treat the interacting part Eq. (S75b|) with standard HF approximations, whose formalism exactly parallel
with what we have done for graphene except simpler with only spin index. By momentum and spin conservation,
where

<d§,G+Q(E +q) JU,,G/(E’)% - <02;G+Q(E’) dy.c (E')>d 5 0o’ (S81)

So, the Hartree term reads

Vaub = S Z Z Vint (Q < dr, GPQ(E/)JUI’G,(E’)% aZL,VGJrQ(k) doc(k) . (S82)

Kk o0
GG',Q
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and the Fock term reads

1 —~ ~ N ~ ~ ~ N ~ ~ ~
Vib =3 Z S V(& — K+ Q) <d;G+Q(k/)de, (k/)>d d! o) dra(k)
K.k’ Ga(;Q
1 o+ ~ . ~ S ~ . -
=2 2 Z ViK' —k+Q+ G — G') b, <do_7G,_Q(k’)da7G, (k’)>d d! 1K) dya (k) (S83)
k.k chfq

where we recenter Q to get the last line. Here, (...)4 means the expectation value of observable after integrating only
the substrate part of the many-body ground state |¥)Y.

The HF calculations have been done for a series of different superlattice constant L. Once L, = rL, = rL, is
given, the charge density in substrate is then fixed by ng = 2/L,L,, where the factor of 2 comes from the fact that
two spin sectors are degenerate since no magnetic state is of our interest in this work. Such mapping amounts to
always let only the lowest spin-degenerate subband in the folded Brillouin zone be filled. During the iterations, we

keep track all the subbands. To initialize the HF self-consistent loop, the terms like <d o Q(K/)jm(;/ (E/)>d are set

to be non-zero, corresponding to a spontaneous charge order with Fourier component Q. The cut-off is |ng |+ |n,| < 1
if Q = nggs + nygy with g, , unit reciprocal vector of the superlattice. In other words, we start the HF loop from
a charge-ordered state, which facilitates the convergence to the same phase. If the final converged state is gapped,
we can extract its charge modulation as input for the next step. The wavevector cut-off in the continuum model
Eq. is |ng| + |ny| < 4 if G = n,g, + nyg, with g, , unit reciprocal vector of the superlattice. The mini
Brillouin zone is sampled in a 18 x 18-mesh.

With the HF results on the substrate side in hands, we are ready to study the rest of three Hamiltonians, namely
Eqgs. (S75al), and . The mean-field treatment of E and is exactly the same as in Sec.
and Sec. However, the interlayer coupling Hamiltonian (S75e) worth special attention. Under the separable
wavefunction hypothesis Eq. , we can still integrate out all the d-operators using the wavefunctions resulted
from the previous HF calculations solely on the substrate side:

<ng—sub d = S Z Z

w00’ k k' q

2 c—lald
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Here, we define the charge modulation ps(Q) of the charge-ordered state as

pil@ =5 3 (i o) drealk)),

kG0’
1 N ~
=% 2 X Dicrraa(K) Docrn(K) 0(Er — Bly) (S85)
E',G’,o" n

where we write the expectation values in the substrate’s subband basis in the presence of HF potentials

=" Docun(k) don(k) . (S86)

{DUG n(E)} relates precisely the d-operators in the original plane wave basis to that in the Bloch-function basis, and
, denotes the subband energy dispersion. Compared Eq. with Eq. ( -7 the only difference is that we
replace Eq. - by Eq. - Most saliently, the two conceptually different treatments give rise to an interlayer
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Coulomb potential with the same analytical properties. It justifies our previous drastic assumptions on the localization
of charge distribution. Here we only do better since we can self-consistently solve the charge-ordered ground state of
the substrate and its charge density distributions.

Exactly parallel with what we have done earlier, we now solve the problem of graphene on the superlattice defined
p4(Q) while only keeping the dominant terms with small Q. The e-e interactions are still treated in the band basis
by HF approximations in a low-energy window given by the band index cut-off. We keep track only three valence
and three conduction bands per valley per spin. The contributions from high-energy bands are taken into account
using the RG approach, replacing the Fermi velocity by a renormalized one. The wavevector cut-off in the continuum
model Eq. is |ng| + |ny| <4 if G = n,g, + nyg, with g, , unit reciprocal vector of the superlattice. The mini
Brillouin zone is sampled in a 18 x 18-mesh. The filling of graphene is set to be at the CNP so that a sublattice gap
would be opened in the presence of superlattice potential. Once found the final converged ground state using all the
types of initial order parameters, we calculate the charge modulation of gapped graphene p.(Q)

pe(Q N > Z< & e (K) eopac- Q(E)>C (S87)

¢ oma kg

where (...). is the expectation value of integrating only the graphene part of the many-body ground state |¥)?.

So far, we have separately found the HF ground state for substrate only and that for graphene coupled to the
superlattice potential arising from the charge-ordered state in substrate. We note (...)uyr as the expectation value
of observable using the HF ground state, i.e., charge-ordered state for substrate and gapped state for graphene. As a
reference, we also note (... )p1, as the expectation value of observable using the non-interacting plane-wave state, i.e.,
2D electron gas for substrate and non-interacting Dirac fermions for graphene. If the charge-ordered state cooperates
with the gapped state in graphene, the coupled bilayer system must be energetically more stable than the substrate
alone. Explicitly, this means that the condensation energy Econd, sub > Econd, coupled, Where

Econd, sub = (How, + Hi™ Y ue — (Hoy, + Hp ) pL (S88)
Econd, coupled = (Hay, + Hip™ + Hg, + H ") ur — (How, + Hinh™ + Hoy + H™™) w1 + Egrosubopt - (S89)

Egrsub,opt is the interlayer Coulomb energy resulted from non-uniform charge modulations of the two layers, after
optimization with respect to relative charge-center shift. It will be treated using perturbation theory shortly.

Besides, there are two subtleties in this comparison. First one is related to the cut-off. When we study graphene in
the presence of superlattice potential, only the bands in low-energy window are considered. In principle, we need to
add the energy contribution of all the electrons in the occupied bands. However, this would not make a big difference
since electrons deep in the valence bands are little affected by all the interaction effects discussed here. Particularly,
the relevant interaction energy scale considered in this work is always far below our choice of low-energy cutoff for
graphene (~ 3 x hvp2m/Lg). On the other hand, their contribution has already been included in our RG approach.
Our second concern comes from the feedback effect from graphene to substrate. In principle, the non-uniform charge
modulation of graphene should not only affect the interlayer Coulomb energy, but also the profile of the charge
density distribution of the charge-ordered state in the substrate. However, such interlayer Coulomb potential is weak
compared to the intralayer counterpart for the substrate, as shown in Fig. This allows us to treat the feedback
effect perturbatively, i.e., include (H, er- sub)e s a perturbation to H up T Hon “‘“a

The first order effect is precisely the charge corrugation between graphene and substrate. There exists an optimal
relative shift vector t,, between the two layers that minimize the interlayer Coulomb energy cost

e e |Q| d )
. _lQ'tm _
gr—sub N ino: 2€0€T Qd |Q| Pd(Q) pc( Q) . (390)

However, to the second order, one has to consider how the HF wavefunction of the charge-ordered state in substrate
is changed by the charge modulation of graphene. In the HF subband basis,

2 e—lQld L B
r-su dT k Aa- _olk
Hersun) c%;o Z 2e0e, 2 1Q| ” Pe(=Q) 4y 6 (k) €. c—a(k)
ce D; D (R () do so1
=2 Z 2606 Qd|Q‘pc Z scr+Qun (k) Doy n(R)d] 1, (k) o (k) - (S91)
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The energy shift due to such modification is

-1Qld ; ~ ~ |2

‘ZG Q 26061 2e0er Q4 |Q] _ZQ'tmpC(_Q) Zn’m D:GUFQ’m(k) DUG/W(k)
gr sub - Z Z Ed~ — Ed ~ < 07 (892)
neocc. nk mk

k.o meemp.

. . (2)
where Q # 0 in the above equation. Note that Egr ub

one need to find the optimal ¢, such that it minimizes the sum of Eér)bub and Eér)suw namely Fgr_sub,opt in Eq. .
This is the value we need to use in the comparison between two condensation energy Econd, sub and Feond, coupled- We
also note that all the kinetic energies and intralayer Coulomb interaction energies are unchanged under the relative
shift between the two layers. The results will answer the question on how synergistic correlated states occur in such
coupled bilayer heterostructure.

is also sensitive to the relative shift between the two layers so

Results and discussions

We first show the HF results on the substrate side. Fig. shows that the charge-ordered state is gapped (~ 10
meV) at the vicinity of the transition point around n = 7 x 10'2 em~2 (namely, L, = 45 A), which is defined as the
point for Econg, sup turning positive. We see that when the charge-ordered state appears to be the final converged
state of HF loop even if its total energy is higher than 2D electron gas state, namely Econd, sub > 0.
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FIG. S11: Condensation energy (red) and gap (blue) of the HF final state for L, = 45— 50 A. Condensation energy is
defined as the difference between charge-ordered state and Fermi liquid state. Its value is negative if charge-ordered
state is more stable, vice and versa. The transition point is around 48.5 Ais because we start HF loop from charge-
ordered state.

Then, we perform the HF calculations on graphene coupled to a superlattice potential given by sing the charge
modulation of the resulting charge-ordered state. Since the filling of graphene is set to be at the CNP, the final
converged state still has a sublattice gap at the Dirac point but smaller than what we have done before. A more
realistic and smoother charge modulation of substrate ps(Q), always smaller than 2, has a weaker impact on graphene
than a Dirac-d-distributed charge density profile.

After distilling p.(Q) from the previous gapped state on the graphene side, we treat perturbatively the feedback
of charge modulation from graphene to substrate to get Econd, coupled- As explained in the main text, the coupled
system is substantially stabilized compared to the decoupled one. By linear extrapolation, the new transition point
would increase to reach 8.6 x 10'2 cm~2 as shown in Fig. 3 of main text.
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S7. DETAILS OF DFT CALCULATIONS FOR THE SUBSTRATE MATERIALS

Lattice structures, deformation potentials, and band structures of candidate substrate materials

In this section and the following one, we present the details for the density function theory (DFT) calculations of the
12candidate substrate materials presented in Table I of main text. In this subsection, we show the results for all but
CrOCI and WSs. The remaining two materials, which worth special attention, are given in the next subsection and the
next section, respectively. The first principles calculations are performed with the projector augmented-wave method
within the density functional theory [10], as implemented in the Vienna ab initio simulation package software [11].
The crystal structure is fully optimized until the energy difference between two successive steps is smaller than 10~%eV
and the Hellmann-Feynman force on each atom is less than 0.01 eV/A. The generalized gradient approximation by
Perdew, Burke, and Ernzerhof is taken as the exchange—correlation potential [I2]. As Cr is a transition metal element
with localized 3d orbitals, we use the on-site Hubbard parameter U = 5.48 eV for the Cr 3d orbitals in the CrOCI
bilayer and U = 3¢eV for Cr 3d orbitals in the Crls bilayer. The so-called fully localized limit of the spin-polarized
GGA+U functional is adopted as suggested by Liechtenstein and coworkers [I3], and the non-spherical contributions
from the gradient corrections are taken into consideration. The “DFT+D2” type of vdW correction has been adopted
for all multilayer calculations to properly describe the interlayer interactions [14].

Our high-throughput filtering of the proper insulating substrate materials for graphene starts from the 2D materials
computational database [I5]. We only focus at those with bulk van der Waals structures which have been previously
synthesized in laboratory. This ensures that it is experimentally feasible to exfoliate few layers from their bulk sample
and then stack them on graphene to form heterostructures. The results are summarized in Table I of main text.

The lattice structures of some of the substrate materials presented in Table I of main text are shown in Fig. [S12
The lattice structure of Crls is similar to that of YI3 as shown in Fig. d). The band structures of 12 candidate
substrate materials (except for CrOC]I) in the bilayer or trilayer structures are presented in Fig. m where the green
dashed lines mark the energy position of the Dirac point in graphene. We note that the valence band maximum
(VBM) of PbO bilayer is energetically close to the Dirac point of graphene; while for the other bilayer or trilayer
substrate materials, their conduction band minima (CBM) are close to the Dirac point. This indicates that charges
can easily transferred between graphene and the substrates as controlled by gate voltages. Moreover, we note that
the conduction bands and valence bands of these materials are typically flat with large effective masses, which would
be very susceptible to e-e Coulomb interactions once these substrate materials are slightly charge doped, and may to
Wigner-crystal-like state or long-wavelength ordered state as discussed in main text. Another important precondition
for the Wigner-crystal state is that the screening effect of substrate materials can not be too strong. For example, the
conduction band of ScOBr bilayer has a large effective mass of 2.575mg (mg is the bare mass of a free electron), but
the dielectric constant €, of ScOBr reaches ~13, which makes it difficult to form the Wigner-crystal-like instability in
this material under slight charge doping.

We note that all of these proposed substrate materials all have been successfully synthesized in laboratory as listed
in Table. Especially, few-layer of ReSey as a highly anisotropic material [I6HI8], and few-layer Crlz system as a
2D magnetic material [T9H22], have been extensively studied recently. Moreover, phonon spectra calculations have
proved the dynamical stability of these substrate materials in monolayer form [I5]. Thus the device fabrication of het-
erostructure consisting of graphene monolayer and one of these candidate substrate materials should be experimentally
accessible.

There always exists tension or compression in a heterostructure system. Under some lattice deformation, the
variation of conduction band minimum (CBM) or valence band maximum (VBM) is defined as deformation potential.
We list the deformation potentials of the candidate substrate materials in Table.[[V] We note that the maximum value
of the deformation potential is only 5.84eV for ScOCI, which means that the energy level of CBM of ScOCI would
move down by only 0.063 eV under 1% tensile strain. Therefore, even if strain is introduced in the graphene-insulator
heterostructure proposed in this work, the band edges (with large effective masses) of those candidate substrate
materials are still energetically close to the Dirac point of graphene.

In these candidate materials (except for CrOCl), Crl; bilayer is the only magnetic system. Previous theoretical
studies reveal that the stacking configuration of Crl; bilayer plays an important role in the magnetic ground state [23].
Here we use the AB’-type stacking in the bilayer structure, which is consistent with the stacking configuration in the
bulk phase of Crl3. The AB’-stacked Crls bilayer is in an intralayer ferromagnetic and interlayer antiferromagnetic
ground state.
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Electric-field tunable band structures of bilayer CrOCI1

Now we discuss the electronic structure of CrOCI bilayer under vertical electrical fields. Here we consider an
intralayer ferromagnetic and interlayer antiferromagnetic state for the bilayer configuration, which turns out to be
one of competing low-energy magnetic states, and is the magnetic ground state when the on-site Hubbard U value
for the Cr 3d orbitals is large. [24] The calculated band gap of CrOC]I bilayer with the DFT+U calculation is 3.13 eV,
which is close to that of HSEQ6 calculation (3.12eV) [15]. The band structure of antiferromagnetic CrOCI bilayer is
shown in Fig.[S14{a), where the green dashed line marks the energy position of the Dirac point of graphene. Without
vertical electric field, the Dirac point is slightly above the CBM of bilayer CrOCl. Applying a vertical electric field
of 0.03V/nm would push down the CBM as shown in Fig. b). A closer inspection reveals that the top-layer
conduction state (red lines) is pushed downwards while the bottom-layer state (blue lines) is pushed upward in energy
as shown in Fig. b)7 such that electron carriers in the graphene layer (if there is any) would be transferred to the
top layer of CrOCI substrate, forming a Wigner-crystal-like state at the surface of CrOCI substrate given that the
Wigner-Seitz radius of the CBM ~ 55.7—74.2 (with a relative dielectric constant €, = 3—4) is above the threshold
value ~ 31 (see Table. I in main text). Thus, our conjecture is supported by detailed first principles DFT calculations.

In Fig. [S14{(c) we also present the Fermi surfaces at different Fermi energies above the CBM of bilayer CrOCI.
At very low carrier densities with small Fermi energy (CBM is set to zero), the Fermi surface consists of two nearly
isotropic circles. For example, at filling factor 1/100 (corresponding to a carrier density ~ 8 x 102 cm™2), the Fermi
surface is marked by the red circles. Such isotropic Fermi surface with large effective mass (~ 1.308my) is likely to
give rise to Wigner-crystal state as discussed in main text. As the Fermi level further increases, the Fermi surfaces
become more and more anisotropic.

TABLE IV: The experimental works about the ten substrate materials, and the uni-axial deformation potentials of
these materials [15].

Materials References Deformation potentials

AgScP2S¢  Ref. [25] -
AgScP2Ses  Ref. [26] -
IrBrs Ref. [27] -3.76eV
Irls Ref. [28] -2.17eV
YIa Ref. [29] 1.47eV
YBrs Ref. [30] 1.43eV
ReSes Ref. [31] -4.45eV
ScOCl Ref. [32] -5.84eV
PbO  Ref. [33] “4.60eV
Crls;  Ref. [19H22] -2.20eV
(a) AgScP,Sg (b) IrBrg (c) ReSe2 (d) (e) ScocCl
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FIG. S12: (a)-(f): top views of the lattice structures of some candidate substrate materials in monolayer form. The
primitive cells are remarked with black lines. (g)-(1): the side views of these substrate materials in few-layer form.
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FIG. S13: The calculated energy bands of the candidate substrate materials, where the energy position of the Dirac
point of graphene is marked by a dashed green line in the band structures. We single out Crls by plotting its band
structure using red solid lines. This is because Crls is the only magnetic system among these ten materials so that
it worth special attention on the magnetic nature of its ground state. Here, we suppose Crls to have an intralayer
ferromagnetic and interlayer antiferromagnetic ground state.
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FIG. S14: The calculated energy bands of antiferromagnetic bilayer CrOCl: (a) without electric field, and (b) with
an electric field 0.3 V/nm. In (b), the energy bands from top and bottom layers are marked by red and blue lines,
respectively. The energy position of the Dirac point of graphene are remarked with green dashed lines. (c¢) Fermi
surface of bilayer CrOCI at different Fermi levels with respect to the conduction band minimum. The Fermi surface
under 1/100 electron filling factor is remarked by red circles.

Transition metal dichalcogenides as substrates for graphene

Now we focus on the few layers of transition metal dichalcogenides (TMD) which have attracted remarkable interest
recently. Here we use the dielectric constants of the corresponding bulk TMD materials to estimate the condition for
the onset of Wigner crystal states in these few-layer systems. We find that the conduction band minima of MoXy (X
=8, Se, Te), WY3 and PtYs (Y = S, Se) few-layer systems are close to the Dirac point of graphene, as shown in the
Table. [V} Especially, the conduction band edges in the MoX, and WY systems mainly originate from the transition
metal Mo or W d orbitals, which are localized and may have large effective masses. If the conduction bands of these
TMD systems are slightly carrier doped, the systems may form Wigner crystal states as long as their Wigner-Seitz radii
rs > 31. We list the critical carrier concentration to realize the Wigner crystal states in various TMD few layers in the
Table. [V] and their energy bands are shown in Fig. The conduction band minima in the Pt-based TMD systems
are energetically close to the Dirac point of graphene, but the strong screening effect (large dielectric constants) may
prevent the electrons to from Wigner crystal states in the Pt-based TMD system. The out-of-plane electric field can
easily tune the electronic structure in the MoXs and WY5 systems. A previous theoretical work indicated that an
electric field of 0.3 V/nm can decrease the band gap by 0.2eV [38]. Because of the excellent fabrication technology
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TABLE V: Transition-metal dichalcogenides as substrate materials for graphene. The dielectric constants e, [34-
30], conduction band minimum (CBM) position (Ecpm), the corresponding effective mass m* at the CBM that is
energetically close to the Dirac point, and the required critical doping concentration n. to realize the Wigner crystal
state (with Wigner-Seitz radii ry = g,m*/\/Tnce,moap = 31 [37]) are tabulated. For clarity, the energy level of the
Dirac point in graphene is set to zero. “mono”, “bi”, “tri” and “quad” stand for monolayer, bilayer, trilayer and
quadruple-layer configurations, respectively.

Materials er FEcpum m* gy Ne
MoS; (mono) 5.69 -0.06eV 0.425m¢ 2 2.84x10™ cm ™2
MoS; (bi)  5.69 -0.06eV 0.446m¢ 2 3.10x10 cm™2
MoS: (tri)  5.69 -0.06eV 0.467mo 2 3.40x10" cm™?
MoS: (quad) 5.69 -0.25e¢V 0.484mg 2 3.64x10" cm™?
MoSez (mono) 7.29 0.36eV 0.492mo 2 2.30x10' cm™2

MoSez (bi)
MoSes (tri)

7.29
7.29

0.31eV 0.773mo
0.07eV 0.739mo

5.10 x10'2 cm ™2
4.65 x10? cm ™2
4.56 x10'? cm ™2

MoSez (quad) 7.29 -0.01eV 0.730mo
MoTez (mono) 6.75 0.53eV 0.471mg
MoTes (bi) 6.75 0.42eV 0.749mo
MoTey (tri) 6.75 0.34eV 0.711mg
MoTes (quad) 6.75 0.31eV 0.701mo
WS, (mono) 3.63 0.27eV 0.468 mg
WS, (bi)  3.63 0.25eV 0.477mo
WS (tri) 3.63 0.08¢eV 1.155mo
WSz (quad) 3.63 0.00eV 1.146 mo
WSe2 (mono) 4.07 0.53eV 0.456 mo
WSes (bi)  4.07 0.52eV 0.479mo
WSe, (tri) 4.07 0.47eV 0.539mg
WSe: (quad) 4.07 0.27eV 0.532mo
PtS2 (mono) 12.34 -0.29eV 0.418 mg
PtSy (bi)  12.34 -0.51eV 0.601mo
PtSez (mono) 24.70 -0.03eV 0.327mq
PtSes (bi) 24.70 -0.31eV 0.412mg

2.46x10™ cm ™2
5.58%x10"2 cm ™2
5.04x10*2 cm ™2
4.89%10'2 cm ™2
8.38x10™ cm ™2
8.60x10™ cm ™2
4.59%10'3 cm ™2
4.53x10'3 cm ™2
6.32x10'" cm™2
6.98x10'" cm™2
7.95%x10*2 cm™2
7.74%10"% cm ™2
5.19x10* cm™2
1.08%x10'2 ¢cm ™2
7.95%x10'° cm™2
1.26x 10" cm ™2
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of the TMD system and their CBM close to the Dirac point, we believe that the graphene/Mo(W)-based TMD
heterostructure can provide a feasible platform to realize gapped Dirac state concomitant with interaction-enhanced
Fermi velocities.
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FIG. S15: The calculated energy bands of different TMD system. Here the energy positions of Dirac point in graphene
monolayer are remarked with green dashed lines. The structures of MoXs and WX, systems are trigonal prismatic
2H-phase, and those of PtXs systems are octahedral 1T-phase, which are common structural phase. The PtS, and
PtSes system has strong interlayer coupling, and the trilayer will become metallic.
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S9. EXPERIMENTAL MEASUREMENTS OF THE GAPS IN GRAPHENE-CROCL
HETEROSTRUCTURE

To test our theory of the band reconstruction of Dirac fermions in graphene coupled with a long-wavelength charge
order, we considered a few candidate substrates, among which CrOCI is suitable for device fabrication because of
its high air-stability and easy-exfoliatable nature. By designing a dual-gated structure, we used few-layered CrOC]
as an bottom dielectric while few-layered hexagonal boron nitride (h-BN) was served as top gate dielectric. The
top and bottom gate voltages can then be converted into doping and displacement fields for further data analysis.
Graphene, h-BN, and CrOCI flakes are mechanically exfoliated from high quality bulk crystals. The vertical assembly
of few-layered hBN, monolayer graphene and few-layered CrOCl were made using the polymer-assisted dry-transfer
method. Electron beam lithography was done using a Zeiss Sigma 300 SEM with a Raith Elphy Quantum graphic
writer. Top and bottom gates as well as contacting electrodes were fabricated with an e-beam evaporator, with typical
thicknesses of Ti/Au ~ 5/50nm. Electrical transport measurements of the devices were performed using an Oxford
TeslaTron 1.5 K system. Gate voltages on the as-prepared multi-terminal devices were fed by a Keithley 2400 source
meter. Channel resistances were recorded in 4-probe configurations using low frequency (13.33 Hz) lock-in technique
with Stanford SR830 amplifiers. The gate dependencies of channel resistances were measured at various temperatures
for the extraction of thermal gaps.

In Fig. [S16| (a) we present the detailed mapping of measured resistance in the space of displacement field D.g
and the nominal carrier density nt. A resistivity peak which persists up to not S 5 x 102 cm™2 is clearly seen,
indicating gap opening at the charge neutrality point (CNP) of graphene. The gapped Dirac state persists up to
Ntot B x 102 cm™2 because the extra charge carriers are transferred from graphene to the surface of CrOCI, leaving
graphene at the charge neutrality. As discussed in main text, the charges transferred to the surface of CrOCI may
form a long-wavelength ordered state through the Wigner-crystallization mechanism, which imposes a superlattice
Coulomb potential to graphene and promotes the gap opening at the CNP. In order to determine the gap at the
CNP of graphene at different nq, we have further performed the temperature dependent conductance measurements
at different ng,; as shown in Fig. b). The temperature dependence of the conductance o, (T) can be very well
explained in a thermal excitation picture, with o, (T) ~ e~2/2%8T (kp is the Boltzmann constant), from which the
gap at the CNP A can be extracted. In Fig. c) we show the experimentally measured gaps at different nominal
carrier density ni.;. We see that the gap decreases linearly with niq¢, consistent with theoretical calculations.
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FIG. S16: Gap size at the charge neutrality point (CNP) of monolayer graphene supported by CrOCL (a) Channel
resistance R,, measured in the space of Deg-nsor at T=1.5K and B=0T. Here, Do is defined as Deg = (CigVig —
ChgVig)/2€0 — Doy and nyoy is defined as nior = (CigVig + ChgVig)/€ — no. Cig and Chg are the top and bottom gate
capacitances per area, respectively. And Vi, and Vig are the top and bottom gate voltages, respectively. ng and Dy
are residual doping and residual displacement field, respectively. A new phase driven by e-e interaction is seen, with
the CNP largely bent from, and clearly much more resistive than the conventional vertical CNP at the fixed ng,; = 0.
This is consistent with the phase diagram reported in Ref. (b) Log scale of the minimum conductance o, at
the CNP with fixed nyot, i.€., log(1/ Rz ), plotted against 1/T. The thermal excitation gap A can then be estimated
from the linear part, using the formula o ~ ¢2/268T  where kg is the Boltzmann constant, T' is temperature. (c) The
thermal activation gap extracted in each linear fit of the curve in (b) and plotted against nges.
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