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I. COMPUTATIONAL DETAILS

The DMET workflow was implemented based on the package libDMET [1, 2]. The clas-
sical calculations of FCI, CCSD and HF were performed by using PySCF in this work [3, 4].
GTH pseudopotentials were employed to replace core electrons [5, 6]. The GTH-SZV basis
set was used to represent the valence electron of H (1s) while GTH-DZVP-MOLOPT-SR
basis sets were used for B, N, O, and Ni [7]. These correspond to 2s2p3s3p3d AOs for B, N,
O and 3s3p3d4sdp4d4fss AOs for Ni. Gaussian density fitting (GDF) was applied to eval-
uate the two-electron integrals [8]. An even-tempered Gaussian basis set was used as the
auxiliary basis set with the exponential factor g = 2.0 for 1D-H and 8 = 2.3 for 2D-hBN and
3D-NiO [9]. The quantum simulations of embedding were performed by virtual quantum
simulators on classic devices. The detailed implementation can be found according to Data
Availability section. Yao [10] was used as the backend of QC solver when simulating 1D-H
and 2D-hBN. For the larger simulations of NiO, Fermionic Quantum Emulator (FQE) [11]
was chosen as the backend of QC solver to speed up the numerical calculations. The noisy
simulations were based on the QASM simulator from Qiskit toolkit [12]. To mitigate quan-
tum noise, the quantum observable is measured at noise-scaled quantum circuits by unitary
folding and extrapolated to the zero-noise limit by linear fit supported by Mitiq package [13].
The scaling factors are 1.00, 1.25 and 1.50 in this work.

The momentum space was sampled using a I'-centered Monkhorst-Pack grid. For 1D-H,
10 A vacuum region was set to avoid interactions between the neighboring layers due to
periodic boundary conditions. A 1x1xNj k-mesh with N, = 3, 5, 7, 9, 11 was studied.
Similarly for h-BN, a 20.0 A vacuum region was used to model the single layer structure.
We employed three expanding k-meshes, i.e., 5x5x1, 6x6x1, and 7x7x1. For NiO, both
FM and AFII states are calculated using the lattice parameter a = 4.17 A from the exper-
iment [14]. The k-point of 2x2x2, 3x3x3 and 4x4x4 were employed, however, only the
latter two were used to extrapolate the energy gaps to the thermodynamic limit (TDL).
This two-point TDL extrapolation was reported to give good agreements with experimental
measurements on silicon and carbon crystal [15]. For a non-embedding reference, we were
only able to perform the k-sampled periodic CCSD (k-CCSD) calculation at the 2x2x2

k-point due to the current limitation of the computational resources.

The spin density in Fig. 2 is populated in Mulliken way [16] that the off-diagonal terms in
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the one-particle reduced density matrix is equally attributed to the corresponding orbitals.
The spin density of atom x is defined as difference of spin-up and spin-down electron density

of atom x, which is expressed as

1
=3 (Do — D) + 5
p (D, 8+ 5
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where D is the one-particle reduced density matrix.

II. EXTRAPOLATION TO THERMODYNAMIC LIMIT OF 1D-H CHAIN

We performed DMET calculations of 1D hydrogen chain with different k-meshes, ranging
from 1x1x5 to 1x1x45. Both the antiferromagnetic state (AFM) and the non-spin polarized
state (NSP) have been calculated. The bond distance that the ground state transferring
from NSP to AFM is shown in Fig. S1.
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Fig. S1. The reciprocal k-point number vs. bond distance at which the ground state changes, as

calculated by three different methods: (a) QC-DMET, (b) CC-DMET, and (c) FCI-DMET.

According to Fig. S1, the DMET calculation with solvers predict similar bond distances
of phase transition. We find that the predicted bond distance of sc-DMET is slightly larger
than that of o-DMET. Our results are in agreement with previous studies, such as Liu
et al. [17] and Motta et al. [18]. As a detailed example, we focus on the result of QC-
DMET. Liu et al. [17] predicted the AFM state transfers at the range of 0.5-0.75 A via
AFQMC on hydrogen chain with the total number of atom N=50, which is consistent with
the sc-DMET results (0.65 A, Ny = 1/25). Similarly, Motta et al. [18] predicted the phase
transition at 0.85 A using AFQMC, VMC and DMC with number of hydrogen atoms N=40),
which is, however, slightly larger than the value, ca. 0.69 A (N, = 1/20), from the linear
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extrapolation of sc-DMET in Fig. S1(a). Overall, our results demonstrate consistency with

previous studies.

III. THE ENERGY DIFFERENCES OF 1D-H
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Fig. S2. Energy differences of (a) o-DMET (QC solver vs CCSD solver), (b) sc-DMET (QC solver
vs CCSD solver), (¢) o-DMET (QC solver) vs k-CCSD (no embedding), and (d) sc-DMET (QC
solver) vs k-CCSD (no embedding) calculations, plotted against H-H bond distance. Ground state
of each dot in figure refers to result of QC-DMET as different methods predict different phase
transition bond distance. The same scale of vertical axis is used for the sub-figures in the same

Tow.

To determine the accuracy and reliability of our QC solver, we compare its energy dif-
ferences with other results in Fig. S2. We find that the energy difference between our QC
solver and CCSD solver is less than 1 mHa for all bond distances studied. For both o-DMET



and sc-DMET, the energy difference increases as the bond dissociates. The energy differ-
ence for sc-DMET is particularly small in the dissociation zone. The agreement between
our QC solver and CCSD solver improves as the k-mesh becomes denser. When comparing
with k-CCSD results without embedding (shown in Fig. S2), we find that the deviation
caused by embedding is larger than the energy difference among different solvers used in the
DMET calculation. For o-DMET with our QC solver, the energy is several milli-Hartrees
higher than the results of k-CCSD in the compressed zone and lower in the more stretched
zones. After incorporating correlation potential fitting (sc-DMET), we observe that the en-
ergy difference in the compressed region remains small, but is significantly reduced by the
self-consistent fitting of the correlation potential, particularly around the stretched region

where D(H-H) > 1.0 A.

IV. THE ENERGY DIFFERENCES BETWEEN THE FM AND AFII STATE FOR
NIO

The exchange coupling constants J; (nearest-neighbor) and J, (next-nearest-neighbor)

for NiO are defined as [19]

1 1
T = $(Bart = Best), o = <(4Baen — 3Eaer — By @

where Eapr, Earn, and Epy are the energy of the AFI, AFII, and FM state, respectively.
Thus, the energy differences between the FM and AFII state can be calculated as

Erm — Earn = —12 X (J1 + Jo) (3)

V. QUANTUM NOISY SIMULATIONS

The noisy quantum simulations are performed by introducing the effect of measurement
shots and depolarizing noise to evaluate the performance of this method in more realistic
conditions.

The noisy simulations are performed on closed-shell 1D hydrogen chain with GTH-SZV
basis set. The distance between adjacent hydrogen atom is 1.5 A. We choose a minimum

fragment which contains one hydrogen atom due to the expensive computational cost when
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TABLE S1. The energy differences between the FM and AFII state (Epy — Eaprr in meV /formula

unit) for NiO from the literature.

Method Ref. J; Jo  Epm — EArm

Exp. 20] -0.69 -8.66  112.2
Exp. 21] 0.69 -9.51  105.8
HF [22] 04 -23 22.8

LSDA+U  [23] -0.03 -7.46  89.9
Fock35 [22] 0.95 -9.35  100.8
GGA+U  [24] 0.87 -9.54  104.0
LDA+U  [23] 0.01 -9.27  111.1

PBE [25] 0.83 -9.47  103.7
B3LYP [22] 1.2 -13.35  145.8
SIC-LMTO  [19] 0.9 -5.5 55.2

LSIC-LSDA  [26] 0.15 -6.92 81.2
LSIC-LSDA  [26] 1.42 -6.95 66.4
SIC-LSDA  [19] 116.0
SIC-LSDA (ES) [19] 106.4

including measurements. The corresponding embedding thus contains 4 spin-orbitals and
has the size of 4 qubits. Only chemical potential fitting is performed here.

We first consider only the fluctuation caused by finite shots without any gate noise in-
volved. Here one shot represents a single execution of the quantum algorithm. Simulated
results with the number of shots ranging from 2!° to 22° are depicted in Fig. S3(a). The
precision of the DMET energy improves and converges well as the increase of number of
shots. The standard deviation becomes smaller than 1.0 mHa when the number of shots
reaches 2'®. Since no extra gate noise is introduced, the mean value of DMET energies shows
high accuracy and the difference from the ideal reference value is smaller than 1.0 mHa even
with several thousands shots (~ 212).

In the following, the depolarization noise is introduced in the DMET simulation. The
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Fig. S3. (a) DMET energies vs. number of shots without extra gate noise. (b) DMET energies
vs. depolarization probability with 2!® shots. The green line represents the noiseless reference
calculated by numerical ideal solvers. The zone where the energy difference from the noiseless
value is within 1.0 mHa has been marked by light green. Numerical experiments are repeated 10

times for each dot to get the mean and standard deviation.

depolarization noise is one of the most commonly used noise model in quantum simulations.
By applying the depolarization noise model, there may be a bit-flip (Pauli X error) or a
phase-flip (Pauli Z error) or both (Pauli Y error) to the input state based on the depolarizing
probability p, when executing an operation in the quantum circuit [27, 28]. As shown in
Fig. S3(b), the depolarizing noise leads to less accurate DMET energies while the standard
deviation is just slightly affected by it. By applying the zero-noise extrapolation of linear fit,
the more accurate results can be obtained at the expense of larger standard deviation. This
worse precision after error mitigation is attributed to the deeper quantum circuit generated

in the zero-noise extrapolation process.

In summary, the measurement shot mainly affects the precision while the depolarizing
noise affects more the accuracy of the DMET results. The zero-noise extrapolation based
on linear fit, which is one of the simplest error mitigation strategy, is used here to mitigate
the quantum error. It improves the accuracy of the DMET energy while sacrificing the
precision to some degree. It is a similar optimization procedure of chemical potential fitting,
but more complex. We expect a good convergence achievable provided more robust error
mitigation strategies and advanced sampling methods. Some recent studies show that the

self-consistent quantum-classical hybrid algorithms remain well converged in the presence of
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noise [29, 30]. Quantum error mitigation strategies such as zero-noise extrapolation [31, 32],

stochastic methods [33, 34] and subspace expansion [35]. Besides that, reducing the depth

of quantum circuit based on molecular symmetry [36] or in an adaptive manner [37, 38| can

help to sample the observable with noise presented. Grouping commute Pauli terms can

also reduce the cost of measurement for easier measurement (for example tensor product

basis [39].
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