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Abstract

A stochastic process mathematically models the random behavior of
systems and naturally occurring phenomena. A popular process is a
Gaussian process which assumes a multivariate Gaussian distribution
for the response variables. The predictive distributions of target vari-
ables can be explicitly obtained by using conditioning and inference
techniques. The mean function and covariance function of the predic-
tive distributions are parameterized whose estimates can be obtained by
maximizing the marginal likelihood of the training responses or their
posterior distribution. Unfortunately, these estimates are not robust to
outliers that are often present in the observational training data sets. To
overcome this problem, we develop a robust data-driven process based
on the Schweppe-type Huber-generalized maximum likelihood (SHGM)
estimator to bound the influence of all types of outliers on the esti-
mates while exhibiting a high statistical efficiency at the Gaussian and
thick-tail distributions. The weights utilized by the SHGM estimator
are calculated using projection statistics, which are robust distances of
the data points determined by the row vectors of the design matrix.
These weights make the estimator robust to both vertical outliers and
bad leverage points while not downweighting good leverage points. We
show that the proposed robust model is able to handle up to 25 per-
cent of outliers among the data set. The proposed method is illustrated
by two real-world examples in which the performance of the proposed
method is assessed against the standard Gaussian process regression.
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1 Introduction

Gaussian processes (GPs) have been increasingly popular over the past few
decades for robust regression. A GP model typically consists of a mean function
and a kernel (i.e., covariance) function. The parameters of these functions are
called hyperparameters. The mean function models the central tendency of the
response variable while the kernel function captures the dependencies between
the output data points in terms of either input data points or distance between
them. Upon estimating the hyperparameters, a GP model is ready to make
predictions of response variables for new input data. Numerical and graphical
validation techniques have been proposed to assess how well the GP model
represents the underlying process (Bastos et al. (2009)).

A crucial factor in determining the performance of a GPs is the quality
of the training data set. In the most simplistic form of GPs i.e. the con-
jugate model, the likelihood of the observations is assumed to be a normal
distribution. If the assumed probability distributions do not model well the
randomness of the observational data sets of the real process under study, the
statistical estimates of the output variables at new test points obtained from
the GPs will be inaccurate. For instance, the stochastic power flow studies con-
ducted on an electric power system with high integration of renewable energy
resources (Xu et al. (2020)) typically assume the two-parameter Weibull prob-
ability distribution for the wind speed and the beta probability distribution
for the solar power generation, which are poor statistical models of these vari-
ables (Wais (2017)). Such large deviations from the assumptions will result in
strongly biased hyperparameter estimates if non-robust estimation methods
are applied which eventually affects the resulting uncertainty quantification.
Consequently, data-driven models are popular in these areas (see, Wang et al.
(2020)).

However, real-world data sets are typically contaminated with outliers due
to instrumental failures, human errors, meter sensitivity to changing weather
conditions, and recording data errors, to name a few. The two types of outliers
likely to occur in a linear regression model of GPs are vertical outliers and bad
leverage points. A vertical outlier is an outlier in the response space whose
projection on the input vector space associated with the input variables is an
inlier. A leverage point is a data point whose projection on the input vector
space is an outlier. A leverage point can be a good leverage point or a bad
leverage point depending upon whether it is an inlier or an outlier in the
response space, respectively. GPs are based on the ℓ2 norm likelihood functions,
which are non-robust to outliers (see, Huber (2004)).

A number of statistical methods are proposed in the literature to robus-
tify the GPs against outliers. For instance, Kuss et al. (2005) proposed GPs
with the likelihood of the observed data following Student-t and Laplace dis-
tributions. He then estimates the latent parameters of the model using a
fully Bayesian treatment. Along similar lines, Jylänki et al. (2011) proposed
robust GPs with Student-t likelihood and advanced expectation propaga-
tion and Monte Carlo methods algorithms to estimate the latent parameters.
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Unfortunately, these methods will breakdown in presence of multiple outliers
strategically located in the input vector space as demonstrated by Algikar et al.
(2023).

In this article, we stick to the robust type-II maximum likelihood estimation
in which the modeling effort is focused on the mean function hyperparameters.
We develop a robust observational data-driven process (RODP) regression
model that handles vertical outliers and bad leverage points in the training
data and for wide-range thick-tailed error distributions. The former is achieved
by downweighting the residuals using weights calculated from the projection
statistics that are assessed at the hyperparameter estimation step. Introduced
by Stahel (1981) and Donoho (1982), a projection statistic of a multivariate
data point relative to a multivariate point cloud is defined as the maximum
of the absolute values of the standardized projections of that data point on
the straight lines that pass through the coordinatewise median and the data
points (see, Rousseeuw et al. (2005)). It is a robust version of the Mahalanobis
distance based on the sample median and the median absolute deviation from
the median instead of the sample mean and the sample standard deviation.

The rest of the article is organized as follows. Section 2 reviews the princi-
pal ideas of the GPs and the SHGM estimator. Section 3 develops the RODP
model estimator and demonstrates its robustness using an artificial example.
Section 4 evaluates the performance of the RODP model on an artificial numer-
ical model and two real-world applications. Section 5 concludes the article
and discusses future work. This article has supplementary materials that are
available online.

2 BACKGROUND

In this section, we review the GP model and the maximum marginal likelihood
estimation, commonly known as the type-II maximum likelihood estimation,
of the hyperparameters of the mean and covariance function. And show that
the hyperparameters of the mean function are centered around the weighted
least squares estimates. We also review the SHGM estimator on which the
RODP model is based.

2.1 Maximum Marginal Likelihood Estimation of the

Gaussian Process

Let us consider a simulator, H(·), defined as a function of m input stochastic
variables of n dimensions, xi ∈ R

n, and m output stochastic variables, yi ∈ R,
i = 1, . . . ,m. The simulator is statistically approximated by a more computa-
tionally efficient model, which may have the same inputs and output variables
or functions of these variables.

In the GP framework, the output variables, H(xi), i = 1, . . . ,m, are
assumed to follow a normal distribution with a vector-valued mean function,
m(·), and a matrix-valued covariance function, Σ(·, ·), for an input variable
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matrix, X = [x1,x2, · · · ,xm]T , yielding

H(X) ∼ GP
(
m(X),Σ(X,X)

)
. (1)

The elements of the covariance function,Σ, are kernel functions given by Σi,j =
k(xi,xj), i, j = 1, 2, . . . ,m, where k(xi,xj) models the spatial covariance of the
corresponding simulator output points, H(xi) and H(xj). Since the simulator
runs, H(X), are GPs, they follow a joint multivariate Gaussian distribution
for all X.

A commonly used squared exponential kernel function is defined as

k(xi,xj | s) = τ2Rc(xi,xj), (2)

where Rc(xi,xj) denotes the autocorrelation function given by Rc(xi,xj) =

exp
(
−∑p

k=1
(xik−xjk)

2

s2
k

)
. The observations (e.g., measurements), y, of a sim-

ulator, H(·), are assumed to differ from the simulator outputs, H(X), by
additive independent and identically distributed Gaussian errors contained in
the vector, e = [e1, e2, · · · , em]T ∼ N (0, σ2

0Im). Formally, we have

y = H(X) + e. (3)

“Nuggets” are elements added to the diagonal elements of the covariance
function, Σ(·), to account for the model uncertainties and the numerical
approximations that result from the matrix inverse calculation. They are
assumed to follow a Gaussian distribution with zero means, ϵ ∼ N (0, σ2

nIm).
Consequently, the observation vector, y, follows a multivariate Gaussian
distribution with diagonal additive nugget terms, yielding

y | X,β,ϕ, σ2
n ∼ N

(
m(X),Σ(X,X | ϕ) + σ2

nIm

)
, (4)

where the hyperparameters of the covariance function are grouped into ϕ =
(τ, s1, s2, . . . , sn). Furthermore, the mean function is supposed to be linearly
related to β, that is,

m(X) = F(X)β, (5)

where F(X) ∈ R
m×p denotes the regressor matrix, whose ith row, fi(x)

T ,
is called the basis function. Some common basis functions proposed in the
literature are the linear basis function given by f(x) = [1, x1, . . . , xn]

T and
the quadratic basis function given by f(x) = [1, x1, . . . , xn, x

2
1, . . . , x

2
n]

T .
To estimate m(X), we first estimate β and then use (5). To this end, we

solve for the maximum likelihood estimator of the hyperparameters of the
covariance function, ϕ, and of the mean function, β, and the hyperparameter
variance, σ2

n, given the observation vector, y, by maximizing the log-likelihood
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function expressed as

log(L(y | X,β,ϕ, σ2
n)) = −1

2
rTR−1r − m

2
log(2π)− 1

2
log|R| , (6)

where r = y − m(X) is the residual vector and R = k(X,X | ϕ) + σ2
nIm is

the covariance matrix of y. The maximum likelihood estimation problem can
be cast as

(β̂, ϕ̂, σ̂2
n) = argmin

(β,φ,σ2
n)∈Rp+1Rn+1R+∗

− log L(y | β,ϕ, σ2
n). (7)

To solve (7), we first estimate β in the generalized least-squares sense, which
is expressed as

β̂ = (FTR−1F)−1FTR−1y. (8)

Then, we estimate the hyperparameters associated with the kernel function ϕ

and variance σ2
n by maximizing the β-profile likelihood over (ϕ, σ2

n) as follows:

(ϕ̂, σ̂2
n) = argmin

φ

− log L(y | β̂,ϕ, σ2
n). (9)

The gradient-based algorithm used to solve (9) is provided in Section 3.
Up to now, we have estimated all the hyperparameters of the GP model. We

next validate this model. Let (y,X) be a collection of raw metered values of the
system, called the training data set. Let (X∗,y∗) be a new raw metered data
set used to evaluate the performance of the GP model, called the validation
data set. The training and validation data sets are assumed to follow a joint
multivariate Gaussian distribution given by



y

y∗


 ∼ N






m(X)

m(X∗)


 ,




R C(X∗)

C(X∗)
T

V(X∗)





 , (10)

where C(X∗) = k(X,X∗) and V(X∗) = k(X∗,X∗). Using the Bayes theorem,
we infer the posterior distribution of the quantities that are of interest to us,
which are H(X∗), conditioned upon the training data set, (y,X), that is,

H(X∗) | X∗,y,X ∼ N
(
µ∗(X∗),Σ∗(X∗)

)
. (11)

The maximum a posteriori (MAP) estimators of µ∗ and Σ∗, are respectively
given by

µ̂∗(X∗) = m̂(X∗) + Ĉ(X∗)T R̂−1r; (12)

Σ̂∗(X∗) = V̂(X∗)− Ĉ(X∗)T R̂−1Ĉ(X∗), (13)

where R̂ = k(X,X | ϕ̂) + σ̂2
nIm, Ĉ(X∗) = k(X,X∗ | ϕ̂), V̂(X∗) = k(X∗,X∗ |

ϕ̂). The shortcomings of the conventional hyperparameter estimators are: (i)
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the non-robustness to outliers of the mean function hyperparameter estimator,
β̂ and (ii) the deviations of the assumed prior probabilities in the likelihood
function from the actual ones.

2.2 The SHGM Estimator

Huber (1964) initiated a new class of maximum-likelihood-type estimators,
called M-estimators, which minimize objective functions of the form

J (β) =

m∑

i=1

ρ

(
ri
s∗

)
, (14)

where ρ
(
ri/s

∗
)
is a function of the standardized residuals. The Huber M-

estimator is defined by a convex ρ-function given by

ρ(ri) =





r2i
2 , for |ri| ≤ b;

b | ri | − b2

2 , for |ri| > b,

(15)

where b is the threshold, typically set to 1.5 to get a high statistical effi-
ciency at the Gaussian distribution. The Shweppe-type GM estimator (SHGM)
minimizes a weighted Huber objective function defined as

J(β) =

m∑

i=1

w2
i ρ

(
ri
s∗wi

)
, (16)

where s∗ = 1.4826 bmmedian | r | is the robust estimator of the scale of
the residuals when the error covariance is unknown (Mili et al. (1992)) and
where bm = 1 + 5/(m− n) accounts for the dimensionality correction factor.
To bound the influence of the outliers, the weights w(fi) in (16) are defined in
such a way that they will decrease from 1 to 0 as the degrees of outlyingness
of the corresponding data point get larger. This is performed by defining the
weights as functions of the projection statistics as described in Section 3. As
for the SHGM estimator, it is a solution of

m∑

i=1

wifiψ(rSi
) = 0. (17)

where ψ(rSi
) =

∂ρ(rSi
)

∂rSi

is known as the ψ-function. The Huber ψ-function is

expressed as

ψ(rSi
) =





rSi
, for|rSi

| ≤ b;

b sign(rSi
), for|rSi

| > b,
(18)
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and where the standardized residuals are given by rSi
= ri/(s

∗wi). Since ψ(rSi
)

is a non-linear function, we resort to an iteratively reweighted least-squares
(IRLS) algorithm (Beaton et al. (1974)). Using (17), we get

m∑

i=1

q

(
ri
wis

)
firi = 0, (19)

where q(rSi
) =

PSi(rSi
)

rSi

is known as the weight function given by

q(rSi
) =





1, ri ≤ b

b sign(rSi
)

rSi

, otherwise
. (20)

Finally, substituting ri = yi −fT
i β in (19) and putting the results in a matrix

form, we get
FTQ(y − Fβ) = 0, (21)

where Q is called the weight matrix given by Q = diag(q(rS)). Since Q is a
function of β, we solve (21) for β using the IRLS algorithm expressed as

β(k+1) = (FTQ(k)K−1F)−1FTQ(k)K−1y, (22)

where K denotes the covariance matrix of errors. This algorithm is preferred
to Newton’s algorithm due to its simplicity and its numerical stability.

3 Robust Observational Data-Driven Process
Model

In this section, we introduce the projection statics on which the weights for the
SHGM estimator are based. We then develop the RODP model and analyze
its robustness with the help of a numerical model.

The projection statistics are defined as the maxima of the standardized
projection distances obtained by projecting the point cloud on the directions
that originate from the coordinate-wise median and that pass through each of
the data points fi (see, Mili (1992)). Formally, we have

PSi = max
||u||=1

fT
i u−median

j
(fT

j u)

1.4826 median
k

| fT
k u−median

j
(fT

j u) | , (23)

where PSi is the projection statistic associated with fi. The projection statis-
tics are fast to calculate; but this comes at the expense of a loss of affine
equivariance, which is not a shortcoming for our method because they are used
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as a robust diagnostic tool to identify outliers. We define the weights for the
SHGM estimator in (16) based on projection statistics as

w(fi) =





1, for |rSi| ≤ c,

c
PS2

i

, for |rSi| > c,
(24)

which downweight both the bad leverage points and the vertical outliers but
not the good leverage points. The threshold parameter, c, is set to the 97.5
percentile of the chi-squared distribution with n degrees of freedom, that is,
χ2(0.975, n) (see, Zomeren et al. (1991)).

3.1 Development of the RODP

The derivation of the RODP model is based on robust statistics initiated by
Huber (1964) and the robustness concepts proposed by Hampel et al. (1986).
First, the mean function of the GP model given by (5) is re-written as

ζ(X) = F(X)β + e(X). (25)

Then, the projection statistics are calculated on the regressor matrix, F(X),
and the outliers are flagged as the data points whose corresponding standard-
ized residual magnitudes, | rSi |, are greater than c. After identifying the
outliers, we downweight them via the weights given by (24). In our RODP
model framework, we aim to estimate the mean function hyperparameter, β,

in a robust manner using the SHGM estimator. The estimate, β̂, is the solution
of the IRLS algorithm given by (22), which is expressed as

β̂(φ, σ2n) =

[
F(X)TQ

[
k(X,X | φ) + σ2nIm

]−1
F

]−1

F(X)TQ
[
k(X,X | φ) + σ2nIm

]−1
y.

(26)

Using the observation set, (y,X), we now estimate the hyperparameters, η =

(β̂,φ, σ2n), of the RODP model as

η̂ = argmax
(β̂,φ,σ2

n)∈Rp+1RnR+∗

logL
(
y | X, β̂,φ, σ2n

)
. (27)

Proceeding with the notations specified in Section 2.1, the log-likelihood function L
is given by

logL
(
y | X,β,φ, σ2n

)
= −1

2
(y − Fβ)TR−1(y − Fβ)− m

2
log (2π)− 1

2
log |R| .

(28)

Substituting β̂ into (28), we obtain the estimates of (φ, σ2n) as(
φ̂, σ̂2n

)
= −argmin

(φ,σ2
n)

Γ(φ, σ2n), (29)

where the Γ-function is defined as

Γ(φ, σ2n) = log |R| . (30)
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We solve (30) by applying a gradient-based optimizer (see, Rassmussen and Willaims
(2006)) as follows. We begin by estimating φ using the gradient-descent algorithm
given by

φ
(k+1) = φ

(k) − γ∇φΓ(φ, σ
2
n),

where γ is a step length. The gradients of Γ-function with respect to φ, ∇φΓ(φ, σ
2
n),

are given by

∂Γ(φ, σ2n)

∂φ
=

[
∂Γ(φ, σ2n)

∂τ
,
∂Γ(φ, σ2n)

∂s1
, . . . ,

∂Γ(φ, σ2n)

∂sn

]
,

∂Γ(φ, σ2n)

∂τ
= (2τ)tr

(
(R)−1

A(X,X)

)
,

∂Γ(φ, σ2n)

∂sl
= (−2)tr

(
(R)−1

S(l)

)
,

where

A(X,X) =




Rc(x1,x1) . . . Rc(x1,xm)

...
. . .

...

Rc(xm,x1) . . . Rc(xm,xm)



,

and

S(l) =




(x1l−x1l)
2

s3
l

Rc(x1,x1) . . .
(x1l−xml)

2

s3
l

Rc(x1,xm)

...
. . .

...

(xml−x1l)
2

s3
l

Rc(xm,x1) . . .
(xml−xml)

2

s3
l

Rc(xm,xm)




,

for l = 1, 2, . . . , n.

Then, we estimate σ2n by substituting φ̂ in the Γ-function given by (30), which yields

σ̂2n = −argmin
(σ2

n)
Γ(σ2n, φ̂).

We solve for σ̂2n using the gradient-descent algorithm given by

σ2n
(k+1)

= σ2n
(k) − α∇σ2

n
Γ(φ, σ2n),

where α is a step length. The gradient of the Γ-function with respect to σ2n,
∇σ2

n
Γ(φ, σ2n), is given by

∂Γ(φ, σ2n)

∂σ2n
= tr(R)−1.

With the estimates (φ̂, σ̂2n), we now update β̂RODP(φ, σ
2
n) to get

̂̂
βRODP. We obtain

the final estimate of η̂ by solving (26) and (29) in an iterative manner. The algorithm
for calculating η̂ is outlined in Table 1.

The mean function of the RODP model that acts as a robust surrogate is given by

µ̂
∗(X∗) = F(X∗)

̂̂
β + Ĉ(X∗)T R̂−1

r. (31)

The covariance matrix of the RODP model is given by (13) using the newly robust

hyperparameters of the covariance function, (φ̂, σ̂2n). We now make the desired
predictions using the computationally efficient robust model given by (31).
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Algorithm 1 Estimation of the RODP Hyperparameters {β,ϕ, σ2}
Require: m training samples (y,X), projection statistics PS.
1: if m > 5n then

2: w(fi) = min(1, c
PS2

i

)

3: else

4: w(fi) = min(1, c
PSi

)
5: end if

6: Initialize β0 = βwls,ϕ0 = [1, . . . , 1]T , σ2
0 = 0.001

7: while error > 0.001 do

8: if rSi
≤ b then

9: q(rSi
) = 1

10: elserSi
> b

11: q(rSi
) =

b sign(rSi
)

rSi

12: end if

13: Q = diag(q(rS))
14: βk+1 = (FTQ(k)R−1F)−1FTQ(k)R−1y

15: end while

16: β̂ = (FTQ(k)R−1F)−1FTQ(k)R−1y

17:

(
ϕ̂, σ̂2

n

)
= −argmin

(φ,σ2
n)

Γ(ϕ, σ2
n)

18: Iterate Steps 16 and 17 until convergence, e.g. ||r|| ≤ 0.001, to obtain the

final hyperparameter estimates,
̂̂
β = β̂(ϕ̂, σ̂2

n), ϕ̂, and σ̂
2
n

3.2 Robustness and Efficiency of the RODP model Model

We assess the robustness of the RODP model using the three robustness concepts
proposed by Hampel (1986), namely the influence function, the breakdown point,
and the statistical efficiency. The reader is referred to Appendix A for further details
about the robustness concepts. Let us consider an ε-contaminated model G(r) =
(1− ε)Φ(r)+ εΘ(r) where Φ(r) is the cumulative Gaussian distribution function and
Θ(r) is the unknown distribution function of the residuals.

Theorem: The influence function IF of the SHGM estimator at the probability
distribution, G, is defined as

IF(rSi
,fi; Φ) =

ψ(rS)

EΦ[ψ
′

(rS)]
(FT

F)−1
fiw(fi), (32)

where rSi
, for i = 1, 2, . . . ,m, are the standardized residuals.

The reader is referred to Appendix C for the proof. As for the asymptotic covariance
matrix of the β estimator (see, Gandhi et al. (2010)), it is expressed as

ς̂ = EΦ[IF IFT ], (33)

which yields,

ς̂ =
EΦ[ψ

2(rS)](
EΦ[ψ

′

(rS)]
)2
(
F(X)TF(X)

)−1 (
F(X)TQF(X)

)(
F(X)TF(X)

)−1
. (34)

Yohai et al. (1995) showed that the projection statistics attain the maximum
breakdown point given by [(m− n− 1)/2]/m. The trade-off between the breakdown
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point and the statistical efficiency at the Gaussian distribution of the RODP model
is addressed by taking advantage of the SHGM estimator. The SHGM estimator
reduces to an ℓ2-norm estimator for small standardized residuals and to the ℓ1-
norm estimator for larger ones. This estimator has a bounded influence function and
a positive breakdown point, which indicates that it is robust to outliers. Further-
more, it exhibits good statistical efficiency for a broad range of thick-tail probability
distributions.

4 CASE STUDIES

In this section, we first demonstrate the robustness and applicability of the proposed
model to thick-tail distributions on an artificial two-input model. We then validate
the proposed RODP model using the diagnostics proposed by Oakley and O’Hagan
(2004) and compare the results to traditional GP model predictions. We finally apply
the proposed model to two real-world problems, namely, (i) to carry out a time-series
prediction of the wind speed by processing Chichester Harbour, UK location weather
data; (ii) to perform stochastic power flow predictions by processing real-world power
injection measurements of the IEEE 39-bus power system that is heavily integrated
with renewable energy resources.

4.1 Case Study 1: Artificial Model

The following artificial model is considered with a linear basis function fi =
[1, x1i, x2i]

T , i = {1, . . . , N}:

H(x1, x2) =

(
1− exp

(−1

x1

))(
57x31 + 19x21 + 20x1 + 60

10x32 + 48x22 + 4x2 + 18

)
. (35)

A sample size of N = 110 points constitutes the data set; out of them, m = 80 data
points are used as a training data set, contained in (X,y), to offer enough redundancy
for predictions at m∗

t = 30 test data set, contained in (X∗,y∗), called the validation
data set.

4.1.1 Applicability to a Wide Range of Thick Tail

Probability Distributions

We exemplify the applicability of the proposed model to the Gaussian (Figure 1),
the Laplace (Figure 2), and the Student-t (Figure 3) distributions by comparing the
prediction values between the GP and the RODP model. The degrees of freedom
considered for the Student-t input variables are two. For each case, we add up to
25% of outliers with large magnitudes to the training data, which consist of bad
leverage points (outliers both in y and xi, i = 1, 2)) and vertical outliers (outliers
only in y, but not in x). We also add good leverage points, i.e. y values obtained
via artificial model runs at the input variables with outliers only in xi, i = 1, 2. The
RODP model results are accomplished by setting the parameter b of the Huber ρ-
function to 1.5 for the Gaussian and the Student-t distribution and to 0.01 for the
Laplace distribution. We notice significant deviated prediction values from the true
values using the GP model with the addition of a single bad leverage point while
the RODP model exhibits a low root mean square error (RMSE) for all the three
probability distributions (see Figures 1(b), 2(b), and 3(b)). The RMSE comparisons
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(a) (b) (c)

Fig. 1: Results for the case of the Gaussian distribution. The inputs and error
are sampled as X1 ∼ N (50, 10), X2 ∼ N (20, 4), ϵ ∼ N (0, 0.001); (a) prediction
values obtained from the RODP model with 25% of outliers in the training
data; (b) comparison of the prediction values provided by the RODP model
and the GP model trained on data with a single outlier; and (c) comparison
of the RMSE obtained using the RODP and the GP model.

(a) (b) (c)

Fig. 2: Results for the case of the Laplace distribution. The inputs and error
are sampled as X1 ∼ L(15, 2), X2 ∼ L(10, 2), ϵ ∼ L(0, 0.001), respectively; (a)
RODP model prediction values; (b) comparison of the predictions obtained
using the RODP and the GP model with a single outlier in the training data;
and (c) the RMSE plot of the RODP and the GP model with up to 25% of
outliers in the training data set.

reflect similar conclusions when the number of outliers are increased (see Figures
1(c), 2(c), and 3(c)).

4.1.2 Graphical Diagnostics Applied to the RODP and the

GP model

The graphical diagnostic techniques considered here are based on the stan-

dardized residuals DI
i (y

∗) =
y∗

i −µ̂∗

i (x
∗

i )√
V (x∗

i
)

and the Cholesky errors DG(y∗) =

G−1 (y∗ − µ̂∗(X∗)
)
developed by Oakley and O’Hagan (2004), where G is the lower

triangular matrix using the Cholesky decomposition of V(X∗). They are plotted in
Figures 4 to 6 for the case of 25% outliers in the input data sets. Here, the training
data and validation data points are obtained using Latin hypercube sampling to fill
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(a) (b) (c)

Fig. 3: Results for the case of the Student-t distribution. The inputs are
sampled as Xi ∼ Student-t(ν = 2) for i = 1, 2; (a) predicted values using the
RODP model with 25% of outliers in the training data set; (b) comparison of
the predicted values using the RODP and the GP model for a single outlier in
the training data set; and (c) the RMSE plot for the RODP and the GP model
for an increasing percentage of outliers up to 25% in the training data set.

the design space, xi ∈ (0, 1] for i = 1, 2, except for 20 training data points associated
with x1 that accounts for bad leverage points with values outside the range (0, 1].
The hyperparameters of the mean function, β, estimated using the RODP and the
GP model are valued as β̂RODP = [−5.1427, 1.3059, −2.1056] and β̂GP = [1.8390×
105, 3.2079×105, −1.04882×104], respectively. The estimated kernel function hyper-

parameters, (φ), of the RODP model are φ̂RODP = [2.9164× 104, 15.2861, 4.8654]

and that of the GP model are φ̂GP = [2.9164× 104, 4.9459, 3.0814].
We observe from Figures 4(a) and (b) that the standardized errors of the RODP

model are smaller than those of the GP model. Interestingly, these results are at
odd with the diagnostics based on the standardized errors and the Cholesky errors
plotted versus the index (see Figures 4(d) and 5(b), respectively) and the standard-
ized errors versus the input 1 (see Figure 6(b)) for the GP model display a constant
variation band, which suggest a well estimated mean function. However, the plot of
the standardized errors versus the mean prediction (see Figure 4(b)) indicates an
unbounded linear trend. Thus, the Mahalanobis distance-based diagnostics are unre-
liable in presence of outliers. This raises the need for robust diagnostics to validate
the model.

4.2 Real Applications

4.2.1 Case Study 2: Short Term Wind Speed and Water

Depth Forecast

Substantial computational resources are required to perform weather forecasting,
which is governed by thermodynamics and fluid dynamics equations. Classical autore-
gressive time-series models capture solely the linear dependencies in the time series.
To overcome this problem, researchers in this area are proposing to use the GP
non-parametric models, which allow us to estimate the prediction uncertainty and
intervals while accounting for model non-linearity. Zhang et al. (2016) proposed GP
regression models for both the point and interval predictions for the wind speed
forecast. They compared the conventional artificial neural network (ANN) and the



Springer Nature 2021 LATEX template

14 Robust Hyperparameter Estimation

(a) (b) (c) (d)

Fig. 4: (a) Standardized errors DI(y∗) versus the mean prediction µ̂(X∗)
using the RODP model; (b) DI(y∗) versus the mean prediction µ̂(X∗) using
the GP model; (c) DI(y∗) versus the input index using the RODP model; and
(d) DI(y∗) versus the input index using the GP model.

(a) (b)

Fig. 5: Cholesky errors DG(y∗) versus input index for (a) the RODP model
model and (b) the GP model.

support vector machine (SVM) methods for one-step-ahead forecasting and demon-
strated that the GP predictions are more accurate. Among many methods proposed
in the literature for short-term wind prediction, very few of them address the adverse
effects of outliers. However, the measurement process of weather phenomena pos-
sesses unusual values that result from sensor malfunction, hardware error, power
supply error, ambient environment change, and, in some rare circumstances, abnor-
mal weather phenomena. It becomes necessary to replace an outlier detected in the
measurement process with a value that is consistent with the bulk of the data set,
a value that may not always be determined by an expert. In this paper, we propose
to use projection statistics-based weights, which are fast to compute, to bring the
outlier value closer to the rest of the observed data.

The second example we provide is based on real-time time-series data that are
collected by a Cambermet sensor on the south coast of the UK. The sensors record
up-to-date measurements of wind speed and water depth and other environmental
variables, including wind direction, air temperature, sea temperature, and tide height
(Roberts et al. (2013)). We leverage two data streams of measurements of wind
speed and water depth with a resolution of 5 minutes to assess the performance
of the RODP model. An auto-regressive model is employed to capture the overall
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(a) (b) (c) (d)

Fig. 6: Diagnostic technique based on DI(y∗) versus inputs: (a) DI(y∗)
against Input 1 for the RODP; (b) DI(y∗) against Input 1 for the GP model;
(c) DI(y∗) against Input 2 for the RODP model; and (d) DI(y∗) against Input
2 for the GP model.

Fig. 7: Calculated weights and magnitudes of added outliers versus their index.

structure from the wind speed series. We evaluate the RODP model on three different
cases of training data sets with 25% of outliers: (i) Case 1: the training set includes
measurements recorded at t = [t1, t2, . . . , t60]

T that are used to forecast the wind
speed over a short term of m∗

t = 40 min; (ii) Case 2: the training set includes
measurements over m = 188 min for model validation over m∗

t = 100 min (see
Figure 9); (iii) Case 3: the forecast of the water depth for the time period ofm∗

t = 100
trained over m = 188 min. The magnitude of added outliers and associated weights
are displayed in Figure 7. The comparison of the fitted data, prediction values, and
RMSE obtained for Case 1 from the GP and the RODP model for an increasing
percentage of outliers from 1% to 25% is displayed in Figure 8.
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(a)

(b)

Fig. 8: Plots of the data fit (first column), prediction (second column), and
RMSE (third column) of the wind speed forecast for Case 1 obtained using
the RODP and the GP model when (a) 1% to 12% and (b) 13% to 25% of
outliers are added to the training dataset.
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Fig. 9: Predictions for the next interval of 100 minutes trained on the first
188 minutes for Case 2.

The experimental results show that, as we increase the fraction of outliers in
the training dataset, the GP model results start to deviate from the true values. In
contrast, the RODP model consistently exhibits low RMSE. The results generate
satisfactory prediction intervals for the water depth as displayed in Figure 10.

4.2.2 Case Study 3: Stochastic Power Flow

The nodal voltage magnitudes, phase angles, and line real and reactive power flow
obtained from power flow calculations are important information for planning expan-
sion and real-time economic operations of a power system. A number of power flow
algorithms with good convergence properties have been proposed in the literature
(see, Murty (2017)). As modern power systems are transitioning towards net-zero
emissions, renewable energy sources (RES), electrified heat, and transport systems
are inducing uncertainties in the power distribution system outputs due to their inter-
mittences and stochastic variations. One such method to quantify the Uncertainty in
modern power systems is using Monte Carlo simulations, which are computationally
expensive. As measurement devices such as phasor measurement units are prevalent
in the network, various data-driven methods have gained growing attention in the
literature (see, Wang (2020), Wang et al. (2021)).

This paper considers a time-series stochastic power flow model for a radial power
distribution system benchmarked as the IEEE 39-bus power distribution system. The
model inputs are the active and reactive power injections at all buses xi gathered in
X = [x1,x2, . . . ,xN ]T , while the model outputs are the nodal voltage magnitudes,
[yv1, yv2, . . . , yvN ]T , and angles, [ya1, ya2, . . . , yaN ]T at N instances. The power dis-
tribution system is integrated with four RESs, namely, one photovoltaic (PV) unit
connected to Bus 38, whose output, real power injection, Pt,G38, is measured at

t = [t1, t2, . . . , tN ]T and three wind generation (WG) units connected to Buses
35, 36, 37, whose output power injections, Pt,G35,Pt,G36,Pt,G37, are measured. These
measurements are taken 1 h apart for a total of N = 424 data points, of which the
first m = 400 measurements constitute the training data. The RODP model allows
us to design the model without the need to specify the probability distributions of the
loads or of the PV andWG power outputs. For the stochastic power flow at test points
m∗

t = 24, a total of 5000 samples are generated using Latin Hypercube Sampling from
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(a)

(b)

Fig. 10: Water depth prediction values for Case 3: (a) the RODP model pre-
dictions without outliers in the training dataset; (b) forecasted curves provided
by the RODP and the GP model when there are 25% of outliers in the train-
ing dataset; an offset of 0.1 and 0.5 is added to the prediction intervals and
error bars, respectively, for the visualization purpose.

the Gaussian distribution Pt∗,Li ∼ N (Pt∗,Li, 0.05Pt∗,Li) for loads; Weibull distribu-
tion for WGs Pt∗,G35, Pt∗,G36, Pt∗,G37 ∼ Weibull(2.06, 7.41); and Beta distribution
for PVs Pt∗,G38 ∼ Beta(2.06, 2.5), i = 1, 2 . . . , 39, t∗ = 401, . . . , 424.

PV time-series data are often corrupted with spiky signal noise, sensor failure,
communication equipment failure, maximum power tracking abnormalities, array
shutdown, and power limitation, to name a few (see, Li et al. (2020)), while WG
time-series data are frequently corrupted by communication errors, unit outages, and
curtailment (see, Ye et al. (2016)). These abnormal conditions are represented by
manually added outliers in the measurements, for instance, as shown in Figure 11
for the RES real output powers. To be precise, we add outliers to the measurement
vectors (PG35,PG36,PG37,PG38) and to the load consumptions at the load buses,
(PL1,PL2, . . . ,PL20), up to 25% of the training data points to impose a worst-case
scenario that set a benchmark for this study. The probability density estimates of
the voltage magnitude and phase angle at the Bus 6 predicted at the instance t401
are displayed in Figures 12 (a) and (b), respectively. Their prediction values for the
time-interval [t401, t424] are depicted in Figures 12 (c) and (d). As for the nodal
voltage magnitude and angle predictions at all the 39 buses at the instance t401, they
are depicted in Figures 13 (a) and (b), respectively. The comparison of the results
between the conjugate GP regression model and the RODP model obtained for the
voltage magnitude at Bus 6 is displayed in Figure 14 along with the RMSE.
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(a)

(b)

Fig. 11: Outliers added in the training data: (a) the QQ-plot of the real power
measurements with 25% of added outliers and (b) the plot of weights of the
SHGM estimator versus magnitude of outliers.

5 CONCLUDING REMARKS

In this paper, we developed a robust regression model based on the SHGM estimator
that makes use of the projection statistics to identify and downweight the outliers,
including bad leverage points. The RODP model is particularly promising when the
training data is contaminated with extreme outliers that lie far away from the data
cloud and in the case where the distributions of the errors are unknown. We evalu-
ate the statistical efficiency, influence function, and breakdown point of the RODP
model. We test its performance on an artificial numerical two-input model under the
Gaussian, Laplace, and Student-t error distributions. We evaluate its performance
on two real-world applications, namely, stochastic power flow calculations, and wind
speed forecast. Our simulation results showed that the RODP model provides reli-
able estimations while the conventional GP model largely deviates from the true
values when trained on a data set contaminated with only a single outlier. In future
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(a) (b)

(c)

(d)

Fig. 12: The RODP model fit through the training data (a) for voltage mag-
nitude and (b) for voltage angle; the prediction values (c) voltage magnitude
and (d) voltage angle at Bus 6.

work, we will assess the performance of the RODP model under other thick-tail dis-
tributions of error, including the Cauchy distribution and the α stable distributions.
We will also apply the developed method to climate modeling (see, Watson-Parris
(2021)) and multifractal cosmic signals as suggested by Wirsing et al. (2020). We
will also investigate the use of high breakdown estimators to achieve a breakdown
point larger than 25% for highly corrupted real-world training datasets.
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(a)

(b)

Fig. 13: The RODP model predictions of the IEEE 39-bus power system with
the training data corrupted with outliers with magnitudes up to 25% of the
original values. Plots of a) nodal voltage magnitudes and b) nodal voltage
angles at all buses.
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Appendix A Robustness Concepts

Robustness is defined by Huber (1964) as insensitivity to small departures from the
assumptions.

• Influence Function

For an ϵ-contaminated model G = (1−ϵ)ϕ+ϵH, the influence function based
on Gateaux derivative that quantifies the local sensitivity of an estimator
T (G) to arbitrary infinitesimal contamination H = ∆r is expressed as

IF(ri,hi; ϕ) = lim
ϵ→0

T ((1− ϵ)ϕ+ ϵ∆r)− T (ϕ)

ϵ
. (A1)

The total influence function (IF), IF(r; ϕ), of an M-estimator is equal to
the product of the scalar-valued influence of residuals, IR((r; ϕ)), and the
vector-valued influence of position, IP(r; ϕ). Formally, we have

IF(r; ϕ) = IR(r; ϕ)IP(r; ϕ). (A2)

They are given by IR(r; F ) =
Ψ( r

s
)

E
[
Ψ′( r

s )
] and IP(f ; ϕ) = (FTF)−1f . For

an M-estimator, the IR((r; ϕ)) is bounded if the Ψ(·) is bounded while
IP((r; F )) is always unbounded, revealing its non-robust to bad leverage
points.

• Asymptotic maximum bias curve

The asymptotic maximum bias curve is the curve of the upper bound of a
bias of an estimator for an increasing level of contamination 0 ≤ ϵ < ϵ∗.
The asymptotic maximum bias curve of any Fisher consistent estimator x̂ in
its functional form T at any ϵ contaminated model is defined as bmax(ϵ) =
sup
H

| T (G)−x |. In the location case, Huber (1964) showed that the sample

median has the smallest possible asymptotic maximum bias curve among all
location equivariant estimators. In linear regression, the estimator that has
the minimum asymptotic bias curve is unknown.

• Finite-sample breakdown point

The maximum value of ϵ, denoted as ϵ∗, for which the maximum bias of an
estimator is finite is called the finite-sample breakdown point of that esti-
mator. Formally we have ϵ∗ = max{ϵ; bmax(ϵ) < ∞}. Donoho et al. (1992)
and Huber (1964) showed that the maximum finite-sample breakdown point
of any regression equivariant estimator under the assumption of general
position is given by

⌊
m−n

2

⌋
/m. Recall that the general position assumption

means that any n rows of the observation matrix of a linear regression model
are linearly independent.

• Statistical efficiency The minimum possible variance that any estimator
is able to attend is given by the Cramer-Rao lower bound. Formally, for an
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estimator of location (θ̂m) we have

Var(
√
mθ̂m) ≥ 1

If
; ∀m. (A3)

An asymptotically efficient estimator attends the Cramer-Rao lower bound
with statistical efficiency em (see, Fisher (1925)), that is,

em =
1/If

Var(
√
mθ̂m)

. (A4)

Appendix B Smearing and Masking Effect

Let us consider a linear regression model of the GP model given by

y = F(X)β + e, (B5)

where e is the error vector whose elements are assumed to be independent random
variables following a Gaussian distribution with zero mean and a covariance matrix,
R, that is, e ∼ N (0,R). The residual vector is defined as the difference between the
observation vector, y, and the estimated vector, ŷ. Formally, we have

r = y − ŷ. (B6)

For the weighted least squares (WLS) estimator, we have

ŷ = Sy, (B7)

where S is the hat matrix given by S = F(FTR−1F)FTR−1. Substituting (B7) into
(B6) yields

r = y − Sy, (B8)

= (I− S)y, (B9)

= Wy. (B10)

Substituting (B5) into (54) yields

r = We. (B11)

W is called the residual sensitivity matrix as it expresses the sensitivity of the resid-
uals to the errors. For the WLS estimator, the outlier detection and identification
statistical tests suffer from the smearing and masking effect of the outliers on the
residuals as shown next.

• Smearing effect

Let us assume that e1 ̸= 0 and ei = 0 for i = 2, 3, . . . ,m. From (B11), we
have

r1 =W11e1 ̸= 0,

r2 =W21e1 ̸= 0,

rm =Wm1e1 ̸= 0.

This is known as the smearing effect of one outlier on the residuals, which
makes the identification of that outlier using the residual statistical test
difficult to achieve.
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• Masking effect

Let us assume that the e1 ̸= 0 and e2 ̸= 0 while ei = 0 for i = 3, 4, . . . ,m.
The associated residuals are expressed as

r1 =W11e1 +W12e2,

r2 =W21e1 +W22e2.

Therefore, there exist e1 and e2 so that the residuals r1 ≈ 0 and r2 ≈ 0.
This is known as the masking effect of the outliers on the residuals, which
results in the failure of the outlier residual identification test.

Appendix C Influence Function of the SHGM
Estimator

Theorem: The influence function (IF) of the SHGM estimator over G is given by

IF(rSi
,fi; Φ) =

ψ(rSi
)

EΦ[ψ
′

(rSi
)]
(FT

F)−1
fiw(fi), (C12)

where rSi
are standardized residuals, i = 1, 2, . . . ,m.

Proof The asymptotic influence function of an estimator T (·) is given by

IF(ri,fi; Φ) = lim
ε→0

T ((1− ε)Φ + εΘr)− T (Φ)

ε
, (C13)

=
T (G)

ε

∣∣∣∣
ε=0

. (C14)

Let us define the function solved by the SHGM estimator in (17) as

λi(ri,fi,β) = w(fi)fiψ(ri). (C15)

We express (C15) in the functional form of the SHGM estimator T (G) as
∫
λ(ri,fi,T (G))dG = 0. (C16)

Let us define the arbitrary infinitesimal contamination at r as H = Θr. Substituting
G(r) = (1− ε)Φ(r) + εΘr into (C16) yields
∫
λ(ri,fi,T (G))dΦ+

∫
λ(ri,fi,T (G))d(Θr−Φ)+ε

∂

∂ε

∫
λ(ri,fi,T (G))d(Θr−Φ) = 0.

(C17)
At ε = 0, the last term is zero. Assuming Fisher consistency at Φ that is∫
λ(ri,fi,T (Φ)) = 0, (C17) further reduces to

∫
∂

∂ε
λ(ri,fi,T (G))

∣∣∣∣
ε=0

dΦ+ λ(ri,fi,T (G))d(Θr) = 0. (C18)

We apply the chain rule to the first term and the shifting property of the Dirac
impulse to the second term. After standardizing the residuals to rSi

and solving for
the influence function yields

IF(ri,fi; Φ) =
∂T (G)

∂ε

∣∣∣∣
ε=0

, (C19)
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= −
(∫

∂

∂β
λ(rSi

,fi,β)dΦ

)−1

× λ(rSi
,fi,T (G)). (C20)

Substituting (C15) in (C19) and expanding the partial derivative yields

IF(rSi
,fi; Φ) =

[
−
∫

fiw(fi)
∂ψ(rSi

)

∂rSi

∂rSi

∂β
dΦ

]−1

T (Φ)

fiw(fi)ψ(rSi
), (C21)

which reduces to

IF(rSi
,fi; Φ) =

[∫
∂ψ(rSi

)

∂rSi

fif
T
i dΦ

]−1

fiw(fi)ψ(rSi
) (C22)

The integral in (C22) computes the ensemble average of the function of the ran-
dom vector r, and equivalently for the term ∂ψ(rSi

)/∂rSi
, for every (fif

T
i ), i =

1, 2, . . . ,m. Therefore, we factor out the mean of ∂ψ(rSi
)/∂rSi

that yields
∫
∂ψ(rSi)

∂rSi

fif
T
i dΦ = EΦ[ψ

′

(rSi
)](FT

F). (C23)

Substituting (C23) into (C22) gives the following expression of the influence function

IF(rSi
,fi; ϕ) =

Ψ(rSi
)

Eϕ[Ψ
′

(rSi
)]
(FT

F)−1
fiw(fi). (C24)

□
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