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Table of content for figures, notes, and tables:
e Supplementary Fig. S1 displays band structures of the 2x2x1 CDW structures SD and ISD.
o Supplementary Fig. S2 shows cyclotron frequencies of extremal orbits of 2x2x1 SD and ISD structures.
o Supplementary Fig. S3 displays the layer resolved band structure of the 2x2x2 CDW without spin-orbital coupling.
o Supplementary Fig. S4 shows the unfolded Fermi surfaces of the 2x2x2 CDW at —40 meV and —85 meV.
o Supplementary Fig. S5 shows all Fermi surfaces of the 2x2x2 CDW at different energies.

e Supplementary Note 1 provides a general derivation of the Lifshitz-Kosevich formula with discussions on the phase shift.

Supplementary Note 2 discusses the Berry phase in a time reversal and inversion symmetric system.

Supplementary Note 3 shows the 7 total phase of a Dirac Hamiltonian with Semenoff mass.

Supplementary Table S1 and S2 show the different phases of the quantum orbits (with and without spin-orbital coupling)
of the 2x2x2 CsV3Sbs at —40 meV and —85 meV, respectively.
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Supplementary Fig. S1.  Overlapping band structures of 2x2x1 CDWs of CsV;3Sbs, blue for SD and red for ISD. Spin orbital coupling is
considered. There is no coupling between SD and ISD.

(a) 2x2x1 SD (c) 2x2x11SD (e) Experiment
_/-/A o © O O
/./ (e 22) 00 gﬂu
-/ I
1350 1350 1350 o © O 8 oo
Oosel
= ““ 0sd O
g M/ﬁ /‘/. °©
G w0 900 / 900 e
2 - o o
s e 8o o =2 &
00
& /o, 2 o
M ° 0198 S0
450 450 a 450 &
4 -
o (3 L)
s - S .
.
it Ssu $98:85328°¢
<100 80 60 40 20 0 ABCDEFGHI JK
Energy (meV) Energy (meV)
(b) 2x2x1 8D (d) 2x2x11SD (f) Experiment
)
ox
. °Q
200 200
. .
e
> 1% \ 150
2
S q
z
Y 100 . 100 ¢
i ) e * Tae o
@ .
b | sesae seets
50 50
¢ . 033
P og7 o o o
; . TEValyles ¥
v s “/ © N o 006 WJ& 04 @
00 80 60 40 20 0 100 80 60 40 20 0 ABCDEFGHI JK
Energy (meV) Energy (meV)

Supplementary Fig. S2. Cyclotron frequencies of electrons on extremal orbits of 2x2x1 CDWs of CsV;Sbs. (a) and (b) are for SD. (c) and
(d) are for ISD. (e) and (f) show the same experimental results as in the main text for comparison convenience. (a), (c) and (e) show the full
range of 0~1800 T while (b), (d), and (f) show the low-frequency region 0~250 T.
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Supplementary Fig. S3. Layer resolved band structure of the 2x2x2 CDW structure of CsV;Sbs without considering spin-orbital coupling.
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Supplementary Fig. S4. Unfolded Fermi surfaces of the 2x2x2 CDW, (a-c) for —40 meV and (d-f) for —85 meV, respectively. The larger black
solid hexagons show the Brillouin zone of the pristine phase (no CDW distortion), while the smaller red dashed hexagons show the Brillouin
zone of the CDW structure. k. and £? (in unit of 2x/c) label planes of Brillouin zones of the CDW and pristine phases, respectively. Notice
that the k, = 0 plane of the 2x2x2 CDW phase is unfolded back to both k¢ = 0 and 0.5 planes of the pristine phase. The k, = 0.5 plane of the
2x2x2 CDW phase is unfolded back to the k? = 0.25 plane of the pristine phase. The main features of these Fermi surfaces are similar, i.e., all
show a large hexagonal Fermi surface near the Brillouin zone boundary and a circular Fermi surface around the Brillouin zone center.
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Supplementary Fig. S5. Fermi surfaces (or constant energy contours) on k, = 0 and 0.5 (271/c) planes at different energies of the 2x2x2 CDW
phase of CsV3Sbs (SOC is considered). Corresponding cyclotron frequencies are given beside each panel (unit: T). Results at —40 and -85
meV are shown in the main text. Notice that frequencies smaller than 1 T are not considered.



Supplementary Note 1: Derivation of Lifshitz-Kosevich formula

For convenience and completeness of reference, we briefly summarize the derivation of the Lifshitz-Kosevich formula' from
previous works. We first give the quantization rule of Landau levels. Then an intuitive argument is provided for the final
oscillatory part of the grand canonical potential. At last, a formal derivation based on Green’s function method is presented.

A. Semiclassical Quantization rule and magnetic oscillation

In the presence of magnetic field B (we assume it’s along z direction), the electron will undergo cyclotron motion whose
quantization condition gives the quantized Landau level for an arbitrary dispersion. The central requirement for the quantization
of orbit is that the phase of wave function accumulated during one cycle must satisfy the interference condition. For now, the
phase has mainly six contributions: de Broglie phase, Aharonov-Bohm (A-B) phase, Maslov correction ¢,,, Berry phase, orbital
magnetic moment induced phase and Zeeman (spin) effect induced phase>™. The de Broglie phase is 27 times the number of
wavelengths in the orbit f k - dr. 1t’s well-known that the real space trajectory of an electron is the trajectory of k normal to

B scaled by magnetic length [z = Vfic/eB and rotated by 90°°. The A-B phase is the number of magnetic flux quanta 2nfic/e
through the trajectory multiplied by 2n. For a simple trajectory, it has two caustics when projected onto one direction and each
has a 7r/2 phase shift similar to the optical phase shift. Finally, there is an additional phase A, (a is the band index of degenerate
bands) from the k space trajectory which incorporates Berry phase ¢, orbital phase ¢z and Zeeman phase ¢,>*. We term it the
generalized Berry phase. It can be calculated from the eigenvalue e« of the propagator U[C] of loop C (exp means path-ordered

exponential),
UlC] = ﬁ{isg

where A, = i{upi|Viun) (m,n € Zp, Zp is the degenerate band group being considered.) is the non-Abelian Berry connection
and the first term is just the generalization of Berry phase to the multiband case. The second phase which comes from the orbital
magnetic moment is

(A +9M) - dk + 4523 o-zldkl]} (S1)

Wy, - dhe = > ALTE dice/20, + (x © ) (S2)
1¢Zp
with I, = (uy|veluqi) being the interband matrix elements of the group velocity operator v. ¢ is the spin Pauli matrix and the

third phase comes from the Zeeman effect.
The overall interference condition becomes

BI2A k.
fk~dr—2nw—¢M+/la=2nn (S3)
2rthele
or
BA (60, k) = 27(n + 72) (S4)

where A (g, k;) is the area of k space trajectory and y, = (¢y — A,)/2n is the index shift of Landau level. This is the Onsager
relation with various phases taken into account®*%7,

Following the argument of Ref. 5, equation (S4) specifies a set of Landau tubes (for each n) on which quantized orbits lie.
The contribution to the density of states (DOS) D(er) at the Fermi level er (at zero temperature) from these Landau levels are
the number of quantized orbits with energy in a small shell near &r. Therefore, D(ef) is proportional to the intersection area
between the tubes and the small energy shell around the Fermi surface. When the tube is tangential to the Fermi surface, the area
will be greatly enhanced and D(er) will be singular, i.e.

2neB
fic

where A, (er) is the area of extremal orbit on the Fermi surface. As a consequence, the oscillation of D(er) is periodic in % with

Ac(ep) = (n+7a) (S5)

period A (%) = 2me/(ficA, (er)) and frequency

1 fic
F= l/A(E) = Z—MAe (&) (S6)



B. Intuitive argument

The oscillation of various thermal quantities such as magnetic susceptibility follows the oscillation of D(gf), or equivalently
the grand canonical potential. In general, such an oscillation part 6Q(7 = 0, er) can be expanded as a Fourier series with the
positions of maximum determined from (S5) and fundamental frequency given by (S6), i.e.

SQT = 0, &p) = Z QT = 0,8p) = Z ¢ cos[2ﬂr(% v + o] = Z ¢, cos[F(BA, (er) + Ay — dur) + ¢] (S7)

r r

where ¢, is the amplitude of r’th harmonics and ¢ is an additional phase shift for for three-dimensional (3D) materials (see
below).

The effect of finite temperature and finite relaxation time can be taken into account by the method of phase smearing® and
contribute a reduction factor for the oscillation amplitude. Here we adopt a different way to get the reduction factor. First, the
grand canonical potential at finite T can be obtained from the zero temperature one by convolution with the derivative of the
Fermi distribution®.

ST, 1) = — f of (z ) 5000, £)de (S8)

where f(e—u) = 1/[exp((e—u)/kT)+ 1] is Fermi-Dirac distribution function and yu is the chemical potential at finite temperature.
Substitute (S7) into the above formula and make use of the relation (S6) to change integral variable from € to F, one can get

Q,(T, ) = —¢,Re f OC 0 expticanr ~ v + o11ds
_ Rfm : liQar(s — ) + 9)ld
TR ] 2T+ cosh((e — p)fkpT)] P T Y TRIGE
- orRe Lo 21 + cosh((e =y ky )] SPHET (g =Y + Ol
_ Rfm ! Q ( + o) Lodr 2
=aRe | coshIBF = Fu) kT P (g =Y + Dl
B 0 . F(u) B . exp[iankBTz/(ﬁB)]
= cRe I Pl (== =y + o)l = o
= ¢rRy, cos[2mr( Fgl) —Ya) + ¢l
= RT,r Qr(os ﬂ)
with
_ 2n%rksT/BB _eh _ 12 0A.(e,k,)
R, = sinh (2#2rkgT/BB)’ = me " T2 o (510)

m is the cyclotron mass. Use cyclotron frequency w, = eB/mc, temperature reduction factor Ry, can also be written as

2
Ry, = — 2n°rkpT [hw, s11)
" sinh 2n%rkpT [hw,.)

Second, a finite relaxation time can be qualitatively considered as the damping of wave function amplitude. The grand
canonical potential is proportional to the DOS, which is further proportional to the diagonal elements of Green’s function
G(r,r, E). The latter one represents the returning probability amplitude for electron starting from r and returning to r. If We
assume the wave packets decay in time like’

(0] = exp(=1/27) (812)

then the oscillation amplitude is reduced by the same factor with ¢ the time for an electron to return to the original position. For
r’th harmonics, the time for returning is the time for completing r cycles: t, = 2nr/w, (w, is cyclotron frequency). Thus the
relaxation time reduction factor (Dingle factor) is’



Rp,, = exp(—t,/27) = exp(—7ar/w.T) (S13)

Put all these relations together, we get the generalized Lifshitz-Kosevich formula (for one band)?

21 rkgT [ hew, .
sinh (2m2lkpT [hw,)

F
AT = Y e, XP(=—) cos[27r( = o) + ¢] (s14)

C. Formal derivation

For a formal justification of formula (S14) and also the determination of the amplitude c,, we provide a direct calculation
of the grand canonical potential taking the finite T and 7 into account at the beginning. Here the method is from Champel
and Mineev'?. First, we focus on one band taking possible spin-orbit coupling into consideration (so the wave function is a
two-component spinor). In the presence of disorder scattering, if one uses the Born approximation, then the self-energy is

R(e, k) = —il = —iz (S15)
2t

where the real part of self-energy is ignored whose effect is only a constant shift of energy in this approximation. 7 is the
relaxation time used in (S12) and gives the Dingle factor as can be seen later. The retarded Green’s function is now modified by
the self-energy XR(e, k.) as

1

Gule. k) = S16
n(s z) e— 8n(kz) _ ER(S, kz) ( )
where the Landau level g,(k;) is determined by (S4). The spectral density is the imaginary part of Green’s function
! R
Sn(e, k;) = ——ImG;; (g, k;)
g (S17)

1 r
~ nle—euk)]? + 12

The spectral density function can be used to define a generalized density of states D(g) whose integral is the particle number.
In the present case, each Landau level has a degeneracy D = eB/2nfic, and D(¢g) is given by

br=p [ &

= Zn:Sn(s, k) (S18)

To calculate the sum over n, we first define a continuous variable x via

2neB
As(x), k) = x ’; (S19)
i.e. n + 1, in (S4) is replaced by x. Then with the help of Poisson summation formula® (0 <y, < 1)
00 +00 s +00
Z fn+y,) = f f(x)dx +2 Z f fo)cos [2ar(x — y,)] dx (S20)
n=0 0 r=1 0

D(e) can be written as

D (" dk, oo .
D(e) = = fﬂ [f(; [8 e k) Tz + 2Re2f [8 e k e +r2exp(2mr(x—ya)) (S21)



The first part of the above formula represents the DOS in the absence of a magnetic field, and the second part is the oscillation
part which we shall focus on. Below we calculate the r’th Fourier components in the oscillation part D,(g). Changing the
variable from x to &(x, k;) via (S19) and use the definition of effective mass m(e) (S10), the integral is written as

dk;, , hc
o
Dy(e) = f P UL )exp[ mir(5—

A€ k) = Ya) (S22)

The lower integral limit &y is the energy for the cross section area to vanish, i.e., A (€o, k;) = 0. In general, &) depends on k,, but
if we assume I' << &, then the contribution of the integral over & is mainly from the vicinity of &, hence the lower integral limit
can be extended to —co. Then interchange the order of integral and do the integral over k, first, we need to calculate

dk, . hc ,
IEGXP [2mr( 27reBA(8 k) — ya)] (823)

This integral can be done by using the stationary phase approximation. Physically, the integral is a superposition of oscillation
of DOS from all different k.. If the cross-section area A(g , k) changes rapidly, then these contributions cancel out. The only
exception is the extremal orbit where dA (g, k.)/dk, vanishes and the oscillation from the orbits around it adds coherently. Hence,
after integrating over k_, only the extremal orbit has an appreciable contribution. The result is simply

(S24)

B fic
#Hexp [Zmr( A (5 )—va) £ l—

where A,(g') is the area of extremal orbit and there is an additional phase shift +7 (+ for minimum area and — for maximum
area). Substitute this result into (S22), and complete the integral, the ’th component is found as

Die) = 712712 \/ 27rhcr|A"| f [8 g ]2 +I? e P [Zmr( A (&) =va) lé_l]

m(e) 1. r rhc ,
) \/27rh Re exp 27””( A (&) = Ya) £ lZ_ fm de m P[ eBAe(S)(S —s)}

m(e) (T al (T 2mr 25
= 722 \ 2nherlAy) 27rh Re exp Zmr(zneBAe(‘g)_”‘)i’Z_ I L e [lhwcy] (825)

7 27rrF

m(e) x|, . Texp(=325)
= Py 2 A ) Ei—|2mi s ——

R 27rhcr|A;’ jRe exp mr( (&)~ ya) & g 2l T

Bp_ me)
2he” p32p2 \Jr|A]

where w, is cyclotron frequency of the extremal orbit with energy € and F = hicA.(€)/2ne. The last exponential factor is just the
Dingle factor (S13).
To proceed, the particle number at chemical potential i (at finite temperature) is N(u) = f D(e)f(e — u)de, and use thermal
5Q(T #)I
T-

= ( os [2nr( - 70+ 7| exp(-)

c

dynamic relation N = — The r’th component of grand canonical potential (per unit volume) is

(T, # e
(T =_f dgf deD,(e)f(e =)

%
= —kBTf deD,(e) In{1 + exp [—(e — w)/kpT]} (S26)
B +oo F
_ _(26_% 1/2#\/m xp Lo ds exp [Zm'r( 1(98) )t i% In{1 + exp (e — w)/k5T])

In the above formula, all the prefactors are evaluated at u since most contribution comes from the Fermi surface. The integral is
done by integration by parts twice and evaluate F’(g) at chemical potential F’(u) = 8~' = B/hw, and expand F(g) around .
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kBTf ) de exp [27rir(FB 2 Vo) £ l—)] In{l + exp[—(e — w)/ksT]}
o I @ — /e
T R f de i~ o) ]
2mir kgT~ 2 1 + cosh [(e — u)/kpT] (S27)
3 (w) | 1 o exp [ 2rir(e — w)/hw,]
= ( )eXp [2"”( B 7")*14] 2kBTf e cosh [(& ) /ksT]
- (5 exp[mr( W _yyxiZ ]Rn
Hence,
Q(T, ) hw, 1 _ F n
77 QrB)2 22512 VAT cos [an( B Ya) % 4]RT”RD” (528)

This is the same as (S14) and gives the explicit expression for amplitude ¢, and phase shift ¢, which verifies our previous
intuitive argument 3D system. The oscillatory part of total grand canonical potential 6Q(7', i) is the sum of €, over Fourier
components r and degenerated bands a. The magnetization can be obtained by differentiating with B in the cosine factor (this is
the dominant part): M = —1/V(0€2/0B).

6Q(T’/'[) _ h(/.)c F bs
72 ; Z (2”12 )32 zﬂzrs/z \/— [27rr(§ Ya) * Z]RT,rRD,r
T (S29)
— C 2 _ _
- Za: Z Q22 272y512 MCOS [r(lBAe + A= pu) + 4] RrRp
hiw, F ) F -
M(T, 1) = — parE s T Rk,
0=~ 31 3. G g g 0 =0 ook
! ho, F ) (S30)
_ c . 2
- Z Z (271-1%)3/2 1312 B2 A7 sin [r(lBAe + A~ du) £ ]RT Rp,

F takes value at u and Ry, Rp, are given by (S11), (S13) respectively.

If the spin-orbital coupling (SOC) is very weak or zero, each band is degenerate for two spin channels (one band with two
electrons). There is only one Berry phase ¢, one orbital phase ¢g and two opposite Zeeman phases ¢z. Then the generalized
Berry phase A, can be factorized into two parts: A = ¢ + ¢ and +¢,. The total grand canonical potential of one band is

ST, ) _ Tiw, 1 ) 2
Vv a Z (anz)s/z 27r2r5/2 7 { cos [r(l Ao+ A+ ¢z — o) = ]+cos [r(l Ap+ 1=y —bu) % ]}RT,RD, .
fiw,
B Z Qnri2)3? 7r2r5/2F s[rpAc + A=) = 7 ]RT,RD,R”
where
rﬂgm) )

R, = cos(r¢z) = cos( 2

is just the spin reduction factor'®. One important difference between R, and Ry, Rp is that the latter is always positive while the
former can be negative. The negativity of R, for the first harmonic means an additional 7 phase shift in the oscillation peaks and
is usually considered separately to extract the phase A.

If SOC is strong, the wave function for each band is a two-component spinor, so the separation of a spin reduction factor is
no longer possible. Further, if all bands are degenerate, 4, must be calculated as a whole to ensure gauge invariant results. In
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the case of spin degeneracy (a = 1,2), the sum of two fundamental harmonics is still a harmonic with the same frequency but
reduced amplitude

cos r(l Ao+ —dy) = = ]+cos r(l Ao+ —dy) = = ] 2|co s( )| cos r(l2A + A¢d — ¢M)+ (S33)
where
_ A1+ Ao A1 — A
80 = 22 w1 - yfeos 222} (S34)

/12

with 7(x) the Heaviside step function. In the general case, Icos( )| is a generalization of spin reduction factor and A¢
determines the extra phase shift of the oscillation peak position in ﬁrst harmonic. In the case of both inversion and time-reversal
symmetries, 4; = —A; = A. The final phase shift A¢ is O if cos(1) is positive (|4| < 0.57) and 7 if cos(2) is negative (|4] > 0.57).
If || = 0.5, the oscillation may not observable because cos(d) =

In 2D systems, the particle number is fixed while chemical potential oscillates around p(B = 0) with an appreciable amplitude.
This oscillation causes a change of the frequency F and the resulting oscillatory behavior is different from 3D cases!'. But if
1 >> fiw, and the reduction factor is small enough, then the oscillation of u can be ignored and similar results are obtained'?. It
can be calculated by the same method above, where the integration over k, is omitted (hence, the phase +r/4 disappears). Here,
we only give the final expression for the oscillation part of grand canonical potential and magnetization

ST, u) hw. 1
LR Jp LR L

22 7
e (S35)
= Z Z —“—cos [rBAc + Au = ¢a)| ResRp,  (2D)
27Tl2
hw, 2F . F
M(T,p) = - Z Z 22 A [27rr(§ - 70)] RrRp,,
“r (S36)

hiw, 2F
- Z Z 7 ssin|r(3A, + Ao — $a0)| RrRp,  (2D)
where S is the area of material and reduction factors Rr,, Rp , are the same as before.

Finally, we point out that if one considers higher order terms in the phase y, (the effective Hamiltonian is expanded to second
order in B), v, can depend on the field B'2. If y, = .0 + Ya1B and y,; << 1/B, then such a field dependence can be regarded as
the change of oscillation frequency with the magnetic field, F(B) = F(0) — y, B2
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Supplementary Note 2: Berry phase in time reversal and inversion symmetric system

In this section, we discuss the Berry phase in a system with intrinsic spin-orbit coupling, which preserves both time-reversal
(TRS) 7 and inversion symmetries (IS) . The kagome lattice model used in the main text has such properties and the analysis
here can be directly applied to it. Due to 7" symmetry, every energy band is at least two-fold degenerate so can be labeled by
band index n and pseudospin index s (= +£1). Under time reversal operation, the band index remains the same but pseudospin
index s is changed to each other (s = 1 & s = —1).

First, consider the effect of 7. Under time reversal, Bloch states flip pseudospin and momentum but has the same energy
(same band index n)

T lun1 (k) = lun-1(=k)) (S37)

Therefore, the Berry connection for different pseudospin components has the relation

Ap1(=k) = Kup-1 (= R)IV _ilutn-1 (=K)) = =T un1 (Il T 1 (k) = —iCVictt1 ()Nt (K)) = i€ttt (K)Vilutn1 (k) = A (k) (S38)

The Berry phase along the loop C for one pseudospin is therefore opposite to the Berry phase of the inversion loop C for
opposite pseudospin

61 (C) = fc A (k) - dk = f Apor(—k) - d = - f Apor (=) - d(=F0) = ﬁ Apr(K) -dk = -4y ©) (S39)

C C C

Next, we consider the role of inversion symmetry. Under inversion operation, Bloch states reverse momentum but preserves
pseudospin and energy

Pluns(k» = |uns(_k)> (540)

The Berry connection for the same pseudospin at opposite positions has the relation

Ans(_k) = i<uns(_k)|v—k|uns(_k)> = _l<7)uns(k)|vk|7)uns(k)> = _l<uns(k)|vk|uns(k)> = _Ans(k) (S41)

So the Berry phase along the loop C for one pseudospin now is the same for the inversion loop C with the same pseudospin

60s(C) = f Ans () - dk = — f Aps(—k) - dk = f An(—K) - d(=k) = f, Ans(B) - dk = 6,,(©) (S42)
C C C C

If the system has both 7~ and £, combining the results above, we obtain that Berry phases around the same loop for different
pseudospin components are opposite

Ans(k) = An—s(_k) = _An—s(k)
¢ns(c) = _‘pn—s(a) = _¢n—s(c)

The Berry phase with spin taken into consideration is very different from that of the spinless case. For example, consider a
Fermi surface around the Brillouin zone center (I point, Fig. S6) and assume only time-reversal symmetry. In the spinless case,
band energy satisfies £(k) = &(—k), the trajectory of such a Fermi surface must be symmetric with respect to T, i.e., C = C.
Equations (S38) and (S39) become

(S43)

A, (k) = A,(~k)
$u(C) = =4,(C) = 0

The Berry phase around I point must be zero. This argument is also applied to Fermi surfaces surrounding any other time-
reversal invariant momenta. But if the spin is added, then one can only draw the conclusion from (S39) that Berry phases of two
pseudospins with 7"-correlated loops C and C are opposite.

Finally, for a system with both 7~ and %, not only the Berry phases for the two pseudospin channels with the same loop C
(S43) are opposite, but also the total phases (i.e., the generalized Berry phase 4,, composed of Berry phase, orbital phase, and
Zeeman phase) of two pseudospin channels are opposite®. As a result, the extra phase shift A¢ (S34) in the quantum oscillation
can only be 0 or 7, depending on whether A, is smaller or larger than 0.57. Hence, in general, the 7 phase determined from the
oscillation peak position can’t serve as evidence of a Dirac point but may solely come from the system’s symmetry>.

(S44)
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(a) (b)

Supplementary Fig. S6. The Berry connection for the loop around I" point, (a) for a spinless case whose Berry phase is zero, and (b) for a
spinful case with two spin components. The blue line represents spin s and the red line represents spin —s. Their Berry phases are opposite to
each other.
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Supplementary Note 3: Berry phase and orbital phase in Dirac and BHZ model

First, we apply the above results to the 2D massive Dirac model. It can describe graphene with SOC taking into account or
the cross section in k space of Weyl semimetal if the mass is zero. Since the band gap opens at the Dirac point, the Berry phase
is usually no longer 7. But the orbital moment phase can compensate the Berry phase and their sum can be 7 independent of the
mass A of Dirac fermion?.

To be more precise, consider the following two band Dirac Hamiltonian with Semenoff mass A

H(k) = hvp(kyo, + kyoy) + Ao, (S45)
In the graphene case, A = sdgp with Agp > 0 represents SOC strength and s = +1 represents different spin indices. The Hamil-

tonian gives rise two bands with energy +&(k) = =+ 4 ﬁizvfpk2 + A2. Since band structure is non-degenerate, three contributions to

A, can be calculated separately. The Berry phase of the conduction band for a loop with Fermi wave vector kr around the Dirac
point is

A
dulkr) = f A(K) - dk = f dkedk, Fry(K) = (1 — ——) (S46)
Iki=kr k| <k ' e(kr)
where Fy, = —A/(R*v2k% + A?)*/? is the Berry curvature Q. The Berry phase is near zero at the band bottom and approaches

—m when Er = g(kp) is much larger than the gap A. In this two-band model with particle-hole symmetry, the orbital magnetic
moment is proportional to Berry curvature M(k) = [e/(fic)] e(k)C2. Hence, the orbital moment phase (S2) is

or(kp) = I 95 MB'dk| 95 89@ = s@ (S47)

pt de

where v* is the group velocity component perpendicular to B. If the Zeeman phase ¢z can be ignored or extracted as a spin
reduction factor, A, is —r independent of A.

d¢3 _ d(edp) _
ds T ode

The numerically calculated Berry phase ¢p and the phase sum ¢g + ¢g are shown in Fig. S7, which is consistent with (S48).
Hence, even if the Dirac crossing is gapped by SOC, the oscillation phase can still manifest itself as . It can be attributed to
the pure Berry phase only when the mass is zero. In the case of Graphene, the SOC gap A is much smaller than typical Fermi
energy, which leads to an almost zero ¢ and 7 Berry phase (the far right of Fig. S7 (b)).

Next, we consider the 3D BHZ model which represents the SOC-induced band anti-crossing

¢+ Pr = ¢p + (548)

M&) Ak, 0 Ak
Ak. -M®&) Ak, 0

0 Ak, MK) -Ak.
Ak, 0  —Ak, -M(K)

H(K) = (k) - I + A(k, 05, — kyory) + M(K)o. + Ak.orsy = e(k) - 1 + (S49)

where e(k) contributes only to the band energy and can be set as zero. k. = ky + ik, and M(k) = My — B(k2 + k2 + kz) isa
k, dependent mass. This model is a trivial insulator when My/B < 0 while is a Z; topologlcal insulator when M, / B> 0. It
has several important symmetries: time reversal and inversion symmetry which ensure energy bands are two-fold degenerate,
particle-hole symmetry, and mirror symmetry with respect to k;, = 0 plane. The last two symmetries can be mathematically
represented as

(oxs)HK)(oys,) ' = —H(k)  s;Hk", k)s' = Hk*, k) (S50)

Due to the mirror symmetry, the extremal cyclotron orbit lies on the k, = 0 plane and we focus on this orbit in the conduction
band. This orbit is a circle around I point with Fermi wave vector kr and has two-fold degeneracy. The band energy in this
mirror symmetry plane and the magnetic oscillation phase associated with this extremal orbit are shown in Fig. S7, which has
an opposite magnetic oscillation phase for degenerate bands due to 7 symmetry. The Berry phase grows continuously from
0 to 27 while the phase sum ¢p + ¢r decreases from m to O as kr is larger. When the energy is close to the band edge, the
total oscillation phase is close to x if spin contribution ¢  can be ignored. However, this phase originates solely from the orbital
moment and the Berry phase is nearly zero instead.
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Supplementary Fig. S7. (a) Band energy and (b) Berry phase and the phase sum of gapped Dirac model (S45). The parameters are 7iv = 1 and
Semenoff mass A = 1. (b) Band energy in k, = 0 mirror plane and (c) Berry phase and the phase sum of BHZ model (S49). The parameters
are A = B =3 and My = A = 1 which is in Z, topological insulator region.
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TABLE S1. Berry phase ¢, orbital phase ¢ and Zeeman phase ¢, of quantum orbits of 2x2x2 CDW at —40 meV calculated by using the
expression (S1). Under SOC, the orbital and spin magnetic moment-related phases can only be calculated together with the Berry phase, and
(pp+dr+¢z) is the generalized Berry phase (1) in the main text. Frequency (Freq.) is unit of T. All phases are in unit of . For the 912 T, we
could not get converged results for ¢g+¢r and ¢pp+dr+¢;. Notice that the numerical convergence of A, for the quantum orbit of 912 T at —40
meV is not as good as others.

no SOC SOC
Frequency
] or bz (2] dptor dpt+dr+dz
13 1 0 0.27 0.83 0.92 0.68
20 0 0 0.44 0.00 0.04 0.38
30 1 0 0.30 0.85 0.83 0.83
77 0 0 0.68 0.51 0.35 0.92
98 0 0 0.45 0.36 0.49 0.87
152 0 0 0.57 0.14 0.60 0.98
202 0 0 0.83 0.56 0.53 0.37
230 0 0 0.50 0.51 0.54 0.84
609 0 0 0.30 0.17 0.18 0.48
730 0 0 0.38 0.63 0.66 0.92
734 0 0 0.22 0.90 0.33 0.22
894 0 0 0.47 0.61 0.66 0.19
898 0 0 0.42 0.23 0.34 0.71
912 0 0 0.22 0.45 0.97 0.31
1067 0 0 0.89 0.06 0.82 0.33
1445 0 0 0.50 0.79 0.60 0.26
TABLE S2. Similar to Table S1 but at -85 meV.
no SOC SOC
Frequency
(2] Pr ¢z (2] dpt+or Pptdr+dz
5 0.14 0.79 0.93
14 1 0 0.26 0.99 0.98 0.77
33 0 0 0.23 0.85 0.59 0.84
40 0 0 0.15 0.82 0.64 0.44
51 0 0 0.21 0.65 0.34 0.52
76 0 0 0.33 0.72 0.25 0.02
99 0 0 0.49 0.72 0.62 0.89
224 0 0 0.64 0.01 0.07 0.57
429 0 0 0.59 0.57 0.34 0.06
605 1 0 0.70 0.98 0.92 0.38
617 1 0 0.71 0.99 0.93 0.35
672 0 0 0.25 0.76 0.02 0.11
735 0 0 0.35 0.18 0.20 0.55
765 0 0 0.93 0.71 0.08 0.60
940 0 0 0.48 0.30 0.53 0.07
1267 0 0 0.76 0.84 0.98 0.25
1293 0 0 0.03 0.67 0.57 0.08




17

! 1. M. Lifshitz and A. M. Kosevich, “Theory of magnetic susceptibility in metals at low temperatures,” Sov. Phys. JETP 2, 636 (1956).

2 J.N. Fuchs, F. Piéchon, M. O. Goerbig, and G. Montambaux, “Topological berry phase and semiclassical quantization of cyclotron orbits
for two dimensional electrons in coupled band models,” The European Physical Journal B 77, 351-362 (2010).

3 A. Alexandradinata, Chong Wang, Wenhui Duan, and Leonid Glazman, “Revealing the topology of fermi-surface wave functions from
magnetic quantum oscillations,” Phys. Rev. X 8, 011027 (2018).

4 A. Alexandradinata and Leonid Glazman, “Semiclassical theory of landau levels and magnetic breakdown in topological metals,” Phys.

Rev. B 97, 144422 (2018).

N. W. Ashcroft and N. D. Mermin, Solid State Physics (Holt-Saunders, 1976).

Ganesh Sundaram and Qian Niu, “Wave-packet dynamics in slowly perturbed crystals: Gradient corrections and berry-phase effects,” Phys.

Rev. B 59, 14915-14925 (1999).

G. P. Mikitik and Yu. V. Sharlai, “Manifestation of berry’s phase in metal physics,” Phys. Rev. Lett. 82, 2147 (1999).

D. Shoenberg, Magnetic Oscillations in Metals, Cambridge Monographs on Physics (Cambridge University Press, 1984).

L. M. Falicov and Henryk Stachowiak, “Theory of the de haas-van alphen effect in a system of coupled orbits. application to magnesium,”

Phys. Rev. 147, 505-515 (1966).

10°T. Champel and V. P. Mineev, “de haas—van alphen effect in two- and quasi-two-dimensional metals and superconductors,” Philosophical
Magazine B 81, 55-74 (2001).

' Thierry Champel, “Chemical potential oscillations and de haas—van alphen effect,” Phys. Rev. B 64, 054407 (2001).

12 Laura M. Roth, “Semiclassical theory of magnetic energy levels and magnetic susceptibility of bloch electrons,” Phys. Rev. 145, 434-448
(1966).

o v

©

©


http://dx.doi.org/ 10.1103/PhysRev.147.505
http://dx.doi.org/ 10.1140/epjb/e2010-00259-2
http://dx.doi.org/10.1103/PhysRevX.8.011027
http://dx.doi.org/10.1103/PhysRevB.97.144422
http://dx.doi.org/10.1103/PhysRevB.97.144422
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/10.1103/PhysRevB.59.14915
http://dx.doi.org/ 10.1103/PhysRevLett.82.2147
https://books.google.co.il/books?id=GO7cNJl2juAC
http://dx.doi.org/10.1103/PhysRev.147.505
http://dx.doi.org/10.1080/13642810108216525
http://dx.doi.org/10.1080/13642810108216525
http://dx.doi.org/ 10.1103/PhysRevB.64.054407
http://dx.doi.org/10.1103/PhysRev.145.434
http://dx.doi.org/10.1103/PhysRev.145.434

	Supplemental Material for ``Emergent topological quantum orbits in the charge density wave phase of kagome metal CsV3Sb5''
	Derivation of Lifshitz-Kosevich formula
	Semiclassical Quantization rule and magnetic oscillation
	Intuitive argument
	Formal derivation

	Berry phase in time reversal and inversion symmetric system
	Berry phase and orbital phase in Dirac and BHZ model
	References


