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Table of content for figures, notes, and tables:

• Supplementary Fig. S1 displays band structures of the 2×2×1 CDW structures SD and ISD.

• Supplementary Fig. S2 shows cyclotron frequencies of extremal orbits of 2×2×1 SD and ISD structures.

• Supplementary Fig. S3 displays the layer resolved band structure of the 2×2×2 CDW without spin-orbital coupling.

• Supplementary Fig. S4 shows the unfolded Fermi surfaces of the 2×2×2 CDW at −40 meV and −85 meV.

• Supplementary Fig. S5 shows all Fermi surfaces of the 2×2×2 CDW at different energies.

• Supplementary Note 1 provides a general derivation of the Lifshitz-Kosevich formula with discussions on the phase shift.

• Supplementary Note 2 discusses the Berry phase in a time reversal and inversion symmetric system.

• Supplementary Note 3 shows the π total phase of a Dirac Hamiltonian with Semenoff mass.

• Supplementary Table S1 and S2 show the different phases of the quantum orbits (with and without spin-orbital coupling)
of the 2×2×2 CsV3Sb5 at –40 meV and –85 meV, respectively.
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Supplementary Fig. S1. Overlapping band structures of 2×2×1 CDWs of CsV3Sb5, blue for SD and red for ISD. Spin orbital coupling is
considered. There is no coupling between SD and ISD.

Supplementary Fig. S2. Cyclotron frequencies of electrons on extremal orbits of 2×2×1 CDWs of CsV3Sb5. (a) and (b) are for SD. (c) and
(d) are for ISD. (e) and (f) show the same experimental results as in the main text for comparison convenience. (a), (c) and (e) show the full
range of 0∼1800 T while (b), (d), and (f) show the low-frequency region 0∼250 T.
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Supplementary Fig. S3. Layer resolved band structure of the 2×2×2 CDW structure of CsV3Sb5 without considering spin-orbital coupling.

Supplementary Fig. S4. Unfolded Fermi surfaces of the 2×2×2 CDW, (a-c) for −40 meV and (d-f) for −85 meV, respectively. The larger black
solid hexagons show the Brillouin zone of the pristine phase (no CDW distortion), while the smaller red dashed hexagons show the Brillouin
zone of the CDW structure. kz and k0

z (in unit of 2π/c) label planes of Brillouin zones of the CDW and pristine phases, respectively. Notice
that the kz = 0 plane of the 2×2×2 CDW phase is unfolded back to both k0

z = 0 and 0.5 planes of the pristine phase. The kz = 0.5 plane of the
2×2×2 CDW phase is unfolded back to the k0

z = 0.25 plane of the pristine phase. The main features of these Fermi surfaces are similar, i.e., all
show a large hexagonal Fermi surface near the Brillouin zone boundary and a circular Fermi surface around the Brillouin zone center.
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Supplementary Fig. S5. Fermi surfaces (or constant energy contours) on kz = 0 and 0.5 (2π/c) planes at different energies of the 2×2×2 CDW
phase of CsV3Sb5 (SOC is considered). Corresponding cyclotron frequencies are given beside each panel (unit: T). Results at −40 and −85
meV are shown in the main text. Notice that frequencies smaller than 1 T are not considered.
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Supplementary Note 1: Derivation of Lifshitz-Kosevich formula

For convenience and completeness of reference, we briefly summarize the derivation of the Lifshitz-Kosevich formula1 from
previous works. We first give the quantization rule of Landau levels. Then an intuitive argument is provided for the final
oscillatory part of the grand canonical potential. At last, a formal derivation based on Green’s function method is presented.

A. Semiclassical Quantization rule and magnetic oscillation

In the presence of magnetic field B (we assume it’s along z direction), the electron will undergo cyclotron motion whose
quantization condition gives the quantized Landau level for an arbitrary dispersion. The central requirement for the quantization
of orbit is that the phase of wave function accumulated during one cycle must satisfy the interference condition. For now, the
phase has mainly six contributions: de Broglie phase, Aharonov-Bohm (A-B) phase, Maslov correction ϕM , Berry phase, orbital
magnetic moment induced phase and Zeeman (spin) effect induced phase2–4. The de Broglie phase is 2π times the number of
wavelengths in the orbit

∫
k · dr. It’s well-known that the real space trajectory of an electron is the trajectory of k normal to

B scaled by magnetic length lB =
√
ℏc/eB and rotated by 90◦5. The A-B phase is the number of magnetic flux quanta 2πℏc/e

through the trajectory multiplied by 2π. For a simple trajectory, it has two caustics when projected onto one direction and each
has a π/2 phase shift similar to the optical phase shift. Finally, there is an additional phase λa (a is the band index of degenerate
bands) from the k space trajectory which incorporates Berry phase ϕB, orbital phase ϕR and Zeeman phase ϕZ

3,4. We term it the
generalized Berry phase. It can be calculated from the eigenvalue eiλa of the propagator U[C] of loop C (exp means path-ordered
exponential),

U[C] = exp
{

i
∮ [

(A + A) · dk +
g0ℏ

4mv⊥
σz|dk|

]}
(S1)

where Amn = i⟨umk |∇kunk⟩ (m, n ∈ ZD, ZD is the degenerate band group being considered.) is the non-Abelian Berry connection
and the first term is just the generalization of Berry phase to the multiband case. The second phase which comes from the orbital
magnetic moment is

Amn · dk =
∑
l<ZD

Ax
mlΠ

y
lndkx/2vy + (x↔ y) (S2)

with Πln = ⟨ulk |vk|unk⟩ being the interband matrix elements of the group velocity operator v. σz is the spin Pauli matrix and the
third phase comes from the Zeeman effect.

The overall interference condition becomes

∫
k · dr − 2π

Bl2BA (ε, kz)
2πℏc/e

− ϕM + λa = 2πn (S3)

or

l2BA (εn, kz) = 2π(n + γa) (S4)

where A (ε, kz) is the area of k space trajectory and γa = (ϕM − λa)/2π is the index shift of Landau level. This is the Onsager
relation with various phases taken into account3,4,6,7.

Following the argument of Ref. 5, equation (S4) specifies a set of Landau tubes (for each n) on which quantized orbits lie.
The contribution to the density of states (DOS) D(εF) at the Fermi level εF (at zero temperature) from these Landau levels are
the number of quantized orbits with energy in a small shell near εF . Therefore, D(εF) is proportional to the intersection area
between the tubes and the small energy shell around the Fermi surface. When the tube is tangential to the Fermi surface, the area
will be greatly enhanced and D(εF) will be singular, i.e.

Ae (εF) = (n + γa)
2πeB
ℏc

(S5)

where Ae (εF) is the area of extremal orbit on the Fermi surface. As a consequence, the oscillation of D(εF) is periodic in 1
B with

period ∆
(

1
B

)
= 2πe/(ℏcAe (εF)) and frequency

F = 1/∆
(

1
B

)
=
ℏc

2πe
Ae (εF) (S6)
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B. Intuitive argument

The oscillation of various thermal quantities such as magnetic susceptibility follows the oscillation of D(εF), or equivalently
the grand canonical potential. In general, such an oscillation part δΩ(T = 0, εF) can be expanded as a Fourier series with the
positions of maximum determined from (S5) and fundamental frequency given by (S6), i.e.

δΩ(T = 0, εF) =
∑

r

Ωr(T = 0, εF) =
∑

r

cr cos[2πr(
F
B
− γa) + φ] =

∑
r

cr cos[r(l2BAe (εF) + λa − ϕM) + φ] (S7)

where cr is the amplitude of r’th harmonics and φ is an additional phase shift for for three-dimensional (3D) materials (see
below).

The effect of finite temperature and finite relaxation time can be taken into account by the method of phase smearing8 and
contribute a reduction factor for the oscillation amplitude. Here we adopt a different way to get the reduction factor. First, the
grand canonical potential at finite T can be obtained from the zero temperature one by convolution with the derivative of the
Fermi distribution8.

δΩ(T, µ) = −
∫ ∞

−∞

∂ f (ε − µ)
∂ε

δΩ(0, ε)dε (S8)

where f (ε−µ) = 1/[exp((ε−µ)/kT )+1] is Fermi-Dirac distribution function and µ is the chemical potential at finite temperature.
Substitute (S7) into the above formula and make use of the relation (S6) to change integral variable from ε to F, one can get

Ωr(T, µ) = −crRe
∫ ∞

−∞

∂ f (ε − µ)
∂ε

exp[i(2πr(
F
B
− γa) + φ)]dε

= crRe
∫ ∞

−∞

1
2kBT [1 + cosh((ε − µ)/kBT )]

exp[i(2πr(
F
B
− γa) + φ)]dε

= crRe
∫ ∞

−∞

1
2[1 + cosh((ε − µ)/kBT )]

exp[i(2πr(
F
B
− γa) + φ)]

2πe
kBTℏcA′e(µ)

dF

= crRe
∫ ∞

−∞

1
1 + cosh[β(F − F(µ))/kBT ]

exp[i(2πr(
F
B
− γa) + φ)]

β

2kBT
dF

= crRe
∫ ∞

−∞

exp[i(2πr(
F(µ)

B
− γa) + φ)] ·

exp[i2πrkBTz/(βB)]
2[1 + cosh(z)]

dz

= crRT,r cos[2πr(
F(µ)

B
− γa) + φ]

= RT,r Ωr(0, µ)

(S9)

with

RT,r =
2π2rkBT/βB

sinh
(
2π2rkBT/βB

) , β = eℏ
mc
, m =

ℏ2

2π
∂Ae(ε, kz)
∂ε

(S10)

m is the cyclotron mass. Use cyclotron frequency ωc = eB/mc, temperature reduction factor RT,r can also be written as

RT,r =
2π2rkBT/ℏωc

sinh
(
2π2rkBT/ℏωc

) (S11)

Second, a finite relaxation time can be qualitatively considered as the damping of wave function amplitude. The grand
canonical potential is proportional to the DOS, which is further proportional to the diagonal elements of Green’s function
G(r, r, E). The latter one represents the returning probability amplitude for electron starting from r and returning to r. If We
assume the wave packets decay in time like9

|Ψ(t)| = exp(−t/2τ) (S12)

then the oscillation amplitude is reduced by the same factor with t the time for an electron to return to the original position. For
r’th harmonics, the time for returning is the time for completing r cycles: tr = 2πr/ωc (ωc is cyclotron frequency). Thus the
relaxation time reduction factor (Dingle factor) is9
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RD,r = exp(−tr/2τ) = exp(−πr/ωcτ) (S13)

Put all these relations together, we get the generalized Lifshitz-Kosevich formula (for one band)3

δΩ(T, µ) =
∑

r

cr
2π2rkBT/ℏωc

sinh
(
2π2lkBT/ℏωc

) exp(−
πr
ωcτ

) cos[2πr(
F
B
− γa) + φ] (S14)

C. Formal derivation

For a formal justification of formula (S14) and also the determination of the amplitude cr, we provide a direct calculation
of the grand canonical potential taking the finite T and τ into account at the beginning. Here the method is from Champel
and Mineev10. First, we focus on one band taking possible spin-orbit coupling into consideration (so the wave function is a
two-component spinor). In the presence of disorder scattering, if one uses the Born approximation, then the self-energy is

ΣR(ε, kz) = −iΓ = −i
ℏ

2τ
(S15)

where the real part of self-energy is ignored whose effect is only a constant shift of energy in this approximation. τ is the
relaxation time used in (S12) and gives the Dingle factor as can be seen later. The retarded Green’s function is now modified by
the self-energy ΣR(ε, kz) as

GR
n (ε, kz) =

1
ε − εn(kz) − ΣR(ε, kz)

(S16)

where the Landau level εn(kz) is determined by (S4). The spectral density is the imaginary part of Green’s function

S n(ε, kz) = −
1
π

ImGR
n (ε, kz)

=
1
π

Γ

[ε − εn(kz)]2 + Γ2

(S17)

The spectral density function can be used to define a generalized density of states D(ε) whose integral is the particle number.
In the present case, each Landau level has a degeneracy D = eB/2πℏc, and D(ε) is given by

D(ε) = D
∫

dkz

2π

∑
n

S n(ε, kz) (S18)

To calculate the sum over n, we first define a continuous variable x via

A (ε(x), kz) = x
2πeB
ℏc

(S19)

i.e. n + γa in (S4) is replaced by x. Then with the help of Poisson summation formula8 (0 ≤ γa ≤ 1)

∞∑
n=0

f (n + γa) =
∫ +∞

0
f (x)dx + 2

∞∑
r=1

∫ +∞

0
f (x)cos

[
2πr(x − γa)

]
dx (S20)

D(ε) can be written as

D(ε) =
D
π

∫
dkz

2π

∫ +∞

0
dx

Γ

[ε − ε(x, kz)]2 + Γ2 + 2Re
∞∑

r=1

∫ +∞

0
dx

Γ

[ε − ε(x, kz)]2 + Γ2 exp(2πir(x − γa))

 (S21)
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The first part of the above formula represents the DOS in the absence of a magnetic field, and the second part is the oscillation
part which we shall focus on. Below we calculate the r’th Fourier components in the oscillation part Dr(ε). Changing the
variable from x to ε(x, kz) via (S19) and use the definition of effective mass m(ε) (S10), the integral is written as

Dr(ε) =
1
π2ℏ2 Re

∫
dkz

2π

∫ +∞

ε0

dε
′ Γ

[ε − ε′ ]2 + Γ2 m(ε
′

) exp
[
2πir(

ℏc
2πeB

A(ε
′

, kz) − γa)
]

(S22)

The lower integral limit ε0 is the energy for the cross section area to vanish, i.e., A (ε0, kz) = 0. In general, ε0 depends on kz, but
if we assume Γ << ε, then the contribution of the integral over ε

′

is mainly from the vicinity of ε, hence the lower integral limit
can be extended to −∞. Then interchange the order of integral and do the integral over kz first, we need to calculate

∫
dkz

2π
exp

[
2πir(

ℏc
2πeB

A(ε
′

, kz) − γa)
]

(S23)

This integral can be done by using the stationary phase approximation. Physically, the integral is a superposition of oscillation
of DOS from all different kz. If the cross-section area A(ε

′

, kz) changes rapidly, then these contributions cancel out. The only
exception is the extremal orbit where dA(ε

′

, kz)/dkz vanishes and the oscillation from the orbits around it adds coherently. Hence,
after integrating over kz, only the extremal orbit has an appreciable contribution. The result is simply

√
eB

2πℏcr|A′′e |
exp

[
2πir(

ℏc
2πeB

Ae(ε
′

) − γa) ± i
π

4

]
(S24)

where Ae(ε
′

) is the area of extremal orbit and there is an additional phase shift ± π4 (+ for minimum area and − for maximum
area). Substitute this result into (S22), and complete the integral, the r’th component is found as

Dr(ε) =
1
π2ℏ2

√
eB

2πℏcr|A′′e |
Re

∫ +∞

−∞

dε
′ Γ

[ε − ε′ ]2 + Γ2 m(ε
′

)exp
[
2πir(

ℏc
2πeB

Ae(ε
′

) − γa) ± i
π

4

]

≈
m(ε)
π2ℏ2

√
eB

2πℏcr|A′′e |
Re exp

[
2πir(

ℏc
2πeB

Ae(ε) − γa) ± i
π

4

] ∫ +∞

−∞

dε
′ Γ

[ε′ − ε]2 + Γ2 exp
[
i
rℏc
eB

A
′

e(ε)(ε
′

− ε)
]

=
m(ε)
π2ℏ2

√
eB

2πℏcr|A′′e |
Re exp

[
2πir(

ℏc
2πeB

Ae(ε) − γa) ± i
π

4

] ∫ +∞

−∞

dy
Γ

y2 + Γ2 exp
[
i
2πr
ℏωc

y
]

=
m(ε)
π2ℏ2

√
eB

2πℏcr|A′′e |
Re exp

[
2πir(

ℏc
2πeB

Ae(ε) − γa) ± i
π

4

]
2πi ·

Γexp(− 2πrΓ
ℏωc

)

2iΓ

= (
eB
2ℏc

)1/2 m(ε)

π3/2ℏ2
√

r|A′′e |
cos

[
2πr(

F
B
− γa) ±

π

4

]
exp(−

πr
ωcτ

)

(S25)

where ωc is cyclotron frequency of the extremal orbit with energy ε and F = ℏcAe(ε)/2πe. The last exponential factor is just the
Dingle factor (S13).

To proceed, the particle number at chemical potential µ (at finite temperature) is N(µ) =
∫

D(ε) f (ε − µ)dε, and use thermal
dynamic relation N = − ∂Ω(T,µ)

∂µ
|T . The r’th component of grand canonical potential (per unit volume) is

Ωr(T, µ)
V

= −

∫ µ

−∞

dζ
∫ +∞

−∞

dεDr(ε) f (ε − ζ)

= −kBT
∫ +∞

−∞

dεDr(ε) ln
{
1 + exp

[
−(ε − µ)/kBT

]}
= −(

eB
2ℏc

)1/2 m

π3/2ℏ2
√

r|A′′e |
exp(−

πr
ωcτ

)kBT Re
∫ +∞

−∞

dε exp
[
2πir(

F(ε)
B
− γa) ± i

π

4

]
ln

{
1 + exp

[
−(ε − µ)/kBT

]}
(S26)

In the above formula, all the prefactors are evaluated at µ since most contribution comes from the Fermi surface. The integral is
done by integration by parts twice and evaluate F′(ε) at chemical potential F′(µ) = β−1 = B/ℏωc and expand F(ε) around µ.
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kBT
∫ +∞

−∞

dε exp
[
2πir(

F(ε)
B
− γa) ± i

π

4
)
]

ln
{
1 + exp

[
−(ε − µ)/kBT

]}
=kBT (

ℏωc

2πir
)2(−

1
kBT

)2 1
2

∫ +∞

−∞

dε
exp

[
2πir( F(ε)

B − γa) ± i π4
]

1 + cosh
[
(ε − µ)/kBT

]
= − (

ℏωc

2πr
)2exp

[
2πir(

F(µ)
B
− γa) ± i

π

4

]
1

2kBT

∫ +∞

−∞

dε
exp

[
2πir(ε − µ)/ℏωc

]
1 + cosh

[
(ε − µ)/kBT

]
= − (

ℏωc

2πr
)2exp

[
2πir(

F(µ)
B
− γa) ± i

π

4

]
RT,r

(S27)

Hence,

Ωr(T, µ)
V

=
ℏωc

(2πl2B)3/2

1

2π2r5/2
√
|A′′e |
· cos

[
2πr(

F(µ)
B
− γa) ±

π

4

]
RT,rRD,r (S28)

This is the same as (S14) and gives the explicit expression for amplitude cr and phase shift φ, which verifies our previous
intuitive argument 3D system. The oscillatory part of total grand canonical potential δΩ(T, µ) is the sum of Ωr over Fourier
components r and degenerated bands a. The magnetization can be obtained by differentiating with B in the cosine factor (this is
the dominant part): M = −1/V(∂Ω/∂B).

δΩ(T, µ)
V

=
∑

a

∑
r

ℏωc

(2πl2B)3/2

1

2π2r5/2
√
|A′′e |

cos
[
2πr(

F
B
− γa) ±

π

4

]
RT,rRD,r

=
∑

a

∑
r

ℏωc

(2πl2B)3/2

1

2π2r5/2
√
|A′′e |

cos
[
r(l2BAe + λa − ϕM) ±

π

4

]
RT,rRD,r

(S29)

M(T, µ) = −
∑

a

∑
r

ℏωc

(2πl2B)3/2

F

πr3/2B2
√
|A′′e |

sin
[
2πr(

F
B
− γa) ±

π

4

]
RT,rRD,r

= −
∑

a

∑
r

ℏωc

(2πl2B)3/2

F

πr3/2B2
√
|A′′e |

sin
[
r(l2BAe + λa − ϕM) ±

π

4

]
RT,rRD,r

(S30)

F takes value at µ and RT,r,RD,r are given by (S11), (S13) respectively.
If the spin-orbital coupling (SOC) is very weak or zero, each band is degenerate for two spin channels (one band with two

electrons). There is only one Berry phase ϕB, one orbital phase ϕR and two opposite Zeeman phases ϕZ . Then the generalized
Berry phase λa can be factorized into two parts: λ̃ = ϕB + ϕR and ±ϕZ . The total grand canonical potential of one band is

δΩ̃(T, µ)
V

=
∑

r

ℏωc

(2πl2B)3/2

1

2π2r5/2
√
|A′′e |

{
cos

[
r(l2BAe + λ̃ + ϕZ − ϕM) ±

π

4

]
+ cos

[
r(l2BAe + λ̃ − ϕZ − ϕM) ±

π

4

]}
RT,rRD,r

=
∑

r

ℏωc

(2πl2B)3/2

1

π2r5/2
√
|A′′e |

cos
[
r(l2BAe + λ̃ − ϕM) ±

π

4

]
RT,rRD,rRs,r

(S31)

where

Rs,r = cos(rϕZ) = cos(
rπgm
2m0

) (S32)

is just the spin reduction factor1,8. One important difference between Rs and RT , RD is that the latter is always positive while the
former can be negative. The negativity of Rs for the first harmonic means an additional π phase shift in the oscillation peaks and
is usually considered separately to extract the phase λ̃.

If SOC is strong, the wave function for each band is a two-component spinor, so the separation of a spin reduction factor is
no longer possible. Further, if all bands are degenerate, λa must be calculated as a whole to ensure gauge invariant results. In
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the case of spin degeneracy (a = 1, 2), the sum of two fundamental harmonics is still a harmonic with the same frequency but
reduced amplitude

cos
[
r(l2BAe + λ1 − ϕM) ±

π

4

]
+ cos

[
r(l2BAe + λ2 − ϕM) ±

π

4

]
= 2|cos(

λ1 − λ2

2
)| · cos

[
r(l2BAe + ∆ϕ − ϕM) ±

π

4

]
(S33)

where

∆ϕ =
λ1 + λ2

2
+ π

{
1 − η

[
cos(
λ1 − λ2

2
)
]}

(S34)

with η(x) the Heaviside step function. In the general case, |cos( λ1−λ2
2 )| is a generalization of spin reduction factor and ∆ϕ

determines the extra phase shift of the oscillation peak position in first harmonic. In the case of both inversion and time-reversal
symmetries, λ1 = −λ2 = λ. The final phase shift ∆ϕ is 0 if cos(λ) is positive (|λ| < 0.5π) and π if cos(λ) is negative (|λ| > 0.5π).
If |λ| = 0.5π, the oscillation may not observable because cos(λ) = 0.

In 2D systems, the particle number is fixed while chemical potential oscillates around µ(B = 0) with an appreciable amplitude.
This oscillation causes a change of the frequency F and the resulting oscillatory behavior is different from 3D cases11. But if
µ >> ℏωc and the reduction factor is small enough, then the oscillation of µ can be ignored and similar results are obtained10. It
can be calculated by the same method above, where the integration over kz is omitted (hence, the phase ±π/4 disappears). Here,
we only give the final expression for the oscillation part of grand canonical potential and magnetization

δΩ(T, µ)
S

=
∑

a

∑
r

ℏωc

2πl2B

1
π2r2 cos

[
2πr(

F
B
− γa)

]
RT,rRD,r

=
∑

a

∑
r

ℏωc

2πl2B

1
π2r2 cos

[
r(l2BAe + λa − ϕM)

]
RT,rRD,r (2D)

(S35)

M(T, µ) = −
∑

a

∑
r

ℏωc

2πl2B

2F
πrB2 sin

[
2πr(

F
B
− γa)

]
RT,rRD,r

= −
∑

a

∑
r

ℏωc

2πl2B

2F
πrB2 sin

[
r(l2BAe + λa − ϕM)

]
RT,rRD,r (2D)

(S36)

where S is the area of material and reduction factors RT,r,RD,r are the same as before.
Finally, we point out that if one considers higher order terms in the phase γa (the effective Hamiltonian is expanded to second

order in B), γa can depend on the field B12. If γa = γa0 + γa1B and γa1 << 1/B, then such a field dependence can be regarded as
the change of oscillation frequency with the magnetic field, F(B) = F(0) − γa1B2.
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Supplementary Note 2: Berry phase in time reversal and inversion symmetric system

In this section, we discuss the Berry phase in a system with intrinsic spin-orbit coupling, which preserves both time-reversal
(TRS) T and inversion symmetries (IS) P. The kagome lattice model used in the main text has such properties and the analysis
here can be directly applied to it. Due to PT symmetry, every energy band is at least two-fold degenerate so can be labeled by
band index n and pseudospin index s (= ±1). Under time reversal operation, the band index remains the same but pseudospin
index s is changed to each other (s = 1↔ s = −1).

First, consider the effect of T . Under time reversal, Bloch states flip pseudospin and momentum but has the same energy
(same band index n)

T |un1(k)⟩ = |un−1(−k)⟩ (S37)

Therefore, the Berry connection for different pseudospin components has the relation

An−1(−k) = i⟨un−1(−k)|∇−k |un−1(−k)⟩ = −i⟨T un1(k)|∇k |T un1(k)⟩ = −i⟨∇kun1(k)|un1(k)⟩ = i⟨un1(k)|∇k |un1(k)⟩ = An1(k) (S38)

The Berry phase along the loop C for one pseudospin is therefore opposite to the Berry phase of the inversion loop C for
opposite pseudospin

ϕn1(C) =
∫
C

An1(k) · dk =
∫
C

An−1(−k) · dk = −
∫
C

An−1(−k) · d(−k) = −
∫
C

An−1(k) · dk = −ϕn−1(C) (S39)

Next, we consider the role of inversion symmetry. Under inversion operation, Bloch states reverse momentum but preserves
pseudospin and energy

P|uns(k)⟩ = |uns(−k)⟩ (S40)

The Berry connection for the same pseudospin at opposite positions has the relation

Ans(−k) = i⟨uns(−k)|∇−k |uns(−k)⟩ = −i⟨Puns(k)|∇k |Puns(k)⟩ = −i⟨uns(k)|∇k |uns(k)⟩ = −Ans(k) (S41)

So the Berry phase along the loop C for one pseudospin now is the same for the inversion loop C with the same pseudospin

ϕns(C) =
∫
C

Ans(k) · dk = −
∫
C

Ans(−k) · dk =
∫
C

Ans(−k) · d(−k) =
∫
C

Ans(k) · dk = ϕns(C) (S42)

If the system has both T and P, combining the results above, we obtain that Berry phases around the same loop for different
pseudospin components are opposite

Ans(k) = An−s(−k) = −An−s(k)

ϕns(C) = −ϕn−s(C) = −ϕn−s(C)
(S43)

The Berry phase with spin taken into consideration is very different from that of the spinless case. For example, consider a
Fermi surface around the Brillouin zone center (Γ point, Fig. S6) and assume only time-reversal symmetry. In the spinless case,
band energy satisfies ε(k) = ε(−k), the trajectory of such a Fermi surface must be symmetric with respect to Γ, i.e., C = C.
Equations (S38) and (S39) become

An(k) = An(−k)

ϕn(C) = −ϕn(C) = 0
(S44)

The Berry phase around Γ point must be zero. This argument is also applied to Fermi surfaces surrounding any other time-
reversal invariant momenta. But if the spin is added, then one can only draw the conclusion from (S39) that Berry phases of two
pseudospins with T -correlated loops C and C are opposite.

Finally, for a system with both T and P, not only the Berry phases for the two pseudospin channels with the same loop C
(S43) are opposite, but also the total phases (i.e., the generalized Berry phase λa, composed of Berry phase, orbital phase, and
Zeeman phase) of two pseudospin channels are opposite3. As a result, the extra phase shift ∆ϕ (S34) in the quantum oscillation
can only be 0 or π, depending on whether λa is smaller or larger than 0.5π. Hence, in general, the π phase determined from the
oscillation peak position can’t serve as evidence of a Dirac point but may solely come from the system’s symmetry3.
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Supplementary Fig. S6. The Berry connection for the loop around Γ point, (a) for a spinless case whose Berry phase is zero, and (b) for a
spinful case with two spin components. The blue line represents spin s and the red line represents spin −s. Their Berry phases are opposite to
each other.
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Supplementary Note 3: Berry phase and orbital phase in Dirac and BHZ model

First, we apply the above results to the 2D massive Dirac model. It can describe graphene with SOC taking into account or
the cross section in k space of Weyl semimetal if the mass is zero. Since the band gap opens at the Dirac point, the Berry phase
is usually no longer π. But the orbital moment phase can compensate the Berry phase and their sum can be π independent of the
mass ∆ of Dirac fermion2.

To be more precise, consider the following two band Dirac Hamiltonian with Semenoff mass ∆

Hs(k) = ℏvF(kxσx + kyσy) + ∆σz (S45)

In the graphene case, ∆ = sλS O with λS O > 0 represents SOC strength and s = ±1 represents different spin indices. The Hamil-

tonian gives rise two bands with energy ±ε(k) = ±
√
ℏ2v2

F k2 + ∆2. Since band structure is non-degenerate, three contributions to
λa can be calculated separately. The Berry phase of the conduction band for a loop with Fermi wave vector kF around the Dirac
point is

ϕB(kF) =
∫
|k|=kF

A(k) · dk =
∫
|k|<kF

dkxdkyFxy(k) = −π(1 −
∆

ε(kF)
) (S46)

where Fxy = −∆/(ℏ2v2
Fk2

F + ∆
2)3/2 is the Berry curvature Ω. The Berry phase is near zero at the band bottom and approaches

−π when EF = ε(kF) is much larger than the gap ∆. In this two-band model with particle-hole symmetry, the orbital magnetic
moment is proportional to Berry curvature M(k) = [e/(ℏc)] ε(k)Ω. Hence, the orbital moment phase (S2) is

ϕR(kF) = l2B

∮
MB
|dk|
v⊥
=

∮
εΩ
|dk|
v⊥
= ε

dϕB

dε
(S47)

where v⊥ is the group velocity component perpendicular to B. If the Zeeman phase ϕZ can be ignored or extracted as a spin
reduction factor, λa is −π independent of ∆.

ϕB + ϕR = ϕB + ε
dϕB

dε
=

d(εϕB)
dε

= −π (S48)

The numerically calculated Berry phase ϕB and the phase sum ϕB + ϕR are shown in Fig. S7, which is consistent with (S48).
Hence, even if the Dirac crossing is gapped by SOC, the oscillation phase can still manifest itself as π. It can be attributed to
the pure Berry phase only when the mass is zero. In the case of Graphene, the SOC gap ∆ is much smaller than typical Fermi
energy, which leads to an almost zero ϕR and π Berry phase (the far right of Fig. S7 (b)).

Next, we consider the 3D BHZ model which represents the SOC-induced band anti-crossing

H(k) = ϵ(k) · I + A(kxσxsz − kyσy) + M(k)σz + Ãkzσxsx = ϵ(k) · I +


M(k) Ak+ 0 Ãkz
Ak− −M(k) Ãkz 0

0 Ãkz M(k) −Ak−
Ãkz 0 −Ak+ −M(k)

 (S49)

where ϵ(k) contributes only to the band energy and can be set as zero. k± = kx ± iky and M(k) = M0 − B(k2
x + k2

y + k2
z ) is a

kz dependent mass. This model is a trivial insulator when M0/B < 0 while is a Z2 topological insulator when M0/B > 0. It
has several important symmetries: time reversal and inversion symmetry which ensure energy bands are two-fold degenerate,
particle-hole symmetry, and mirror symmetry with respect to kz = 0 plane. The last two symmetries can be mathematically
represented as

(σxsz)H(k)(σxsz)−1 = −H(k) szH(k⊥, kz)s−1
z = H(k⊥,−kz) (S50)

Due to the mirror symmetry, the extremal cyclotron orbit lies on the kz = 0 plane and we focus on this orbit in the conduction
band. This orbit is a circle around Γ point with Fermi wave vector kF and has two-fold degeneracy. The band energy in this
mirror symmetry plane and the magnetic oscillation phase associated with this extremal orbit are shown in Fig. S7, which has
an opposite magnetic oscillation phase for degenerate bands due to PT symmetry. The Berry phase grows continuously from
0 to 2π while the phase sum ϕB + ϕR decreases from π to 0 as kF is larger. When the energy is close to the band edge, the
total oscillation phase is close to π if spin contribution ϕZ can be ignored. However, this phase originates solely from the orbital
moment and the Berry phase is nearly zero instead.
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(a) (b)

(c) (d)

Supplementary Fig. S7. (a) Band energy and (b) Berry phase and the phase sum of gapped Dirac model (S45). The parameters are ℏv = 1 and
Semenoff mass ∆ = 1. (b) Band energy in kz = 0 mirror plane and (c) Berry phase and the phase sum of BHZ model (S49). The parameters
are A = B = 3 and M0 = Ã = 1 which is in Z2 topological insulator region.
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TABLE S1. Berry phase ϕB, orbital phase ϕR and Zeeman phase ϕZ of quantum orbits of 2×2×2 CDW at −40 meV calculated by using the
expression (S1). Under SOC, the orbital and spin magnetic moment-related phases can only be calculated together with the Berry phase, and
(ϕB+ϕR+ϕZ) is the generalized Berry phase (λ) in the main text. Frequency (Freq.) is unit of T. All phases are in unit of π. For the 912 T, we
could not get converged results for ϕB+ϕR and ϕB+ϕR+ϕZ . Notice that the numerical convergence of λa for the quantum orbit of 912 T at –40
meV is not as good as others.

Frequency
no SOC SOC

ϕB ϕR ϕZ ϕB ϕB+ϕR ϕB+ϕR+ϕZ

13 1 0 0.27 0.83 0.92 0.68
20 0 0 0.44 0.00 0.04 0.38
30 1 0 0.30 0.85 0.83 0.83
77 0 0 0.68 0.51 0.35 0.92
98 0 0 0.45 0.36 0.49 0.87

152 0 0 0.57 0.14 0.60 0.98
202 0 0 0.83 0.56 0.53 0.37
230 0 0 0.50 0.51 0.54 0.84
609 0 0 0.30 0.17 0.18 0.48
730 0 0 0.38 0.63 0.66 0.92
734 0 0 0.22 0.90 0.33 0.22
894 0 0 0.47 0.61 0.66 0.19
898 0 0 0.42 0.23 0.34 0.71
912 0 0 0.22 0.45 0.97 0.31

1067 0 0 0.89 0.06 0.82 0.33
1445 0 0 0.50 0.79 0.60 0.26

TABLE S2. Similar to Table S1 but at –85 meV.

Frequency
no SOC SOC

ϕB ϕR ϕZ ϕB ϕB+ϕR ϕB+ϕR+ϕZ

5 0.14 0.79 0.93
14 1 0 0.26 0.99 0.98 0.77
33 0 0 0.23 0.85 0.59 0.84
40 0 0 0.15 0.82 0.64 0.44
51 0 0 0.21 0.65 0.34 0.52
76 0 0 0.33 0.72 0.25 0.02
99 0 0 0.49 0.72 0.62 0.89

224 0 0 0.64 0.01 0.07 0.57
429 0 0 0.59 0.57 0.34 0.06
605 1 0 0.70 0.98 0.92 0.38
617 1 0 0.71 0.99 0.93 0.35
672 0 0 0.25 0.76 0.02 0.11
735 0 0 0.35 0.18 0.20 0.55
765 0 0 0.93 0.71 0.08 0.60
940 0 0 0.48 0.30 0.53 0.07

1267 0 0 0.76 0.84 0.98 0.25
1293 0 0 0.03 0.67 0.57 0.08
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