The Iterative Decorrelation Analysis: IDeA
1. Feature Space Transformation 
Given a finite dataset , where  are thelabels of  objects and  is the matrix of the  observed features per object. The -th example pair  has the label of the object instance and its observed features. The ordered feature vector, , is the basis of the feature space (i.e.,  is the ordered set of feature names). We are trying to design a linear transformation matrix,, that maps the ordered and observed feature vector: , into a new basis , of   features:
				(1)
with the aim that the transformed dataset  is composed by a set of features that are not highly correlated. There is an infinite number of possible  matrices; hence some constraints, or design goals, must be set. For example, PCA transforms and finds the set of basis vectors that minimize the squared distance of the observed points to the new basis. The solution to this minimization problem is the eigenvectors of the scattering matrix. Hence, the resulting PCA basis is a set of orthogonal vectors. The PCA order their returned basis by the magnitude of their corresponding eigenvalues and dimension reduction is achieved by selecting the components that preserve most of the data variance. 
The main issue with PCA transforms and related whitening methods is that  features are linear combinations of all the original input features regales of their significance of their association [1, 2]. The recommended solution for PCA-based transforms for outcome-driven ML methods is to do a feature selection (FS), or subset selection, process with false discovery correction. This approach will remove all non-informative features before the space transformation, mitigating the chance of cluttering the new orthogonal basis [3, 4]. The only drawback of this solution is the possible loss of discriminant information by the FS step.
1.1. The Spatial Transformation Matrix Design Goals
To address the issues with blinded approaches and the possible information loss for the design of , This study relaxed the orthogonality requirement, and proposes the following space transform design goals: 
1.  should have the same dimensionality of the input features and should preserve feature units.
2. The maximum observed correlation between the new  features must be lower than a user-required correlation measure threshold (. i.e., .
3. Feature vectors pairs: ( whose sample correlation is greater than  and statistically significant associated should be decorrelated.
4. The  features should have the largest possible set of unaltered  features. i.e.,  should contain the smallest set with linear combinations of the original basis . i.e.,  
5. For outcome-driven learning, the unaltered  features may also have the largest set of features associated with the outcome class labels.
The above design goals aim to produce a specific  transformation matrix. The returned matrix will be sparse for many real hyperdimensional sets, because most of them are composed of a sizable set of features pairs whose correlations are not so large enough (e.g., many correlations pairs will have a small correlation:, or the p-value of the associations is not statistically significant).
This study proposes to call any matrix that follows this aims the Unit Preserving Space Transformation Matrix (UPSTM).  Henceforth, any  data matrix created by the IDeA will have the following properties:
1. It will have the same dimensions as the original dataset: It will not remove any feature contained in .
2. The largest correlation of any pair of correlated features will be lower than the user specified correlation measure threshold: i.e., for all ( pairs, where  may be Pearson, Spearman, or Kendall correlation.
3. It will try to hold a set of non-altered original basis vectors: , i.e., ,  
4. Highly correlated features that are not present in the non-altered vectors set i.e., , will be replaced by linear combinations of a parent feature (parent basis) and input features.
5. The output features (Returned basis) will be in the same scale and unit as the original parent feature.

Therefore, any downstream process that uses  data can trace back their interpretation to the original features, and any inference derived from the transformed matrix will be in the same unit of measurement as the parent feature.

1.2. The IDeA Algorithm
This section describes the theoretical background and heuristics of IDeA algorithm that meets the above design goals. The iterative algorithm is based on the analysis of feature association via linear regression methods. The algorithm will iterate the linear fitting coefficients to build the final transformation matrix. 
For any pair of significantly correlated features  and , the linear regression model: 
 					(3)
estimates the slope (), and the bias between them (). The residual,  is assumed that is a random variable with zero correlation between the two observed features. Because  is uncorrelated and  is constant; then, the  coefficient can be used to estimate a new  uncorrelated latent feature based on the  observations:
           			             		(4)
In other words,  is the information that is not present in  but observed by . It is important to notice that  is in the same scale and has the same units of measurement as the parent feature . 
For a given feature matrix , (4) can be written as:
					(5)
The residual matrix  will contain the information of the correlated feature set  not observed by the corresponding pair in base set , and  is the ordered pair of feature names used in each linear transformation. In other words,  is the set of independent variables, and  the set of dependent variables.   is the sparse matrix with the linear slope coefficient obtained by the linear fitting the  features by the  features. The resulting matrix  of (5) may still have strong correlations between features; hence the process must be iterated until the design goal of achieving a maximum correlation measure among feature pairs is lower than the design goal (). Assuming that at the  interaction the goal is met, the final equation will be:
					(6)
Hence, the  matrix is:
,					(7)
where  is the number of interactions, and is the matrix of all the slope coefficients of the  features that are statistically associated with the  features at interaction . The matrix preserves the units of measurement of the parent features hence here we propose to call it: the Unit Preserving Spatial Transformation Matrix (UPSTM).
1.3. Algorithm Heuristics
The final form of UPSTM as defined by (7) depends on the feature correlation method, the linear fitting algorithm, and the tests of statistical significance. In other words, any given dataset can have a family of UPSTM. This paper will present a simple iterative algorithm to achieve UPSTM solutions.
IDeA Algorithm
1. Compute the correlation* matrix of :.
*Correlation matrix can be Pearson, Spearman, or Kendall.
2. Extract the maximum correlation of each feature: 
3. Extract the set of unaltered bases: .  is the set of features whose maximum correlation is lower than the user-defined threshold: . The ordered set  is:
3.1. Blind learning: , ; where
 or					    
        					   (8)
3.2.  If outcome steering is active, the subset  contains significantly associated features with the outcome: . Let  be the subset of elements that are correlated and associated with . Then, ; where  represents the probability that the feature vector  is not associated with the outcome, and  is the blind learning set from 3.1. 
Hence, the unaltered basis is the subset of features that are not significantly correlated among them and may be driven to be associated with the outcome class. 
4. Define the  (independent) and the  (dependent) sets. Let  ; where . i.e.,  is the set of features to decorrelate. Hence:
Extract all the ordered pairs: 
(
; where  is given by (8).
The final ordered pair  is the one created by removing ordered pairs instances that share the same k feature of a previously extracted pair . E.g., remove  from 
5. Compute (6) using the slope coefficients  of linear estimations (3) if and only if the linear association is statistically significant. i.e., ; where  is the maximum probability of acceptance, and  is the probability that the slope coefficient is zero.
6. Update the correlation matrix: .
7. If , then repeat steps 4,5, 6, and 7. Else do the final estimation of  via (7).

Notes:
The correlation measure can be Pearson, Spearman, or Kendall.
The linear estimation (Regression analysis) can be done using standard linear fitting methods or robust linear methods.


1.4. Software Implementation
The IDeA algorithm was implemented in the FRESA.CAD 3.3.4 R package.#Installing the latest version:
library(devtools) 
install_github("joseTamezPena/FRESA.CAD")
#Installing from CRAN
install("FRESA.CAD")
# Sample Usage
library("FRESA.CAD") 
data('iris') 
irisDecor <- IDeA(iris,thr=0.25) # HMCA Decorrelation at 0.25 threshold, Pearson and fast estimation 
print(getLatentCoefficients(irisDecor)) # Print the latent variables. 






Table 1: IDeA parameters that steer the UPSTM
	Steering Option
	Parameter Name
	Description
	Main Effect on UPSTM

	Correlation Goal
	thr=0.8
	The maximum correlation allowed between paired output variables
	 Sparsity: High thr values create sparce matrices and short latent variables

	Correlation Method
	method=”fast”
	The correlation measure to be used: Pearson, Spearman, Kendall
The “fast” option uses the Pearson correlation, lm fitting and the fast math package.
	Unaltered Basis and size of latent variables: Due to the change in the correlation measure the features to be decorrelated change, as well as the order and the number of iterations to achieve the correlation goal.

	Fitting Method
	type=”lm”
	The regression fitting algorithm: LM or RLM  for robust fitting.
	 Coefficients: The linear regression fitting method affects the estimation of the matrix coefficients.

	Outcome
	Outcome=NULL
	If set, the variable ranking will be driven by the association of the variables to the outcome
	Unaltered Basis and size of latent variables: If set to a target variable, the order of the variables to enter the linear fitting process gives priority to the ones statistically associated to the outcome. (See 3.2)

	Relaxation
	Relaxed=TRUE
	Flag to force the algorithm to start decorrelation with a high correlation value then iterate towards the final correlation goal
	Unaltered Basis and size of latent variables: When true, the iterates with set of target correlation values: ={0.95,..,thr}. Hence the order on how the UPSTM coefficients is altered giving priority to highly correlated variables.

	Variable Ranking
	corRank=FALSE
	Flag to indicate to use the sum of correlation instead the maximum correlation to rank the variables through the beta estimation procedure.
	Unaltered Basis and size of latent variables: By default, the algorithm starts decorrelating the variable pairs with the highest correlation value. When corRank is set it will give priority to variables that have many correlated variables. (See: 3.1)



Applications and usage of the package can be found at:
https://github.com/joseTamezPena/FCA
Latent-Biomarkers Applications:
https://github.com/joseTamezPena/LatentBiomarkers
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