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I. ATOMICALLY RESOLVED SPECTRAL FUNCTIONS OF SUPERLATTICES

Figure 1 shows spectral functions (SFs) of (a) bulk Si and (b) bulk Ge, and the progres-

sion of SFs of representative Si/Ge superlattices with decreasing period: (c) Si26Ge26, (d)

Si20Ge20, (e) Si12Ge12, (f) Si6Ge6, and (g) Si4Ge4, respectively. The first column (i) repre-

sents the total SF and the columns (ii) and (iii) represent ASFs for atoms in the inner Si

regions (red) and the inner Ge atoms (blue) of the superlattices, respectively. We show the

inner Si and the Ge ASFs separately, to highlight how ASF differs for different atoms within

the same superlattice. We compute ASFs for each atom in the superlattices and include in

the training data. The results displayed in columns (ii) and (iii) of rows (c)-(h) represent the

training data used in our forward ML models. The SFs are shown along X−Γ−K−X path

in the BZ of the reference cells, respectively. Representative BZ and the symmetry path are

illustrated in Fig. 6 in the Methods section. We leverage the ML framework to average over

the ASFs for each atomic environment in the training superlattices. We hypothesize that

these data encompass the information needed to relate atomic environments in superlattices

and resulting evolution of the band characters.

It is expected that the unfolded superlattice bands will display an average character of

the folded bulk Si and Ge bands [1]. The total SF of Si26Ge26 superlattice in panel (c-i),

displays a mixture bulk Si and Ge band characters. Similar observation can be made for the

total SF of Si20Ge20 as well. However, it is interesting to note that the inner Si ASFs (c-ii,

d-ii) of these two large period superlattices (Si26Ge26 and Si20Ge20) retain prominent bulk

Si character. Similarly, the inner Ge ASFs (c-iii, d-iii) retain bulk Ge character. In general,

these results show that the inner atom ASFs in large period superlattices primarily maintain

the bulk band character and do not display a mixed character. However, we can identify the

distinguishing characters of the superlattice bands (e.g., spitting or mixing of bands), upon

a closer comparison between inner ASFs and bulk SFs. We discuss the comparison between

bulk Si SF and inner Si ASFs. However, similar analysis can be done for Ge as well.

Splitting of bands: The inner ASFs of both Si26Ge26 and Si20Ge20 exhibit splitting of the

bulk-like bands, especially near the Γ point. The degeneracy of the valence-band maxima

at the Γ point is lifted and the bands are split. In an earlier publication, we illustrated

that lattice strain in superlattices induces splitting of the valence bands, using Si4Ge4 as
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FIG. 1. Example spectral functions (SFs) of Si/Ge systems investigated in this work:

SFs of bulk (a) Si and (b) Ge. (i) Total SFs and ASFs of (ii) inner Si and (iii) inner Ge atoms in

(c) Si26Ge26, (d) Si20Ge20, (e) Si12Ge12, (f) Si6Ge6 and (g) Si4Ge4 superlattices.
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an example [2]. Strain originates due to the lattice mismatch between Si and Ge layers

as well as due to growth substrates. The threefold degenerate states that form the bulk

Si valence band maximum split into two approximately degenerate px, py states and one

nondegenerate pz state [1, 3, 4]. The px, py states form the valence-band edge in Si4Ge4 and

the pz state splits off [2]. The band splittings exhibited by the ASF of Si26Ge26 and other

superlattices are induced similarly by lattice strain. However, the order of the split states

and the magnitude of the splitting depends on the specific strain environments. Additionally,

Si and Ge layers experience different strains in a given superlattice. This causes leading to

different strain induced band splittings for Si and Ge valence bands, as can be noted from (c-

ii) and (c-iii). Valence band splittings are also exhibited by Si12Ge12 and other short-period

superlattices. The conduction bands of short-period superlattices show splittings near the

Γ point. Figure 1 illustrates the direct relationship between lattice strain environments and

character of superlattice bands such as band splitting.

Mixing of bands and avoided crossing: The plots also illustrate that the valence bands of

the superlattices exhibit a mixed Si-Ge character. This can be particularly noted from the

ASFs of Si12Ge12 and Si6Ge6, shown in rows (e) and (f), respectively. The inner Si ASFs

of these superlattices do not display band dispersions around -1 eV energy level, along the

path Γ − K. However, the total SFs show continuous dispersions in this region. Upon

considering column (iii), it can be concluded that the Ge bands mostly contribute to the

total SFs in this region. The effect of strain on this mixed bands is complex. Varied strain

environments in Si and Ge layers modulate the Si and Ge contributions differently. As can

be noted from (e-ii) and (e-iii), the gaps between valence band edge and split-off states are

different for Si and Ge ASFs. These split-off bands then affect each other. The split-off

Si bands of Si12Ge12 and Si6Ge6 superlattices exhibit signature of avoided crossing due to

the split-off Ge bands. The splittings are larger for smaller period superlattices and the

indication of avoided crossing is more pronounced. Signatures of avoided crossing can be

noted from the conduction bands of Si6Ge6 and Si4Ge4 superlattices, midway along X − Γ

and Γ −K −X paths.

Folding of bands: The reference cells are mathematical constructions and may not rep-

resent true irreducible cells for a given heterostructure or superlattice. When the chosen

reference cells do not capture full translational symmetry of the supercells, some residual

folded bands are likely to appear. For example, signature of folded bands can be observed
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along with band discontinuities in ASFs of Si4Ge4 superlattice, as shown in Fig. 1(g). This

characteristics is particularly visible for short-period superlattices, with strong translational

symmetry breaking. The comparison of the band dispersions along X − Γ and Γ −K −X,

reveals that ASFs experience more changes along the later symmetry direction. This can be

understood by considering the BZ of the reference cell presented in Fig. 6 in the Methods

section. The Γ −K −X path spans two BZs. Therefore, varied contributions are expected

to result in a range of features.

Change of Γ-character: The Γ-character of the bands of the large period superlattices

(rows (c) and (d)) is primarily determined by Ge contributions. As the layer thickness

decreases to 12 monolayers or below, the Γ-character is influenced by mixing of bands. For

example, the top valence band of Si12Ge12 superlattice displays a partial Si and partial Ge

character. Additionally, the contribution to the conduction bands is increasingly mixed

near the Γ point, as can be seen from the ASFs of Si6Ge6 (row (f)) and Si4Ge4 (row (g)

superlattices. These results demonstrate that the Γ-character of the superlattice bands

strongly depends on the composition. A continuous band mixing has been demonstrated

both theoretically and experimentally for alloys [5]. Here, we illustrate the band mixing

for layered heterostructured Si-Ge systems. The progression SF plots further suggest that a

direct band gap system can thus be designed by tuning the Γ-character. Earlier studies have

identified that Si6Ge6 superlattice shows nearly direct band gap [6] while Si6Ge4 has a direct

band gap [7]. We analyze the band structures along a specific symmetry path, therefore,

precise identification of the direct or indirect nature of the band gap is out of scope for

the present study. Identifying a direct band gap configuration from two indirect band gap

materials promises various practical benefits, however, can be challenging [6, 7]. Although

designing such a system is not the objective of our current study, Fig. 1 shows how our ML

assisted first-principles modeling approach can be employed to achieve such a goal.

Figure 1 illustrates how ASFs of strain symmetrized superlattices change due to the de-

crease of superlattice periods. The strain induced band splittings, mixing of bands, avoided

crossings and changes of Γ-character are dominant characters displayed by the ASFs of short-

period superlattices. These features provide a measure to differentiate the superlattice and

the bulk bands. Quantifying these characters is critical both from the fundamental viewpoint

and for materials design for target applications. Our approach establishes a direct relation-

ship between atomic environments and these band characters for complex heterostructures.
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II. COMPARISON OF FORWARD MODEL PREDICTIONS & DFT RESULTS

Figure 2 shows the forward model-predicted SFs for the strain-symmetrized configuration

of a Si28Ge28 superlattice. This structure is outside the training set, which include Si26Ge26

superlattice as the largest superlattice. We show the supercell configuration in Fig. 2(a).

The SFs are predicted along the X − Γ−K −X path of the Brillouin zone of the reference

cell, with similar k and E resolution as training data. Figure 2(b) shows total SFs and the

bottom rows show the ASFs of atoms from four regions of interest: (c) inner Si, (d) interface

Si, (e) interface Ge, and (f) inner Ge. The different regions are indicated in the supercell

with black circles (Fig. 2(a)). The total SFs are obtained by summing over the predicted

ASFs of all atoms. The first and the second column of Fig. 2 show the ASFs predicted by

the NN and the RF models, respectively. We compare the ML predictions with DFT results,

shown in the third column and validate the predictions. We show the comparison between

predicted and computed In(E)’s in the last column of Fig. 2 and report the MAEs.

The predicted total SFs display a mixture of Si-like and Ge-like characters, similar to DFT

results, resulting in small MAEs (NN:0.08, RF:0.07). The presence of bulk-like character is

similar to other large period superlattices. The predicted inner Si ASFs match with DFT

results closely, yielding the smallest MAE 0.06 (Fig. 2(c)). In comparison, the DFT result of

the inner Ge ASF exhibits splitting of the bulk-like bands, especially for the valence bands,

near Γ point (Fig. 2(f)). The split band is less dispersive in the Γ − K direction. The

conduction band shows a small degree of splitting as well. These features are not captured

in the NN prediction, resulting in a high MAE (0.27). Although the RF prediction cannot

capture the splitting of the valence bands well, other bulk-like features are relatively well

predicted, resulting in a smaller MAE: 0.10.

Meanwhile, the interface Si ASFs are considerably different from their bulk counterparts

(Fig. 2(d,e)). For example, a larger contribution of Ge-like bands can be noted in DFT

results, compared to the inner Si ASF. However, it is interesting to note that the Si and Ge

DFT interface ASF results are quite similar to each other. Both of them display a mixed

character strongly influenced by strain. The interface ASFs exhibit significantly more band

splitting compared to inner ASFs. The splitting is related to the varied strain environments

near interface. The strain induced splittings are more pronounced for the valence bands.

The split-off valence bands are comparatively flat near the Γ point. Both the NN and the
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FIG. 2. Total and atomically resolved spectral functions (SFs) of Si28Ge28 superlattice:

(a) Representative supercell configuration; (b) Total SF and ASFs of representative atoms in (c)

inner Si region, (d) interface Si region, (e) interface Ge region, and (f) inner Ge region of the

superlattice. NN and RF model predictions are shown in the first and second column of rows

(b)-(f), respectively. Third column shows DFT results. Last column shows normalized intensities,

In(E), and MAEs between predicted and computed In(E).
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RF model fail to capture the finer details, however, they predict an average character of

the strain-split bands. Although the predicted and computed ASFs show differences, it is

interesting to note that the total SFs exhibit similar patterns.

III. EFFECTS OF FERMI-LEVEL ALIGNMENT

(a) (b)

FIG. 3. Band structures of (a) bulk Si and bulk Ge obtained with PBE-GGA approach (solid

lines). The dotted black lines represent results from GW calculation from literature [8].

It is known that the PBE-GGA approach fails to predict semiconductor band gaps accu-

rately, as is particularly evident from Fig. 1(b). We show a comparison between PBE-GGA

band structures and those obtained with GW calculations [8] (black dashed line) in Fig. 3.

The valence bands obtained with the PBE-GGA approach match the GW results, however,

the conduction bands are lowered resulting in an underestimated band gap. Such discrep-

ancy has been discussed extensively [2, 9–12]. Nevertheless, the PBE-GGA approach has

been extensively used to predict the electron/hole transport properties of semiconductors,

including the biaxial strain enhanced in-plane mobility in Si [13] and thermoelectric prop-

erties of Si [14, 15] and Si/Ge superlattices [2, 12, 16–19]. In previous publications, we

compared the electronic transport properties [2] predicted using the PBE functionals and

the Heyd-Scuseria-Ernzerhof [20]. Through a systematic analysis we illustrated the effec-

tiveness of PBE-GGA approach to predict the relationship between lattice environment and

electronic properties of semiconductor heterostructures. In this article, our objective is to

develop a model for rapid prediction of this relationship. The computational cost of the
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alternative approaches such as using hybrid functionals [21, 22] or implementing GW cal-

culations [8] prohibits the use of these approaches to analyze large structures, especially for

data driven studies. Additionally, The prior studies provide necessary justification to use

PBE-GGA approach to establish the model.

Here, we use data obtained with PBE-GGA approach to train ML models. We discuss

the role of Fermi-level alignments on ML predictions. To obtain the results shown in main

manuscript, we use one Fermi level alignment for the forward learning level, but different

Fermi level alignments for the reverse learning model.

Forward Learning Approach: We assign the Fermi-level (E = 0 level) to be equal to the

middle of the bandgap value, to obtain the total SF for each training configuration. The

ASF energy bands are shifted by the corresponding amount. The forward learning model

is trained with the resulting ASFs. We show the predicted ASFs and total SFs of test

superlattices and heterostructures in Fig. 2 and Fig. 2 of main manuscript, respectively. As

can be seen from the figures, both predicted energy bands and energy level alignments are

in good agreement with the corresponding DFT results.

Different Fermi-level Alignments: We illustrate the change of ML predictions by varying

alignments of training ASFs.

(Case I) Electronic band gap cannot be directly defined for the ASFs, to the best of our

knowledge. We align the Fermi-level of each ASF of training superlattice to the respective

mid-band-gap level. We task the trained ML model to predict ASF (or total SF in this case)

for bulk Si systems. Bulk systems include atomic environments which is not present in the

training structure that includes a mixture of both the materials. As we illustrate below,

the Fermi-level alignment strongly affects the predictions in this case. Figure 4 shows the

SFs of (a) relaxed and (b) strained Si. The systems are modeled with tetragonal supercells

that include four Si atoms. The first and the second column show the SFs predicted by the

NN and the RF models, respectively. The third column represents DFT results. We show

the comparison between predicted and computed In(E)’s in the last column and report

the MAEs. The mismatch between Fermi-levels is pronounced in the plot showing the

normalized intensities for strain-symmetrized bulk Si. Interestingly, the predictions are in

good agreement with the DFT SF results for bulk Si with in-plane strain.

(Case II) We align ASFs such that the zero-energy level of each ASF corresponds to

the largest spectral weight at the Γ-point in the valence zone or valence band maximum
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FIG. 4. Effect of Fermi-level alignment of SF on ML performance: (a-b) ASFs with Fermi-

level aligned at the mid gap level. Predicted SFs for (a) relaxed bulk Si and (b) bulk Si in tensile

strain due to Ge substrate. ASFs with Fermi-level aligned at VBM, independently for each ASF:

Predicted SFs for (c) relaxed and (d) strained bulk Si. ASFs with Fermi-level aligned at VBM,

independently for each total SF: Predicted SFs for (e) relaxed and (f) strained bulk Si.
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(VBM). We retrain the model with VBM aligned-ASFs and task the model to predict ASFs

for the bulk systems. The predictions are shown for relaxed and strained bulk Si systems in

Fig. 4(c,d). In this case, both the peak intensities and the energy alignments are reproduced

with a good agreement with DFT results.

(Case III) We align the total SF of each training superlattices such that the zero-energy

level is set to the largest spectral weight at the Γ-point in the valence zone or VBM. The

energy bands of ASFs are shifted by the corresponding amount. The ML predictions for the

bulk systems are are shown in Fig. 4(e,f). The NN predicted relaxed Si bands are better

aligned than RF, however the spectral weights are diminished for the NN predictions. The

predictions for both relaxed and strained Si are worse that the ones reported for case (II).

As can be observed from above discussion, the ML predictions vary in an unpredictable

manner depending on the energy level alignments of training ASFs. To generalize and

diversify the training set for the reverse approach, we consider 13 Fermi level alignments in

incremental steps in the range from +0.5 eV to -0.5 eV from the mid-gap energy level. The

various alignments correspond to different electron doping in ARPES experiments.

Reverse Learning Approach: We test the CNN model to predict the descriptors of bulk Si

systems when the SF images are provided as input. We use two categories of test images:

the DFT predicted SFs of relaxed and strained bulk Si and a spectra obtained from ARPES

experiment. In practice, only the valence bands may be available in the ARPES experimental

images. To adapt to such constrains, we train the reverse ML model with the energy levels

of DFT results below the VBM level. In other words, the ASFs are aligned individually

such that the zero-energy level corresponds to the largest spectral weight at the Γ-point in

the valence zone. As discussed above, the band gap is not directly defined for the ASF,

so the shift in the Fermi level is ambiguous. This provides a way to expand the training

data set by applying various amount of shifts. The CNN model is then trained on the

corresponding ASFs. The CNN approach has shown high level of efficiency with image data

sets. We expect the CNN model to capture unique patterns in the ASF rather than the shift

associated with the different Fermi-level alignments.
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FIG. 5. RF feature importance

FIG. 6. Learning curves for NN.

IV. TRAINING FORWARD AND REVERSE ML MODELS

The feature importance for RF model is shown in Fig. 5. As shown in the figure, bx has

the highest importance as it is the measure of in-plane strain that induces band splittings. bz

is the next most important feature, that is responsible for internal interatomic distances due

to different atom types in the configuration. Interestingly, the higher order parameters are

of the higher importance, we attribute that to their long range sensitivity to the presence of

material interfaces. Importance of the atom type seems diminished, which can be explained

by the fact that only two atomic types are considered. The other features can distinguish

the atomic environments indirectly. This, however, may change when many atomic species

are present in the training configurations.

The learning curves during the training of forward NN and reverse CNN model are shown

in Fig. 6 and Fig. 7, respectively. As the figure shows MAEs change as we change the number

12



FIG. 7. Learning curves for CNN.

of epochs of the model. We select the epoch with lowest validation set MAE (red curves).

In this article, we present the results obtained with epoch 4700 and 1750 for the forward

NN and CNN model, respectively. However, choice of these numbers is arbitrary.

V. TEST OF REVERSE LEARNING MODEL

Heterostructure: We test the performance of the reverse learning model on the multilayer

heterostructure, Si24Ge15Si9Ge6Si3Ge3. The chosen configuration is strain-symmetrized. We

show the CNN-predicted descriptors for all atoms of the heterostructure in Fig. 8. Figure 4

of main manuscript shows the model performance on a strained configuration of the same

heterostructure. The prediction error is higher for the strain-symmetrized configuration.

We speculate that the higher error arises because the number of strain-symmetrized config-

urations is small in the training set compared to strained configurations.

Bulk systems: We consider bulk Si and bulk Ge models grown on Si1−xGex substrate with

varied concentrations, x, that induces four different strains: 0.00%, 0.59%, 1.16%, 1.73%.

We refer to the strained Si and Ge as s-Si and s-Ge, respectively. It is important to note

that the training set only includes superlattices and do not include any information about

pristine bulk material. The bulk SFs are provided to the combined model as input. We

show the CNN-predicted descriptors in Table 1. The CNN model predicts atom type= 1

(or type= 2) for all Si (or Ge) test structures. The model is able to perceive the absence of
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FIG. 8. CNN predicted atomic environment descriptors of strain-symmetrized

Si24Ge15Si9Ge6Si3Ge3 heterostructure: (a) Supercell configuration; Predicted (b) atom type,

(c) effective bond length and (d-f) spatially resolved order parameters, Qorder
i where i = (x, z) and

order = 1, 2, 3. MAEs between predicted (circles) and calculated features (solid lines) are shown

within parentheses, next to legends.

Ge (or Si), even though all ASF training data include Ge (or Si) signatures. The identical

bx and bz are also accurately predicted for relaxed bulk Si and Ge. The applied in-plane

strains directly affect the bond lengths. bx’s of increase with higher in-plane strain. To keep

the volume constant, bz decreases. It is remarkable that the predicted order parameters are

all close to the bulk values (∼ 1), even in highly strained systems. This result indicates that

order parameters are highly effective in distinguishing mixed environments from pristine
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TABLE 1. Computed and Predicted Si & Ge Descriptors

Test type bx bz Q1
x Q1

z Q2
x Q2

z Q3
x Q3

z

image

Si DFT 1.00 2.58 2.58 1.00 1.00 1.00 1.00 1.00 1.00

CNN 0.99 2.61 2.61 1.00 1.00 1.00 1.00 0.99 1.00

s-Si [1] DFT 1.00 2.62 2.60 1.00 1.00 1.00 1.00 1.00 1.00

(0.59%) CNN 1.00 2.61 2.61 1.00 1.00 1.00 1.00 0.97 0.97

s-Si [2] DFT 1.00 2.61 2.57 1.00 1.00 1.00 1.00 0.97 0.97

(1.16%) CNN 1.00 2.64 2.60 1.00 1.00 1.00 1.01 0.97 0.96

s-Si [3] DFT 1.00 2.63 2.57 1.00 1.00 1.00 1.00 1.00 1.00

(1.73%) CNN 1.00 2.64 2.59 0.99 1.00 1.00 1.00 0.98 0.97

Ge DFT 0.00 2.73 2.73 1.00 1.00 1.00 1.00 1.00 1.00

CNN 0.01 2.66 2.70 1.00 1.00 1.00 1.00 0.99 1.00

s-Ge [1] DFT 0.00 2.60 2.81 1.00 1.00 1.00 1.00 1.00 1.00

(0.00%) CNN 0.01 2.56 2.77 1.00 1.00 1.00 1.00 0.97 0.99

s-Ge [2] DFT 0.00 2.61 2.80 1.00 1.00 1.00 1.00 1.00 1.00

(0.59%) CNN 0.01 2.58 2.76 1.00 1.00 1.00 1.00 0.97 0.99

s-Ge [3] DFT 0.00 2.62 2.80 1.00 1.00 1.00 1.00 1.00 1.00

(1.16%) CNN 0.01 2.59 2.76 1.00 1.00 1.00 1.00 0.98 0.99

s-Ge [4] DFT 0.00 2.63 2.79 1.00 1.00 1.00 1.00 1.00 1.00

(1.73%) CNN 0.01 2.60 2.75 1.00 1.00 1.00 1.00 0.98 0.99

ones. Figure 5 in main article shows the comparison between In(E), computed from the

output of the combined forward-reverse model and DFT data for two Si systems. We find a

good agreement between predicted and computed normalized intensities for all systems.
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