Appendix C2LR2
Single pivot partitioning using two buffers for bulk swaps is done with this code; T is the pivot, bufl and bufr are the two buffers for array references. We use here address encoding.
  /*
       |------]--------------------[------|
       A     ip                    jp    hip
   */
  int kl, kr;
  void **idxl, **idxr; 
  int bufx = bufSize-1;
 Left:
  kl = kr = -1;
  while ( kl < bufx ) {
    while ( compareXY(*++ip, T) <= 0 );
    if ( jp <= ip ) { ip = jp-1; goto MopUpL; }
    bufl[++kl] = ip;
  }
  /*
       |-------*--*---*-]----------[------|
       A               ip          jp    hip
  */
  while ( kr < bufx ) {
    while ( compareXY(T, *--jp) < 0 ); 
    if ( jp <= ip ) { jp = ip+1; goto MopUpR; }
    bufr[++kr] = jp;
  }
  /*
    |-------*--*---*-]----[--*--*-*-------|
    A               ip    jp             hip
  */
  // swap them
  while ( 0 <= kl ) {
    idxl = bufl[kl--];
    idxr = bufr[kr--];
    PSWAP(idxl, idxr); 
  }
  goto Left;
 MopUpR:
  // swap them
  while ( 0 <= kr ) {
    idxl = bufl[kl--];
    idxr = bufr[kr--];
    PSWAP(idxl, idxr); 
  }
MopUpL:
  // swap them
  while ( 0 <= kl ) {
    idxl = bufl[kl--];
    if ( jp <= idxl ) continue;
    if ( idxl + 1 == jp ) { jp--; continue; }
    // { int z = J-1; iswap(z, idxl, A); J = z; }
    jp--; PSWAP(jp,idxl);
  }
Appendix Optimistic Complexity Analysis
We give an optimistic complexity analysis for 1, 2 and 3 pivot quicksort type sorting algorithms. This is not a worst case analysis but a best case analysis, which yields at most conjectures.
We make the following simplifying assumptions:
- We have a zero cost oracle that provides perfect pivots, which yield during partitioning equally sized sub-segments
- We invoke the sorting algorithms all the way down (hence avoiding the improvement of using insertion sort on small segments because we have perfect pivots)
- We assume that elements to be moved do not require subsequent re-relocations (as is the case for 1-pivot partitioning)
An array with uniform distribution of integers and with a cheap way to construct pivots approximates these assumptions.
We define:
A as the time to access an array element
S as the time to store an array element
C as the time to compare two elements
T2(N) is the optimal time to sort an array of size N with a single pivot
T3(N) is the optimal time to sort an array of size N with two pivots
T4(N) is the optimal time to sort an array of size N with three pivots
log2, log3 and log4 are respectively the logarithm functions for base 2, 3 and 4. 
Partitioning an array of size N into two sub-segments takes the time: 
N * (A + S/2 + C)
because we must: access each element, store half of them (assuming a perfect pivot), and compare each element against the pivot.
We must do the same for the two equal sub-segments, and since we have a uniform distribution and a perfect pivot the time for the two segments is:
2 * (N/2) * (A + S/2 + C) =
N * (A + S/2 + C) 
We must repeat partitioning log2(N) times. Thus the total time for partitioning with one pivot is:
T2(N) = N*log2(N)*(A + S/2 + C)

Partitioning an array of size N into three sub-segments takes the time: 
N * (A + S*2/3 + C*5/3)
because we must: access each element, store 2/3 of them (assuming a perfect pivot), and compare each element only once against one pivot with chance 1/3, and with chance 2/3 to check against both pivots; thus:
1 * (1/3) + 2 * (2/3) gives the coefficient 5/3.
We must do the same for the three equal sub-segments, and since we have a uniform distribution and perfect pivots the time for the three segments is:
3 * (N/3) * (A + S*2/3 + C*5/3) =
N * (A + S*2/3 + C*5/3) 
We must repeat partitioning log3(N) times. Thus the total time for partitioning with two pivots is:
T3(N) = N*log3(N)*(A + S*2/3 + C*5/3)
given: log3(N) = log2(N)*0.6310 we get:T3(N) = N*log
T3(N) = N*log2(N)*(A*0.6310 + S*0.4207 + C*1.051) 
Partitioning an array of size N into four sub-segments takes the time: 
N * (A + S*3/4 + C*2
because we must: access each element, store 3/4 of them (assuming a perfect pivot), compare each element twice, once against the middle pivot and once against the left or right pivot.
We must do the same for the four equal sub-segments, and since we have a uniform distribution and perfect pivots the time for the four segments is:
4 * (N/4) * (A + S*3/4 + C*2) =
N * (A + S*3/4 + C*2) 
We must repeat partitioning log4(N) times. Thus the total time for partitioning with three pivots is:
T4(N) = N*log4(N)*(A + S*3/4 + C*2)
given: log4(N) = log2(N)*0.5 we get:
T4(N) = N*log2(N)*(A*0.5 + S*0.375 + C) 
Lining up T2, T3 and T4 gives:
T2(N) = N*log2(N)*(A + S/2 + C)
T3(N) = N*log2(N)*(A*0.6310 + S*0.4207 + C*1.051) 
T4(N) = N*log2(N)*(A*0.5 + S*0.375 + C) 
This analysis suggests, but does not prove, that T4 with 3-pivots has the sweet spot. The next one could be T8 with 7 pivots, but it is unclear how to avoid re-relocations of elements to be moved with that many pivots. 

Appendix Range data obtained on the AMD machine
The timings are in seconds.
	
	C2LR2
	C4
	CD4
	C7

	64k
	0.009149
	0.009143
	0.009161
	0.009167

	256k
	0.044458
	0.047095
	0.046266
	0.045997

	1M
	0.264263
	0.289644
	0.297362
	0.290819

	4M
	1.358925
	1.548825
	1.57425
	1.538675

	16M
	  6.3358
	  7.2812
	  7.4657
	  7.1781
	



Appendix Parallel Data for FourSort/cut2
The timings are in seconds.
# threads             1                 2                  3                4
	4k
	   0.000386
	0.000762
	0.000808
	0.000908

	16k
	0.00184
	 0.00158
	 0.00145
	0.00148

	64k
	0.00937
	0.00624       
	 0.0048
	 0.0042

	256k
	0.0462
	 0.0278
	 0.0208
	 0.0169

	1m
	0.281
	 0.172
	 0.136
	 0.121

	4m
	1.46
	 0.891
	 0.711
	 0.626

	16m
	6.8
	 4.14
	 3.33
	 2.94


Appendix B&M Fix
The B&M [B&M] version (in the library) has a defect.  Someone modified it trying to make it faster. Unfortunately this ‘improved’ version can invoke erroneously insertion sort which causes a quadratic disaster. Repeated attempts to have this Cygwin library item fixed have failed.  Instead this broken version is now widely available.  It has been found on 2022 July 30 at:
https://android.googlesource.com/platform/bionic.git/+/eclair-release/libc/stdlib/qsort.c
https://opensource.apple.com/source/Libc/Libc-166/stdlib.subproj/qsort.c.auto.html
https://github.com/embeddedartistry/libc/blob/master/src/stdlib/qsort.c
https://chromium.googlesource.com/native_client/nacl%2Dnewlib/+/refs/heads/main/newlib/libc/search/qsort.c
A restored version is available in the repository [GitHub] in the file ComparisonCounting.c in the procedure ‘bentley(…)’. The offending code with ‘swap_cnt’ has been commented out.
The version available at [B&MH] has this defect also, while it is the only one we have found with an implementation of the Musser-defense [Musser].
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