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SI. EXACT POSTERIOR DISTRIBUTION OF A SI MODEL WITH TWO INDIVIDUALS AND ONE
OBSERVATION

A simple but instructive example to understand how the Causal Variational Approach can obtain good approx-
imations of the posterior distribution in epidemic processes is provided by analyzing the case of a continuous-time
ST model with only two individuals, A and B. In this example, we assume that (i) both individuals have the same
probability v of being initially infected and (ii) they can infect each other, if infectious, with the same constant
infection rate A\. A graphical representation of the role played by these parameters is shown in Figure (left).

Suppose an individual A is observed at time t,ps = T in the infected state (e.g., performing a clinical test), then
there are two possible explanations for such an observation: either A was already infected at time ¢ = 0 or A got
infected by B at a time ¢t < 7. In both cases, the observation forces the dynamics to satisfy the constraint that
A is in state I at time 7. One can speculate that the observation breaks the causality property of the dynamics
because a constraint set on the future (time T) affects the dynamics at previous times. If, in fact, A is not the
zero patient, then B must have infected A at previous times. The effective posterior infection rate from B to A,
therefore, must diverge when ¢t — T.

The epidemic trajectory can be described defining t := (ta,tg), where to and tg are the infection times of the
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FIG. S1. Schematic representation of the role played by the epidemic parameters in a SI model with two individuals. Left:
In the original SI model, individuals A and B have the same probability v of being initially infected, and the same infection
rate A. Right: in the prior ST model used to compute the posterior by means of the CVA, ~ are replaced by possibly different
probabilities ', I'p and the infection rate A is replaced by time-dependent rates Aas(t), Apa(t). These parameters are
inferred by minimizing the KL divergence in Eq. @ in the main text.
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two individuals. In terms of ¢, the SI prior distribution can be written as

v ta =tg =0,
(1—7)? ta =tp = 00,
P[t] = at _ P _ (1)
Y1 —~)e M\ ta=tandtg =0;ta =0and tg =t ,
0 otherwise.

This prior probability distribution E| is normalized, indeed
Y2+ 29(1 — /\/e Mdt4+ (1 =72 =7 4+29y1 -9+ (1—-7)*=1. (2)
0

The observation of the state of individual A implies that

0 iftpa>T
PlO|t] = 3
[o1t] {1 otherwise. ®)

The posterior distribution P[¢|O] can be computed using Bayes theorem as
PIHPIOY] "
PO]
¥ ta=tg =0
1 )yl —v)e™MaX 0<tpy<T andtg=0
PO] | v(1 = 7)e MEX 4 =0

P[t|0] =

otherwise.
where the denominator is given by
T 0o
]P’[O] :’)/QJF/ thpAB(tA,O)Jr/ dthAB(O,tB)
0 0
=72+ (1 —7) (2— e_’\T) . (6)

It is convenient to compute the posterior probability that individuals are infected at the initial time given the
observation O,
~y
72 +9(1—7)(2-e )
Y+ (1—7) (1—e?T) T .
T Ao )

]P’[tA = O‘O] =

=:Ta (7)

Pltp = 0|0] =

For both individuals, non-causal effects arise as the infection probabilities at time 0 also depend on the infection
rate A and on the observation time 7. Moreover, the expressions of I'y,I'g are different because the observation
on A has broken the symmetry between the two individuals.

1 There is a little abuse of notation. pap(0,0) and pag(co, o) are probabilities, while the other term is a density of probability. The
point is that the event of having two zero patients or no infections have finite probability, while the event of having a particular
infection time is infinitesimal in probability and must be integrated over time.
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FIG. S2. . Comparison between the exact calculations (dashed black lines) and results obtained using the CVA (red lines)
for a SI model (A = 0.05 and v = 1/2) with two individuals A and B, where A is observed infected at the final time T = 10.
Left: Marginal probabilities of being infected for individuals A and B as a function of time. Due to the observation on A
at time T, the two marginals are different: in particular, individual A’s marginal reaches 1 at time T in such a way as to
be consistent with the observation. Right: Effective infection rate Apa(t) as function of time. The divergence is due to the
observation on individual A at time 7.

It is also possible to compute the posterior probability that individual B is infected at time ¢, which implies that
A is initially infected, namely

. Pltg =t +ets =0[0]
Aag(t) =1
an(t) := lim Pltg > t,ta = 0|O]
oy YA = eI
= l1m i =
e—0 ~(l—7)e

and the posterior probability that individual A is infected at time ¢ by B, i.e.

Plta =t +¢€,tg = 0|O]

Apa(t) =1
BA( ) EE}(I) P[tA > t,ip = 0|O]
i A=Y
0y (1 =)\ ftT e~ Asds
7)\(t+e))\ Ae— M
= lim — = . (10)

0 (e M — g AT) — =Ml _ g AT

The two quantities differ because here the observation forces individual B to infect A before the observation time
tobs = T, causing the infection rate Aga (t) to diverge when ¢t — T'.

The exact posterior distribution can be expressed in the form of a generalized SI model with asymmetric
probabilities 'y and I'g that the individuals are already infected at the initial time and time-dependent infection
rates Aap(t) and Apa(t). A schematic representation of the role played by these parameters as compared with the
ones of the original SI model is provided in Fig. (right). Such a generalized ST model can be used as an ansatz
distribution Qg in the CVA. The minimum of the corresponding free energy is obtained when the generalized
parameters I'a, I'p, Aap(t) and Apa(t) assume exactly the form derived above in Egs. ,,@[) and . It
follows that the CVA provides a formally exact solution to the inference problem under study. This is shown in
Figure where the exact solution of the model is compared with the solution found using the CVA.



S II. PROBABILISTIC DESCRIPTION OF THE SEIR MODEL WITH OBSERVATIONS

The Susceptible-Exposed-Infected-Recovered (SEIR) model is a generalization of the SI model in which incuba-
tion (F) and recovery (R) are included. The only allowed transitions are S — E, E — I, I — R. A transmission
event by an infected individual j brings a susceptible individual ¢ into the E state with a rate Aj;, then the tran-
sition to I occurs independently of the rest of the system with rate v;. Finally, an infected individual i recovers,
again independently of the others, with rate p;. In this model, the trajectory of the epidemic process is fully
specified by three times: t£ <t/ <tF ¢ R>¢, representing the times in which individual ¢ enters the states F, I
and R, respectively. For an initially infected individual ¥ = ¢/ = 0. In this notation, the probability weight of the

tE (I R

N .
F,t],tf)} | can be written as

trajectory t = {(

Plt] =[] [0 (tF) 6 () + A=A [ D[t <t <ef]Nja (0) 67 | A (il [t < 1] ,¢]) | A (il [¢] <] ,¢) (11)
i J#i

Test-based observations can be defined by generalizing the argument discussed in Section [ in the main text
for the SI model. Once again, the simplest realization of test r consists of a noisy evaluation of the individual’s
infection state, whose outcome obeys the following stochastic expression, conditioned w.r.t. the time trajectory of
individual 7:

Plr=+ti] = (1 —peng) L[t <t <t +prer (L[t <t7] +1[t > t]])
Plr=—t] =pene L [t] <t <] + (1 —prer) (L[t <t] +1[t > t]]) (12a)

where pppgr (resp. prngr) is the false positive (resp. negative) ratio of the test. Here it was implicitly assumed that
the test outcome does not depend on any acquired immunity.

Finally, the definition of the risk measure in Eq. in the main text can be straightforwardly generalized to
the SEIR model

P[z; (t) = I|O] = /dt]l [th <t <tF]P[t|O] (13)

where [ dt denotes the integral over all transition time triplets (¢, ¢4, ¢8%), ..., (t§, ¢4, t8).

S III. PARAMETRIZATION IN THE CAUSAL VARIATIONAL APPROACH

A strong advantage of CVA is its flexibility in the parametrization of the solution ansatz. It is sufficient, indeed,
to weakly generalize the prior model in order to obtain the form of the Qy(x) to optimize. This section describes
the parametrizations used for the three models whose results are presented in the main text, namely the Random
Walk and the epidemic SI and SEIR models.

Random Walk — The Random Walk generative model is a discrete-time stochastic process, where at each time
the walker chooses to jump right or left with a uniform probability 1/2. As discussed in Section [3| of the main
text, the goal is to characterize the probability distribution of a constrained random walk. The CVA simply
consists in assuming a more comprehensive parametrization of the generative model, in a way that, the conditioned
distribution thus obtained still describes a Random Walk. In particular, instead of fixing the jump probability to
1/2, it is allowed to take different, heterogeneous values, depending on time and space. The parameters of the
Qo (x) are then simply identified with probabilities 7! to jump to the right for a walker that at time ¢ is in position
2(t) = ¢. The ansatz has therefore the following form,

T-1

Qo(x) = H {Ti(t)éz(t+1),x(t)+1 + (1 - T;(t)) 61(t+1),z(t)71:| (14)
t=0



which describes an inhomogeneous time-dependent random walk. CVA reduces to optimize Qg over the probabilities
t=1,...,T
{Tf}i:L...,M
Homogeneous Markovian SI model — To characterize a homogeneous and Markovian SI dynamic one needs to
specify the constant infection rate A, together with the probability + of being the sources of the infection at the
initial time. Thus, the probability of the infection times in Eq. (10)) of the main text reads

Pl =[S0 t)+ Q=AY It <At | o (15)
i i

The Causality ansatz for this model is obtained by introducing, for each individual i, effective infection rates
{Ai(t) }i=1,....~ and zero-patient probabilities {v;};,=1 .~ respectively. In other words, the conditioned, and con-
strained, SI dynamical model is approximated with an unconditioned but inhomogeneous and time-dependent SI
model. Each A;(t) refers to the ‘incoming’ infection rate at site ¢ at time ¢, namely, we impose that A;; (t) = X; (¢)
for every j € 0i. The benefit carried by this parametrization is twofold: (i) this individual infection allows us
to simplify the calculations and (ii) it guarantees ‘outgoing’ heterogeneous infection rates. A simple example can
be used to illustrate this parametrization. Suppose to consider an individual ¢ that has only two contacts with
j1 and ja, observed to be respectively I and S at time 7. Since jy is susceptible at time 7, none of its previous
contacts has infected it at previous times; in our parametrization, this case can be encoded by setting Aj, (t) =0
for ¢ < 7. To cope with the observation of the state of j; one can tune Aj, () (for t < 7) to sufficiently high values
to guarantee that j; is in state I at the observation time. In the present work, self-infection rates {w;}i=1, . n are
also introduced, that is the rates with which individuals can get infected without any contact with an infectious
individual. Although this transition is not contemplated in the generative model, it is conveniently included to
satisfy some constraints associated with the observation of infected individuals, that are hard to justify through
the infection rates alone. In this case, the CVA ansatz reads

Qo(x) = H {%6 (t)+ (1 —v)A Z L[t <t] A (t) +ws (t) .t } (16)
i JEDi

Notice that Eq. is almost identical to of the main text, except for the presence of the self-infection rates.
The SI model considered here is continuous in time, so that the variational parameters A; and w; should in principle
be treated as continuous functions over time as well.

Since it is not possible to optimize over a function defined on a finite real domain, it is more convenient to
express such rates using a family of functions, defined by a set of parameters, and optimize over the latter. A
simple choice - adopted in all the results presented in the main text - is a Gaussian-like (not normalized) function
for each site-dependent rate A; and w;. Each Gaussian rate will thus depend on three parameters, namely the value
of the peak (labeled using p), the standard deviation (o), and a scale factor (p). For instance, the infection rate

A;i(t) reads
un 2
A1) = X exp [ (5) ] 7 a7)

and analogous expressions hold for the self-infection rates w;(t) with parameters (w?,w!’,w?). With this choice,
the total set of parameters to optimize over is given by:

9 = {)‘fv)‘I{L7A?7w§)7w#7wq7’yi}i:1,...,1\7 (18)

K2

Homogeneous Non-Markovian SI model — A more realistic scenario is that depicted by the homogeneous Non-
Markovian SI model, where the infection rates are not individual-dependent (e.g. spatially homogeneous) but they
can vary in time. In this case, Eq. of the main text slightly modifies as

Plt] = [T {20 t) + @ = A{ D Lty SONE— ).t | ¢ (19)

i J#i



This is quite a realistic hypothesis. In fact, when an individual gets infected, its infectivity is not constant in
time in real situations but it depends on the viral load of the infectious individuals. Typically, infectivity is very
low in a first time-window after the contagion, then increases according to time scales that depend on the type
of pathogens, and finally, it decreases to zero. In particular, the generative rate A depends on the time elapsed
since infection, i.e. A(t —t;). This introduces a Non-Markovian character to the dynamic because in order to know
the configuration at time ¢ + dt it is not sufficient to know the state at time ¢, but a memory of all the infection
times of each individual must be kept. Even though the generative model becomes more complex with respect to
the Markovian case described above, the inference with CVA has almost no modifications. For this reason, the
same inferential parameters introduced in the Markovian case are used, with the same interpretation. The only
difference is that the effective interaction rate is now defined as

AW —t5)N(?)

Xl (elty) o= =2

(20)

(where A is a rate needed to preserve the correct dimension, but it can be numerically set to 1). It is worth noting
that the effective infection rate encompasses both the time-dependent infectivity of individual j (which is given by
the generative model) and the susceptibility of ¢ to be infected (which instead is learned by CVA). The formula for
the CVA ansatz is therefore

Qo(z) =[] {Ws () + (@ —y) x A D T <] M (tfty) + wi (1), 1 } (21)

i jEi

SEIR model — To cope with the SEIR model, it suffices to slightly modify the formalism introduced for the SI
models described above. Together with the infection rates and the source probabilities, it is necessary to include,
in the generative model, the latency rate v and the recovery rate u, associated with the transitions £ — I and
I — R, respectively. Hence, the parameters § now encompass, for each individual i, the zero-patient probability,
an infection rate function \;(t), an auto-infection rate w;(t), and the recovery and latency rates p;(t) and v;(t). In
the results shown in Section [3| of the main text, all these rates are parametrized using Gaussian functions, as in
Eq. (17).

As a final remark, it is worth noting that, for both the SI and the SEIR models, the total number of parameters
used by the CVA scales with N (in particular, their number is 7N for the SI and 13N for the SEIR).

SIV. SAMPLING IN THE CAUSAL VARIATIONAL APPROACH

Sampling from the posterior distribution is a difficult task in general. The CVA allows one to approximate the
posterior with a distribution Qg from which, instead, it is possible to sample efficiently. The sampling process
is crucial for performing the gradient descent described in Appendix [S V] The present Appendix provides all the
implementation details required to sample the probabilistic models considered in the paper.

Random walk — In Appendix [S ITI} the ansatz @ takes the form of an inhomogeneous time-dependent random
walk. suppose a trajectory x = (2°,2!,...,27) has to be drawn from @, where 2! is the position of the walker
at time ¢t and z° = 0. To sample z, it is sufficient to start from state 2° and repeat, up to the final time T, the
temporal update z*! = z' + Az, where Az € {—1,+1} is a binary random variable. The probability rf,, that
Az = 1, is the probability for a walker to jump to the right at time ¢ starting from position x*.

SI model — The parametrization used to infer the conditioned SI model is an SI model itself with self-infection
probability, as described in Appendix [S IIIl A Gillespie algorithm, described in detail in Algorithm [I] is used to
sample from the ST model distribution. The idea behind the algorithm is to store in a queue L = (Lq, Lo, ..., Ly)
the infection times L; of all the individuals. To this end, the first step consists of sampling all the zero-patient(s),
i.e. all individuals 7 such that L; = 0. Secondly, self-infection events are sampled for each individual ¢ which is not
a zero patient, with a random variable t; extracted from the self-infection distribution w;(t).



Finally, contagion events are sampled by extracting from the queue the individual having the minimum value of

L. If an individual 4 tries to infect another individual j at time ¢;;, then j updates its infection time by taking the
minimum between ¢;; and its current value of L;. In this way, the list is updated recursively.
As a final remark, notice that to ensure a proper epidemic process to take place, at least one zero patient is needed.
Therefore, it is necessary to sample events with L; = 0 by constraining a positive number n, of zero-patients. This
procedure can be easily carried out recursively. For instance, starting from node 1, we set it to be a patient-zero
with a probability

! r P (n. > 0) P(nsp>0) 11X, (1—7)

Then, the next node (say number 2) is set to be infected at ¢ = 0 with a probability depending on L, namely:

Y2 1fL1:0

2/ (1 —[Lis(1 = ’YJ) if L1 >0 (23)

P(LQ = 0|L17lep > 0) = {

and the above strategy is iterated for every L. Intuitively, from Eq. it follows that as soon as one zero patient
is sampled, the remaining individuals’ state is extracted independently with probability ~;.

Algorithm 1 Sampling the effective (Non-Markovian) SI model

e Initialize a queue L
e Loop over population: i:1,..., N
— L[i] « 0 with probability: 7;/ (1 10,01 - %))
— if L[¢] = 0 break the loop
e Loop over the remaining population:
— L[i] - 0 with probability ~;
e Loop over the non zero-patients (variable of the loop: 1)
— L[i] + t; where t; is extracted from the self-infection rate w;
e Loop over the queue L entering by infection time (from the smallest to the highest)

— Call 7 the element extracted from L

— Loop over j € 91
* Extract the time ¢;; at which ¢ tries to infect j by extracting from the Gaussian distribution of )\Zf f
* L[j] <= min{L[j], t:;}

— Throw away ¢ from the queue L and save L[i] as the infection time of i.

Return the list of infection times.

SEIR model — For the SEIR model, the sampling procedure is a straightforward generalization of the one just
discussed. The only difference is that the queue contains all the transition time triplets tZ, t!, t# for each individual.

Remark. Notice that, since each sample is independent to the other, sampling can be performed in parallel. This
implies, as shown in the next section, that CVA itself is a parallelizable algorithm.



S V. THE CAUSAL VARIATIONAL APPROACH: GRADIENT DESCENT

In the Causal Variational Approach, the parameters 6 of the approximation are determined by minimizing the
following KL divergence:

Qo(x)
D Plx|O]) = [ dx x)lo 24
kL(@ulIPI210) = [ do Qo @)1ox (2025 ) (21)
where Qg denotes the Causality ansatz. The integration is formal. If P [2]|O] is continuous, then it corresponds to
a Lebesgue integral, otherwise, it is a sum over the discrete state x.
Gradient Descent — The KL divergence can be minimized by performing a gradient descent in the #-parameter
space. The parameters at iteration k 4 1 read

pk+1) — — eV Dk (Qol|P [z]|O]) (25)

where € is the learning rate. Before entering the calculation of the gradient, however, let us observe that, in general,
0 contains parameters which have different scales, and, therefore, a straightforward implementation of eq. may
be inefficient. To solve this issue, we resort to a sign descender method [I], a simple scale-free descender. Briefly,
it consists in moving in the direction of the partial derivative with respect to each parameter without using the
information of the gradient’s magnitude.

Finally, the update rule for a parameter 6; used in this work has the following expression:

0/ = 6" [1 — e sien (99, D1 (Qol [P []O)))] (26)
It is now necessary to evaluate the derivatives of Dy, (Qo]|P [2]O]),

Qo(x)
SPz0]

~ 0y, [ daue) logm -

Qo(x) _
/d:c@e (Qg( ) log PH[OH) +log P[O] 891/da: (Qo(x)) =

— / dxdy, (QQ( ) log M) (27)

in which the dependency on P [O] was neglected. We observe that

9, Dic1(Qol[P [2]0]) = By, / dzQy(z) o

/ da By, (Qo() log Qp(@ / da 9y, Qo(x) log Qo (a / da Qo ()0, log Qo() (28)

In the above expression, the second term of the r.h.s. is 0, since

[ 2 Qu@)00, 105 Qul@) = [ deon Qulw) = 30, [ dzQu(@) = 0. (20)
therefore

/dmag (Qu(w) log Qo( /dm (96, Qo ()) 1og Qo ()

_ Qo(x _
_ / ot ) (80, Qo(@)) log Qo) =

— [ e Qu(e) (00, log Qu()) o Qu() =
= (log Qo ()0, log Qo (), (30)



In conclusion, the derivative of the KL divergence reads

0, Dic1.(Qo||P [£]O)) = <10g . Qs ()

Waei log Q9($)> (31)

Qo

The problem of calculating the derivative of the KL divergence has been reduced to calculate the derivative of the
logarithm of the ansatz and then to average over the ansatz. In principle, one may need to calculate

N
0o, log Qo(x) =y _ 0, log ¢;(z;, zo;) (32)

Jj=1

but it is reasonable to assume that the dependency of each parameter 6; occurs only on the term logg;. This
hypothesis is true for all the examples and applications presented in this work, as described in the previous
Appendix. Therefore

Do, Dic1.(Qo [P [2]O)) = <log P Qo(x)

Waei log Qi(xivxai)> (33)

Qo

A last manipulation consists in subtracting the quantity 0 = <log W%)M>Q (9p; log Qo (), to equation
6

in order to obtain:

09, Dic1(Ql|P []0]) = <<1oglp)[§§;g|gc] - (1o 1&%%9) o, logqi<xi,xai>>Q SNEY

This manipulation is called variance reduction [2] and is known to facilitate the gradient descent. Averages are
evaluated by sampling from @y using the implementation details given in Appendix [S_IV] Since sampling can
be performed in parallel, also the gradient computation is parallelizable, due to the form of equation . The
learning process is therefore the following:

1. The parameters are initialized to 6° (we initialize them with the values of the generative model, where known.
For example, in the random walk example the jump probabilities are all initialized to 1/2).

2. The derivatives of the KL divergence are performed by sampling from @)y, and through Eq. .

3. The parameters are updated to 8! by using .

4. Steps 2. and 3. are repeated.

5. The process stops when Dy, (Qg||P [2]|O]) does not significantly change after two consecutive iterations.

In the evaluation of the KL divergence (or its derivatives), it is necessary to evaluate quantities that include
logP (O | ). When O imposes a hard constraint on the trajectory - as it happens in the epidemic models with
noiseless observations - the violation of one of the constraints (which is likely to occur especially in the first stages
of the gradient descent) would result in logP (O | ) — —oo. To avoid this issue, it is convenient to relax (soften)
all the constraints: a small acceptance p ~ 10719 is introduced, in such a way that logP (O | ) has always non-
diverging values. As a consequence, the distribution Qg(x) resulting from the KL minimization gives a non-zero
(yet very small) probability to events & which do not satisfy the constraint.
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S VI. INFERENCE OF HYPERPARAMETERS

As explained in Section [3|in the main text, the term hyperparameters refers to parameters of a generative model.
For example, the Random Walk presented in Section [3]in the main text has a unique hyperparameter, namely the
probability of a right jump, which is set to 1/2 for all times and sites. In the SI model, the hyperparameters are the
zero-patient probability v and the infection rate A while in the SEIR model, we need to add to the hyperparameters
set the latency rate v and the recovery rate . Usually, in inference problems, they are not known as the only
source of information, in fact, are the observations. However, inferring the hyperparameters from observations
is crucial to ensure an effective solution to the underlying inference problem. The CVA allows one to estimate
them. Let us call the set of hyperparameters 6P. First, notice that in general, not only the generating distribution
P[], but also the ansatz Qg depends on the hyperparameters . The dependency on Qg might be present when
using part of the generative model in the ansatz distribution. The example implemented in this paper is the case
of the Non-Markovian SI model (see Appendix |S III). In that case, the infectivity function depends on both the
inferred parameters ({\;} € #) and the relative infectivity of the generative model (A € 6), as shown in Eq. (20).
Thus, the KL divergence depends on 67 through both @y and P [z], indicated in the following using the notations
Qo,0, = Qo, and P =Py . As it happens for the parameters of the variational ansatz, the hyperparameters can be
inferred through a gradient descent. The derivative of the KL with respect to one hyperparameter, denoted with
6%, is given by:

Qo ()
Pg» [2] P [O|x]

> + Ogr log P [O]
Qor

Or Dicr(Qov | [Por) = O / dx Qpr (@) (log
Qor ()
Pyr [2] P [O|x]

B Qor ()
= agf <10g W>Qev . (35)

Up to now, the above expression is identical to Eq. , with the difference that now also P depends on 6P. Using
the trick of Eq. , i.e. that (Jg»r log Q>er =0, we get

+logP [0])

= Opr <10g

_ Qor () Qe (2)
o D QurlPo) = os g B (ot G >>Q
={(lo _ Qo (@) » lo x —(lo _ Q@) » lo x
= (on 5, e o o s () (s P oxPu ) (0)

The above equation is the equivalent of Eq. in the case of hyperparameters learning. The first term is
identical in form to , while the second arises because also the generative model depends on the hyperparameters.
Apart from this difference, the learning process for 7 is identical to learning 6: the averages in r.h.s of Eq.
are calculated by sampling and then the hyperparameters are updated using the Sign Descender rule. From a
computational point of view, it is convenient to update both the parameters 6 and the hyperparameters 7 at each
iteration.

S VII. OTHER INFERENTIAL METHODS

This section provides a brief description of the other inferential techniques whose performances are compared
with those of Causal Variational Approach in Section [3]in the main text.

Sib — This method is based on a Belief Propagation approach to epidemic spreading processes, that allows
one to compute, in an efficient and distributed way, the marginals over a posterior distribution (Eq. ) for
compartmental epidemic models with non-recurrent dynamics (eventually non-Markovian). It shows very good
performances when epidemic models take place on random contact networks, while it may suffer from the presence
of loops in the graph. A detailed explanation of this method can be found in [3].
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Mean Field (MF) — This method is based on a heuristic way to deal with observations from clinical tests and
on a Mean Field approximation of the prior distribution, which is considered to be factorized over nodes at each
time. An advantage of this method relies on its simplicity and small computational cost; however, it typically
shows poorer performances with respect to the other methods. We refer to [3] for additional details about the MF
approximation. The heuristic scheme is instead discussed in the next paragraph.

Heuristic (heu) — The MF method developed in [3] and described above relies on two approximations. The first
is a heuristic way to deal with observations: it consists in assuming that if an individual has tested positive at time
t, then it became positive at time ¢ — 7, with 7 properly tuned (to further details we refer to [3]). The second is
an MF ansatz for the prior distribution. It is natural to ask whether such a heuristic is a good approximation for
the observation constraints, regardless of the MF factorization ansatz. We, therefore, replace the MF estimation
of marginal probabilities by sampling trajectories forward in time. As shown in Section [3] this method shows
slightly better performances w.r.t. MF. The heuristic, therefore, is a good guess for epidemic risk assessment.
As a final remark, the Causal Variational Approach can actually be considered as a further extension of the MF
approximation [3] in the following sense:

1. it gives a full justification to the heuristic using a variational principle;
2. it extends [3] by allowing the patient zero inference;

3. it allows one to infer the hyperparameters of the generative model and to perform epidemic reconstruction
in the case of non-Markovian dynamics.

Monte Carlo The results obtained for the SI model in Figs. in the main text are also compared to a
standard Markov-Chain Monte-Carlo (MCMC) sampling for the posterior distribution. Since epidemic trajectories
can be fully described in terms of the infection time vector t = (¢1,...,tx), the Markov chain defines dynamics on
these continuous variables that eventually converge to a stationary distribution (i.e. the posterior). At each step
of the MCMC, a node 4 is randomly selected and a new value of its infection time - denoted with ¢, - is proposed,
by drawing it from a suitable kernel (¢} | ¢;). We adopted a Gaussian kernel centered at ¢;, with fixed standard
deviation §. The proposed value ¢, sampled from K is then clamped within the interval [0,7]: this procedure
allows to sample with non-zero probability the two extreme values, associated to node i being a patient-zero (when
t; = 0), or node 7 never being infected (in which case its infection time is formally set to infinity, as previously
discussed). This procedure is equivalent to use as proposal kernel a 2-sided rectified Gaussian distribution in the
window [0, 7). The acceptance probability of such a proposal is computed as

PO K (t; | t],0)
P[t|O] K (¢} | t:,0)

Pace = Min (L (37)

where t} represents an epidemic trajectory where only #; is modified to the corresponding proposed value, namely
t; = (t1,...,t,...,tn), and K is the rectified kernel given by:

K (x| t;,6) =®(0;t;,6)8 (x) + L[z € (0,T)] K (x5t;,8) + [1 — ® (T;t;,6)] 6 (x — T) (38)

with K (x;p,0) being the probability density of a Gaussian random variable and @ (x;u,0) its cumulative
function. The initial condition for the Markov Chain is sampled from the prior distribution of the SI model. In
order to have a fair comparison, the number of samples collected during the MCMC is equal to the one used by
CVA. To diminish the effect of initial equilibration time an initial number of steps is typically required to let the
MC forget the initial condition and sample efficiently the posterior distribution; notice that a “step” consists in
proposing a move for each node in a random permutation.

Soft-Margin — The Soft-Margin estimator is described in [4]. We adapted this method by sampling from the
prior probability distribution P[x] and weighting each sample with the observation likelihood P[O|x], in which
we introduced a small artificial noise in the form of a false rate, which softened the constraints, improving the
performances of the method. The technique is asymptotically exact. However, when the population size grows,
the probability to sample a trajectory @ which satisfies the observation constraints P[O|x] dramatically decreases.
Therefore, we expect the method to be quite slow for large population sizes in order to well-approximate the
posterior distribution.
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S VIII. MODELS OF CONTACT NETWORKS USED IN THE NUMERICAL SIMULATIONS

Proximity model — The proximity contact graph is obtained by distributing /N individuals uniformly in a square
of side VN and generating the contacts as follows. A contact can be established between two individuals ¢ and j
with a probability e~%i/¢ where d;; is the Euclidean distance between the points ¢ and j are located and ¢ is a
length scale that can be tuned to change the density of the contact graph.

OpenABM-Covid19 — A synthetic contact network has been generated through OpenABM, a platform used to
set up realistic epidemic instances on dynamic contact networks where a set of intervention measures have been
applied and studied in Ref. [5]. The underline contact pattern is a superposition of two static graphs, one a
complete graph representing interaction within households and a second small-word network mirroring occupation
relationships. A random time-varying network is instead used and rebuilt on a daily basis to model contacts in
public transportation, transient social gatherings, etc. The number of interactions through the random network
is extracted from a negative binomial distribution to allow for rare super-spreading events. Memberships to both
fixed and dynamic graphs are determined by the age of individuals, i.e. children live with adults, elderly people
have fewer interactions than other age groups, etc.

In this work, we generated an instance of N = 1000 individuals using default parameters.

Spatio-temporal model from geolocation data — Dynamic contact network instances with realistic patterns of
time-dependent contacts can be generated using the spatio-temporal model in Ref. [6]. According to this model,
individuals are assigned to households that are localized in an urban area according to the actual population density.
According to available geo-location data, other venues (schools and research institutes, social places, bus stops,
workplaces, and supermarkets) are similarly displaced in the map. In a mobility simulation, individuals can visit
a number of locations with a probability that decreases as the household-target distance increases. The duration
of contacts between individuals concurrently visiting the same venue is assumed to be known and gathered by
contact tracing smartphone applications. Some interesting and realistic features naturally arise from this contact
dynamics, such as the presence of super-spreaders, e.g. the number of infections caused by infectious individuals is
over-dispersed. In the present work, only a small example of such kind of dynamically generated contact network
was analyzed. The contact-network instances used to obtain results in Fig. [3| in the main text represent the
interaction graph among a small community of N = 904 individuals moving on a coarse-grained version of the city
of Tiibingen, in Germany. Due to the rescaling of the population, also the number of venues in the urban area was
rescaled by a factor of 20.
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