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1 Simulation Study Supplemental Information

1.1 Additional Simulation Details

We simulated data for S = 2 species at n = 100 locations on an equispaced
10 x 10 grid over [0, 1] x [0, 1] for T' = 5, 10, 20 seasons with J = 1,3,5 surveys
per season. Let x and y denote the coordinates of the grid centroids. We
generated a spatio-temporal variable v; using a n-dimensional random walk
with a spatial exponential covariance function with variance of 0.1 and scale
parameter of 0.8. A temporal variable vo was generated such that for time
t, it took the value sin(27t/T). The occupancy design matrix, X, used to
simulate and fit the data for both species had columns for z, y, vi, and vs.
The occupancy random effect was generated assuming ¢ = 100 Moran’s I basis
functions and MCAR precision matrix ¥~ ® (D —0.9A). The true occupancy
probabilities were simulated using true values of the regression coefficients of
a) = (-0.75,0.5,0.25, —0.8,0.75) and a¥) = (—0.5,0.25, —0.25, —0.75,0.5).

We also generated covariates to be used for detectability. Let w; be a spatio-
temporal random variable generated using a multivariate random walk with
squared exponential covariance function using variance 0.2 and scale param-
eter of v/1.4. A temporal variable wy was generated by taking the log of the
enumerated values for the season. So the detection design matrix had columns
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for the z-coordinate, wq, and wy. Note that in the multi-survey per season
setting, the detection covariates were assumed to be the same fore very sur-
vey within the season. The true values for the detection regression coefficients
were 8 = (=0.1,-0.5,0.8,—0.1) and 8® = (0,-0.25,0.5,0.1).

1.2 Simulation Additional Results
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Fig. 1: Root mean squared errors of the occupancy regression coefficients for
species 2 under all three models and number of seasons.
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Fig. 2: H = 100 posterior means of each species 1 detection regression coeffi-
cient for each model and number of seasons when J = 1. We note that boxplots
for model 3 extend past the limit of the y-axis, but this view makes it easier

to assess models 1 and 2.



Springer Nature 2021 BTEX template

Supplementary Material 3

Occupancy Estimated Coefficients - Species 2
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Fig. 3: H = 100 posterior means of each species 2 occupancy regression coef-
ficient for each model and number of seasons when J = 1.
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Fig. 4: H = 100 posterior means of each species 2 detection regression coeffi-
cient for each model and number of seasons when J = 1.
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Occupancy Estimated Coefficients - Species 1
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Fig. 5: H = 100 posterior means of each species 2 occupancy regression coef-
ficient for each model and number of seasons when J = 3 surveys are taken

per season.
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Fig. 6: H = 100 posterior means of each species 2 occupancy regression coef-
ficient for each model and number of seasons when J = 5 surveys are taken
per season.
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Fig. 7: Estimated values of the multivariate temporal random effect, w

five consecutive seasons for each species.
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under each of the three models. Note that the coefficient for fire for wildebeest
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Fig. 9: Detection regression coefficient credible intervals for each species under
each of the three models.
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model My that has a detection temporal random effect that is indepen-

dent across species and has a spatially homogeneous temporal autocorrelation
parameter in detection.
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Fig. 11: Estimated occupancy probabilities for five consecutive seasons under
model M3 that only has covariates in detection.
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Fig. 12: Estimated detection probabilities for five consecutive seasons under
model M.
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Fig. 13: Estimated detection probabilities for five consecutive seasons under
model M.
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3 Full Conditional Distributions

The posterior distribution can be explored with a Gibbs sampling algorithm
since the full conditionals for each unknown quantity are known. These full
conditionals are given below, where the notation [V | -] is used to denote the
distribution of a random variable V' conditional on all other random variables
and on the data. Note that the derivations have been modified accordingly
from Hepler and Erhardt (2021).

® Forsitesi =1,...,n,timet =1,....,T, and species s = 1, ..., S, ifZ}I 1Yl$5j)
0 then Z( *) = 1 with probablhty 1. If Z 1Y, () — =0, then

itg
[Zi(ts) | a(s)7’7§5),5(5),w§f)] = Bernoulli(®),
where
e (X5 + K Y ) T (1- e(Wii; 89 +w)))
o (XE?,,(S) + K§f>7§a>) I/, (1 _® (Wit].ﬁ(S) + w§:>)) +1-(XPale) + K§:>7is>>
In the above, Kgf ) is the ith row of the matrix of basis functions K§S).

® For sites ¢ = 1,...,n, time ¢t = 1,...,T, and species s = 1,..., S, the latent
occupancy process has full conditional distributions

P =

TN ooy (X0 +KP¥0,1) i 25 =0

7= S ) o :
TN oo (X7 + K27, 1) e 2 =

where T'N, ) denotes the truncated normal distribution, truncated to (a, b).
® Provided T > 2, for each ¢t = 1,...,T, we update the Sg-dimensional vector

v, jointly.
— For t = 1, the full conditional is [, | -] = N(ji, %), where

571 = I, + K QK + MK QKM

i=%x {K*;’(Z1 ~Xia)+ M (K;'QK;) 72}
— For t =2,...,T — 1, the full conditional is [y, | -] = N(f&, X), where

£ = Is, + K; QK; + MK}, QK[ M

p= EX{K:/(Z - Xja) + M (K:-,HQK:H) Vi1t (K:/QK:) M'Yt—l}
— For t = T, the full conditional is [v4 | -] = N(ji, %), where

S =T, + K7 QK

i=73 x {K*T/(ZT - Xha) + (K;:QK;) M’YTA}
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Note that since the prior on =, is intrinsic MCAR, a centering constraint

1/g> 7 1’ylt = 0 must be enforced for all s,¢ to ensure the posterior is
proper and to be able to identify an intercept parameter.

For each s = 1,...,S, we update the vector of occupancy fixed effects for
species s jointly. Observe that

7 = X9 4 KO 4 )

where X() denotes the full design matrix for species s, that is, X(*) =
(ng) ,...,ng) )" so that the design matrices for each time period are row-

concatenated, K() = diag(Kgs)) is the block diagonal matrix of basis
functions for each time period, and ) = ('ygs) , ,'ygf)) is the vec-
tor of spatial random effects for each time period. The full conditional is

[@®) | -] = N(fi, %), where depending on the choice of prior distribution,

X<S>’X<S>) if m(a®) =1
X)X 4 TGI) if al®) ~ N(0,74),

for precision 7,. Then,
T {X<s>' (z(s> _ K(s>7<s>)}.

Our model assumes the occupancy propagator matrix is of the form M =
diag(p1,...,ps) ® I;. Let p = (p1,...,ps)’. We update the vector p with
a single Gibbs update. Let D(7y,_;) be the ¢S x S block diagonal matrix

with g x 1-dimensional blocks 'yg )1 for s =1, ..., S. Under this specification,

the full conditional distribution of p is multlvariate normal (or truncated
multivariate normal if the prior on p is chosen to have support smaller than
the whole real line). That is, [p | -] = N (i, %) , where

T
=Y " D(v,1)K; QK;D(v, ;)
t=2

T
fi=%x (ZD'Yt 'K} QKt'7t>

t

A Gibbs update can be performed for ¥ assuming XES) = X, for all s =

., S, which implies K = K, for all s = 1,...,S and t = 1,...,T, and
thus X7 = Ig ® X; and K QK? = 27! @ K/(D — A)K,. Assuming an
inverse Wishart prior distribution for ¥ with parameters v and ¥, the full
conditional distribution of ¥ is inverse Wishart with parameters v+ ¢1" and
U+ 327 By, where B, is the S x S matrix with (i,5)th entry (By);; =
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trace (CE?K;(D - A)Kt> , where for t = 1, C(V) is the block matrix with
(4, 4)th block
c) = )Y
fori,j5=1,..., 5, and for t = 2,...,T we have the block matrix with (¢, j)th
block
t
cl) = (1" = pr? D = o)
® For each site, time, species, and survey j = 1,...,J, the full conditional
distributions for the latent continuous detection process are

TN ooy (WieBY + 1) i Vi) =0 and 25 =1
Vi 1= TN oo ( 2B +w® 1) ity =1
8 if 2 =0,

where dj is the dirac delta function that indicates a point mass at zero.

e For each s = 1,...,.5, we update the vector of detection regression coeffi-
cients ﬁ(s) jointly. Let W) denote the row-concatenated detection design
matrix for species s at all locations, times, and surveys, that is, W) =
(WES)/, ...7W( 2 )" where W(S) (WS) ,...,W,Ej),)’ is the concatenation of
design matrices at all J surveys during time ¢. Define w(®) = (&gs)/, ceny cbgf),)’

where G)ts) = wgs) ® 1 repeats the values of the random effect for each sur-

vey within the given season. For a given vector or matrix 2, let 2* denote
the sub-vector/matrix created by subsetting only the rows of Q for which

the corresponding 7, () — 1. Then, the full conditional distribution of ﬁ(s)

is [,8(5) | 1= N(@, ) where depending on the choice of prior distribution,

W(s)*’w(S)*> if 7(8) =1
WE W 4 TbI) if B ~ N(0,7)

=3 x {WM* (Y - w<s)*)}.

® Note that we define wz(ts ) at all combinations of i,t even if that site-season
combination is not observed. Also note that the full conditional of wl(ts ) only
depends on observations which were observed and had Zz(f ) = 1 since if
the species was not actually there, then detection is undefined. Define I;;;
to be an indicator that a survey was conducted at site ¢ during season t.
Observe that the latent detection process for all site season combinations

(observed and unobserved) is then a mixture distribution such that [ Py |

Lo B9 = Z{e (Vi) - W) B0 —wl) + (1= 2800,
where ¢(-) is the standard normal probability density function. We will
update the n-dimensional vector wf;“) for each t, s.
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- For t =1, observe

[l ] { I,y H V) 1]+ (1= 2505)60 }
X Wi | wi” S)][wf) | Wi, Wi W)
o €xp <_ ZZ L (Y - w89 — oy (vl — wyg) —wgs))>
x [ | wi” s)][w;’ |wi Wi wi ]

Note that from the conditional property of the multivariate normal dis-
tribution, [wl) | w( S)] is the pdf of a N(wg 8)2:6 X (Bss —
ES,,SZ:;’?SE,&S)ITL)7 and [ws (s) | wi ),wg S),wg S)] is also a normal
pdf with mean j(Pw!? + (Wl S) - (1, ® p= s))wg_s))E:;_sE_&s and
covariance (X s —23,752:;_5275,3)171. In the above, we use —s as a sub-
script or superscript to indicate the rows/columns that exclude s. Also,
¥ refers to X, but the subscript is dropped here for convenience. Let
Yo = Uss — U _sXTL Y s Simplifying yields that when ¢ = 1, the

full conditional dlstrlbutlon of wg *) s [wgs) | ] = N(z, %), where

ST =diag(Z1 Y Tij) + (1+ 598 L T,
J

and
{Zl leg ( - WIJ/B(S ) S|1 S(ELS,SZ:i,fs & In)wg_S)
peInt

sl—s [w;) (3,20t ®1y) (wg—s> _ﬁ<—s>wg—s>)]}

- Similarly, for t =2,...,,T — 1 we get that the full conditional distribution

of wg is [wts) |[]= ( , %), where

S =diag(Ze Y Ty) + (14592 L T,
J

and
zz{thItj( - w,;8Y)

Lyt (ww() +(2, 20, ®L,) (wﬁfs)—ﬁ(_s)ng))»

s|—s
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+ A8, i - (23T e ) (Wi - 5w [}

- For t = T the full conditional distribution of wgf) is [wéf) | ] = N(ji,%),
where -
£ = diag(Zr Y Try) + 5,1 L,
J
and

=% {zt S, (ng) - Wtjﬁ“))
J
# L (Pl 4 (L5 o) (0 =5 el) )

® Our model assumes the detection propagator matrix is of the form p, =
diag(p (1), ,pg )) We update this S-dimensional vector jointly for each i.
Let D(wj—1) = diag(w(t) 1 7%(?—1) be the S x § diagonal matrix. The
full conditional distribution of the vectorized diagonal elements in p; is
truncated multivariate normal [p | -] = N (i, £) , where

T
ZD wzt 1 1D(“"zt 1)

w

T
=23 x (Z D(Wi,tl)/zilwi,t>
t=2
e Assume the prior for 3, is inverse Wishart with parameters v and ¥. The

full conditional distribution of ¥, is inverse Wishart with parameters v+nT

and ¥+ Zle B;, where B; is the S x S matrix with (¢, j)th entry (By);; =
trace (CE?) , where for ¢ = 1, C(Y) is the block matrix with (i, j)th block

1 7 i
Cl) = @) (wy

fori,j =1,...,.5, and for t = 2,...,T we have the block matrix with (¢, j)th
block () _ ¢, ,@) (2) (4) (4)
. L G L
Ci;=(w - P( )‘-"’t71)(wtj - (J)wtil)/y

4,7
— (1) (') ~(1))‘

where w w1y ,...,wnit) and p9 = (3", ..., pn
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